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THE author of this treatise on Algebra has undertaken the 
difficult task of preparing a work complete in one vol- 
ume^ which shall be sufficiently thorough for classes in Colleges 
and Uniyersities^ and at the same time sufficiently elementary 
for classes in Common Schools and Academies. To accomplish 
this desirable end the work has been so arranged that certain 
chapters and parts of chapters may be omitted by classes pursu- 
ing an elementary course. 

The aim has been : 1. To treat each subject in harmony with 
the present modes of mathematical thinking ; 2. To make every 
statement with such bravity and precision that the student can- 
not fail to understand the meaning ; 3. To give a clear and rig- 
orous demonstration of every proposition ; 4. To present one 
difficulty at a time, and just at that stage of the student's progress 
when he is prepared to understand its treatment ; 5. To treat 
with special care those subjects which have been found by expe- 
rience to present peculiar difficulties ; 6. To make the work thor- 
oughly practical as well as thoroughly theoretical ; 7. To present 
each subject in such a manner as to create a love for the study. 

In the arrangement of subjects the author has departed widely 
from the beaten track ; but he feels confident that the plan he 
has adopted will commend itself to the experienced and thought- 
ful teacher. 

To facilitate frequent reviews, " Synopses for Eeview " have 
been placed at convenient intervals throughout the work. 

To avoid making the present work too voluminous, Con- 
tinued Fractions, Reciprocal Equations, Elimination by the 
Method of the Greatest Common Divisor, and Cardan's formula 
for cubic equations have been omitted. These subjects are treated 
in the Appendix to the author's "Book of Algebraic Problems.'* 
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In preparing the present treatise the author has first consulted 
his own experience as a teacher^ and the book has been mainly 
written to meet the wants of his own classes ; but he does not 
hesitate to acknowledge that he has received great assistance 
from many sources. A paxt of the matei^ial used in the chapters 
on Positive and Negative Quantities, Greatest Common Divisor 
and Least Common Multiple, Fractions, Simple Equations, In- 
equalities, Theory of Exponents, Mathematical Induction,, and 
the sections on Permutations, Combinations, and Logarithms, 
has been taken from Prof . Todhunter's excellent treatise on Alge- 
bra. The works of Bertiand, Young, Peacock, Euler, Bland, 
Goodwin, and Wrigley have been consulted with advantage. 

While the author has availed himself of such material in the 
books named as suited his purposes, it will be found that much 
of that so taken has long since become common property, having 
assumed a stereotyped form ; and that other portions have been 
very much modified. It will be found, also, that the present 
treatise contains a large amount of new and original matter, 
which has not been inserted because it was novel, but because it 
served to simplify and elucidate the subject. 

Special attention is called to the full and thorough manner in 
which the subject of Factoring is treated ; to the demonstration of 
the Lemma, upon which the Binomial Theorem depends ; to the 
classification and treatment of Badical Quantities ; to the treat- 
ment of Quadratic Equations, Higher Equations, Simultaneous 
Equations, Ratio, Proportion, Progressions, Interpolation, Recur- 
ring Series, Reversion of Series ; and to the Theory of Equations. 

The chapter on "Logarithms and Exponential Equations '' is 
almost entirely the work of Prof. James M. Greenwood, A. M., 
Superintendent of the Public Schools of Kansas City, Mo., and 
formerly Prof, of Math, in the North Missouri State Normal 
School; and the "Synopses for Review" have nearly all been 
prepared by Prof. George S. Bryant, A. M., of Christian College, 
Columbia, Mo. To these and other able and experienced teachers 
the author is also indebted for many valuable suggestions in rela- 
tion to other portions of the work. 

UsiyZBSXTT OV THB StATI OF MlSSOTTBI, ) TH£ AuTHOB. 

Columbia, January, 1375- y 



SUGGESTIONS TO TEACHEES. 






1. If the problems in the book are not sufficiently numerooa 
or sufficiently varied^ make some of yom* own^ or take some 
from the book of "Algebraie ftoblwns," made to accompany 
this volume. 

2. The Synopses for Eeyiew should be placed upon the 
blaok-board^ and dwelt upon until thje topics embmoed m the 
review are thoroughly fixed in the mind of the student. To illus- 
trate the manner of conducting a review, suppose the synopsis 
on page 10 is under consideration. Let the student point to the 
word "Algebra/^ and define it ; then to "Algebraic Quantity/' 
^d define it ; then to the two kinds of Algebraic Quantity — 
^* Known and Unknown"^— and define them; and so on. 

3. The following chapters and parts of chapters may be 
omitted by classes pursuing an eleinenta?:y qotjt^q :. That part 
of Chapter IV (rom Art. 125 to Art. 128 inclusive, and from 

Art. 133 to Art. 136 inclusive ; Chapter VIII ; Chapter XIV ; 
that paot of Oh^pt^^ XVI from Art. 441 to Art. 457 iuplusiye ; 
Obiter XVIi ; AFts. 482 and 483 of Ch^t^ XVIII ; ttH of 
Chapter XX after Oeometrioal Progressions; Chapter XXI; 
Chapter XXII ; Chapter XXIIL 
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CHAPTER I. 
DEFmiTIOI^S AND JSTOTATIOR 



DEFINITIONS. 



1, Algebra is that branch of Mathematics in which qaan« 
tities are represented by letters, or by a combination of letters 
and figures, and in which the relations of quantities to each other 
and the operations to be performed are indicated by Signs. 

The lettei*s, figures, and signs are called Symbols. 

2* Algebraic Language consists in the use of algebraic 
symbols. 

3. An Algebraic Quantity or Expression is one 

expressed in algebraic language. 

There are two kinds of algebraic quantities — known and 
unknown. 

4, Known Quantities are those whose values are given. 
They are represented by numbers or the leading letters of the 
alphabet. 

6. Unlcnown Quantities are those whose values are not 
given. They are represented by the final letters of the alphabet 

6. The sign + is called the plus sign, and signifies that 
the quantity to which it is prefixed is to be added. Thus, a + b 
signifies that b is to be added to a, and is read a plus b. If a 
represents 9, and b represents 3, then a + b is equal to 12. 

?• The Sunn is the result obtained by addition. 



8. The sign •— is called the minus sign, and signifies that 
the quantity to which it is prefixed is to be subtracted. Thus, 
a — h signifies that h is to be subtracted from a, and is read 
a minus b. If a is 9, and b is 3, then a — } is equal to 6. 

9. Hie Remainder or Difference is the result ob- 
tained by subtraction. 

10. The sign x is called the sign of multiplication, and 
signifies that the quantity which precedes it is to be multiplied 
by the one which follows it. Thus, a xb signifies that a is to 
be multiplied by b, and is read a multiplied by b, or a into b. 

The sign of multiplication is often omitted. Thus, ab is 
equivalent to a x b. Sometimes a point is used instead of the 
sign X . Thus, a'b is equivalent to a x b. 

The sign of multiplication must not be omitted when the 
numbers are expressed by figures. Thus, 45 is not equivalent to 
4x5. 

11. The Product is the result obtained by multiphca- 
tion. 

13. The sign ~ is called the sign of division, and signifies 
that the quantity which precedes it is to be divided by the one 
which foUows it Thus, a-r-b signifies that a is to be divided 
by by and is read a divided by b. 

The expression j- is equivalent to a-i-b, 

13. The Quotient is the result obtained by division. 

14. The sign = is called the sign of equality, and signifies 
that the quantities between which it is placed are equal. Thus, 
a = b signifies that a is equal to b, and is read a equals b^ or 
a is equal to b. 

15. An Equation consists of two expressions connected 
by the sign of equality. Thus, a; + y = a, fl + i^z=c — d, are 
equations. 

The First Memder of an equation is the quantity on the 
left of the sign of equality, and the Secofid Member is the quan- 
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tityon the right of the sign. Thus, in the equation, sc+y==:a— ft, 
a; 4- y is the first member, and a — b the second member. 

16. The sign > or < is called the sign of inequality, and 
signifies that the quantities between which it is placed are un- 
eqtial, the opening being turned toward tiie greater. Thus, 
a>b signifies that a is greater than ft, and is read a is greater 
than ft ; and ft < a signifies that ft is less than a, and is read 
ft is less than a. 

17« An Inequality consists of two expressions connected 
by the sign of inequality, and its members are named as those of 
an equation. 

18. When an expression is inclosed by a Parentliesis ( ), 
the operations which are indicated in that expression are to be 
regarded as performed, and the parenthesis is to be regarded as 
expressing the result. Thus, the expression {a + ft) (c — d) indi- 
cates that the sum of a and ft is to be multiplied by the difference 
between c and d. 

The vinculum , the brackets [ ], and the brace \ \ have 

the same signification as the parenthesia 

Thus, a + b X c — d is equivalent to (a + ft) (c — rf). 
The vinculum is sometimes placed in a vertical position* 
Thus, 

d 

is equivalent to (a + ft — <?) df. 



a 
+ h 



19* The Terms of an expression are the parts which are 
connected by the sign + or the sign — • Thus^ Ofb^e, and d 
are the terms of the expression a + b — c + d. 

20. A Polynomial is an expression containing two or 
more terms. 

21« A Sinomial is a polynomial containing only two 
terms. Thus, abc + :r is a binomial 

2S. A Trinomial is a polynomial containing only three 
terms. Thus^ ob + ae — hc is a trinomiaL 
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23. A Monomial is an expression which does not contain 
parts connected by the sign + or the sign — . Thas, abc is a 
monomial. 

24. When one quantity is the product of two or more other 
quantities, each of the latter is called a Factor of the product. 
Thus, a, by and c are factors of the product abc. 

25. A Numerical Factor is one which is expressed by 
a figure, or figures. 

36. A JLiterdl Factor is one which is expressed by a 
letter, or letters. 

37. When a product contains one factor which is numerical^ 
and another which is literal, the former factor is called the 
Coefficient of the latter. Thus, in the product Habc, 7 is the 
coefi&cient of abc. 

The term coefficient is sometimes applied to any factor. 
Thus, in the product Kabc, la may be called the coefficient of 
bcy and in the product abc, a may be called the coefficient of bc» 
or ab the coefficient of c. 

38. A Power of a quantity is the product of factors each 
of which is equal to that quantity. Thus, a x a is the second 
power of a; a x a x a is the third potoer of a; a y. a y^a xa 
is the fourth power of a; and so on. 

The first power ofaiaa. 

39. An Exponent is a number placed on the right of, 
and a little above a quantity, and indicates how many times the 
quantity is to be used as a factor. Thus, a^ is equivalent to 
a X a; a^ is equivalent to a x a x a; a* is equivalent to 
2xaxaxa', and so on. If no exponent is expressed, 1 is 
understood. Thus, a is equivalent to a\ 

The product of n factors each equal to a is expressed by a», 
and n is called the exponent of a. 

The second power of a, that is, a^, is often called the square 
of a, and the third power of a, that is, cfi, is often called the 
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^ube of a. The expression a* is read a to the fourth powevy or 
"briefly, a to the fourth ; and a* is read a to the w*. 

30. The Square Moot of any given quantity is that 
quantity which has the given quantity for its square or second 
power; the cule root is that which has the given quantity for its 
cube or third power ; tliQ fourth root is that which has the given 
quantity for it^ fourth power ; \hQ fifth root is that which has the 
given quantity for its fifth power ; and so on. 

31. The JRadical Sign ^ indicates that some root of 
the quantity to which it is prefixed is to be found. 

33. The Iridex of the root is the number placed above the 
radical sign. 

The square root of a is denoted thus, !^a, or simply thus, 
A^a ; the cube root of a is denoted thus, lya ; the fourth root of a 
is denoted thus, j^a ; and so on. 

33. The symbols employed in Algebra are classified as fol- 
lows: 

1. Symbols of Quantity are letters and other characters 
used to represent quantities. 

2. Symbols of Operation are the signs +, — , x, ~, 
V, and the exponential sign. 

3. Symbols of Melation are the signs =, >, <, and 
others to be explained hereafter. 

4. Symbols of Aggregation are the signs ( ), [ ], 
n, — , and |. 

34. Similar or Like Quantities are those whose lit' 
eral parts are identical. Thus, 4ad, lOdby 12ab, and 26ab are 
similar. 

35. Dissimilar or Unlike Quantities are those whose 
literal parts are different. Thus, 4ab and lOa^ are dissimilar. 

Remark. — An exception mnst be made in those cases where letters are 
considered as coefficients. Thus, aafi and lufi are similar if a and b are con- 
sidered as coefficients. 



6 ll£ ViJllTlOHB. 

36. Each of the literal &etoTB of a term is caOed a JMrnetl- 
sitm of the term, and Ihe Degree of a term is equal to the 
niimber of its dimensions. The degree of a teim, therefore, is 
equal to the sum of the exponents of its literal factom Thus^ 
baVc is of the sixth degree. 

37. A Somogeneous JPolffnomittl is one whose terms 
are all of the same d^ree. Thus, W + Zen + iabc is homo- 
geneous. 

38« 2%e Kumerteal Value of an algebraic expression 
is the number obtained by substituting for each letter its numeri- 
cal value, and then performing the indicated operations. Thus, 
if a = 5 and & = 6, the numerical value of the ex{ne8eion 
da ^ 2b 18 3. 

Some tenns of frequent use in Algebra are here defined. 

39. A Proposition is the statement of a truths or of 
so>mething to be done. 

Propositions are of the following kinds: Axioms, theorems, 
lAwiniiiii^ problems, postulates, corollaries, scholiunus. 

1. An Axiom is a self-evident truth. 

2. A Theorem is a truth requiring demonstration. 

3. A Lemma is an auxiliary theorem used in the demonstra- 
tion of another theorem. 

4. A Problem is a question proposed for solution. 

5. A Poaiulaie assumes the possibility of tiie acdntion of some 
probleuL • 

6. A Corollary is an obvious consequence deduced from one 
or more propositions. 

7. A Scholium is a remark upon one or more propositions. 

40. An Hypothesis is a supposition, made either in the 
enunciation of a proposition, or in the oouzse of a demonstra- 
tion. 

41* A Formula is a theoarem expressed in algebiaie lan- 
guage. 
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42. AXIOMS. 

1. The whole is equal to the sum of all its parts. 

2. If equal quantities be added to equal quantities, the sums 
will be equal 

3. If equal quantities be subtracted from equal quantities, the 
remainders will be equal. * 

4. H equal quantities be multiplied by the same or byequal 
quantities, the products will be equal. 

5. If equal quantities be divided by the same or by equal 
quantities, the quotients will be equal. 

6. Quantities that are equal to the same quantity are equal to 
each other. 

NOTATION. 

43. Algebraic dotation consists in representing quan- 
tities, operations, and relations by means of symbols. 

EXAMPLES IN NOTATION. 

44. Express, in algebraic language, the following eight state- 
ments: 

1. The second power of a, increased by twice the product of 
h and c, diminished by the second power of c, and increased by dj 
is equal to m times x. Arts, c? + V>c — c^ + d=z mx. 

2. The quotient arising from dividing a by the sum of ^ and 
b, is equal to twice b diminished by c, 

Ans. — — T = 2S — c. 

X -{- b 

3. One-third of the remainder obtained by subtracting four 

from six times x, is equal to the quotient arising from dividing 

five by the sum of a and b. . 62; — 4 5 

•^ Ans. — r — =- 



a + b' 
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4 Three-fourths of the sum of x and five, is equal to three- 

Bevenths of h, diminished by seventeen. 

3 3 

Arts. ^ (a; + 5) = s* — I'J'- 

5. One-ninth of the sum of three times x and J, added to one- 
third of the sum of twice x and four, is equal to the product of 

a, h and c. ^^^ | (2^; + 4) + i (3a; + J) = abc. 

6. The quotient arising from dividing the sum of a and 5 by 
the product of c and dy is greater than p times the sum of m, w, Xy 
and y. >« « + * ^ / . . . \ 

7. The square root of the sum of a and b is equal to m times 
the cube root of the remainder obtained by subtracting y from x. 

Ans. Va + b = mVx — y. 

8. The square root of x, diminished by the square root of y, 
is equal to n times the sum of the fourth root of a and the fourth 
root of b. Ans. ^x — ^y = n {f^a + l^b). 

45. Express, in common language, the following six algebraic 

expressions : 

a + X x __ m 



b ^ c" a -{-b' 
Ans. The quotient arising from dividing the sum of a and x 
by by increased by the quotient of x divided by c, is equal to the 
quotient of m divided by the sum of a and b. 

2. 3a' + ( J — c) (rf + «) = a; — y. 

3. 3^2 + J — c (d + «) = a; — y. 

4. a + X g — y _ ^ 

5 + j + e?'^3"" T+b' 

6. {a + b) V*" — a't? = 3 (a + m + a?) 

a + 2J n 
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' 46. UUMERIOAL VALUES. 

If a = 1, S = 3, (? = 4, d = 6, e = 2, and /= 0, find the 
numerical yalue of each of the following ten expressions : 

1. a + 2b + 4c. Ana. 23. 

2. 3} + 5df — 2e. ^/i^s. 35. 

3. ab + 2ba + ded. Am. 63. 

L ac + 4£d — 2Je. ^»5. 88. 

6. abc + 4}df + ec — ^. Ans. 92. 

6. a^ + J2 + c» +/2. ^7W. 26. 

-, cd . 4}« cd A ^^ 

^•T+ 3^-24- ^^^•^^• 

8. c* — 4c8 + 3t? — 6. Ans. 6. 

2c — 3a 

10. ^/i^Hb) -^ \/(2c) + ^{Ze). Ans. 9. 

11. Find the value of {x + y) (a? — y), when a; = 8 and y = 6. 

Ans. 39. 

12. Find the yalue of « + y x a — y, when a; = 8 and y = 5. 

Ans. 43. 

13. Find the value of x ^{t? — 8y) + y ^{a? + 8y), when 
a; = 5 and y = 3. -ins. 26. 

14. Find the value of (S — x) (ya + b) + ^\{a—b) (a;+y)|, 
when «= 16, J = 10, x = 6, and y = 1. Ans. 76. 

15. Find the value of a? in the equation' x = ^ ^^ "^ ^ ^ 

when a = 10, d = 5, t; = 4, df = 2, and 6 = 3. 

;ini9; a; = 20. 
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47. 



SYN0PBI8 FOB REVIEW. 



f Algebiu.. 
Algebraic QuAimTr. i 



o 
1-7 {z; 



Pi 






6t7m. Remaikder. Pboduct. Quotient. 



EqUATIOK 



Inbqualitt 






First Member. 
Second Member. 

First Member, 
Seamd Member. 



Names OF 
Expressions. 



f Terms, 
^ <TrinomiiL 

MonomicU . . . 

Numeiioal. 

L Fact<fr ^ Literal. 

Coefficient. 



Known : a, b, c, d, et<x 
" Of quantity . . . •( Unknown: *, u, v, to. 



Symbols 



Of operation 



ion , ,< 



a 



+> "^j X^ •> -f"j ,> 
E^poottnt. 

Cf relation . . . j =, >, <. 

, 0/ fl5^^^a*MW. I ( ), n, [], — , |. 
AooLUt Quahtitibb. Disbixilab QuAirrmsB. 
Degree of a Term. Homogeneous Poltnomial. 

l^UMBBIOAL ViXUB. 



Theorem, 

Problem, 

PostfOat^. 

Corollary. 

^Sebcimm. 



,fivroonBaz& FobmuziA. 



CHAPTER IL 
FUNDAMENTAL PROCJESSES, 



ADDITION 

48. Addition is the process of finding the simplest expres- 
sion for the sum of two or more quantities. 

49. A Positive Term is one which is preceded hy the 
sign +. When a teim has no sign prefixed, the sign + is un- 
derstood. 

50. A Negative Term is one which is preceded by the 
sign —. 

ORDER OF TERMS. 

51. The value of a polynomial whose terms are positive is 
the same in whatever order the terms may be written. Thus, 

52. When a polynomial contains both positive and negative 
terms, we may write the former terms first in any order, and the 
latter after them in any order. Thus, a+J— c— c=a+J— e— c 

53. In some cases we may vary the order of terms still farther. 
Thus, if a = 10, * = 6, and c = 5, then a + J — c = a — c + * 
= h — c + a. 

But, if a = 2, J = 6, and c = 5, the expression a — c + i 
presents a difficulty, because we are apparently required to sub- 
tract 5 from 3. It will be convenient to agree that such an ex- 
pression as a — c + S, when c is greater than a, sball be under- 
stood to be equivalent to a -f i — c. At present we shall not 
use such an expression except when c is less than a -\-h 

In like manner we shall consider ^l j^ a as equivalent to 
a — J. We shall recur to this point in Chapter III. 
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BEDUCTION OF SIMILAB TEEMS. 

64, When two or more terms of a polynomial are similavy it 
may be reduced to a simpler form. 

L Let it be required to simplify the expression 4a2J — da^c 
+ 9ac2 ^ 2a2J + 7a2c — 6 J2. 

This expression may be written thus : 4a'S — 2a*J + 7a^c 

— 3aV + dac^ — 6Z>2 (53). Now 4a2J — 2a^b = 2a% and Wc 

— da^c = 4:a^c. Hence the given expression may be reduced to 

2. Let it be required to simplify the expression 2a%c' — iefibc^ 

We write the positive terms in one column and the negative 
terms in another thus, 

2a^bc^ — 4flf%ca 



3. Let it be required to simplify the expression ^kibc + Zc?b 
+ 2a% — ba% — Sa^J. 

Arranging the terms thus, 

4Kibc + Sa^i^ — 5a^5 

+ 2a2S — 3a2} and uniting, 

we obtain ^abc + Sa^S — 8a^5. 

But4aJc+5a»S— 8a%=4aJc+5a2J— 5^25— 3a2J=4afej— 3a»ft. 

L Reduce the positive similar terms to one term by addition, 

IL In like manner reduce the negative similar terms to one 
term. 

in. Then subtract the less result from the greater^ and to the 
remainder prefix the sign of the greater. 
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BX AMBLES. 

Beduce each of the following expressions to its simplest form : 

1. 10a* + 3a* + 6a* — a* — 5a*. Ans. 13a*. 

2. 6a*5 + 3 Vo^ — lab + 17aJ + 2 A/aW— %a»> — ^VWc 
— lOaS + 9a*J. ^,j5, 8a*5 - 3 VoPc. 

3. 3a — 2a — 7c + 3c + 2a + 4{? — 3a. Ans. 0. 

4. 9J»c — 8ac3 + IbVc + 8ac + Oac^ — 245»c. 

-47W. ac^ + 8ac. 

5. 6ac» — baJfi + 7ac» — 3ai» — 13ac» + 18aJ». Am. lOaJ^. 

6. a«J — 9aJ2+ Sa^J + 5c — 3a25 + 8aJ2+ 2a% +c +a*2— 8c. 

55. To &id the sum of two or more quantities. 

1. Let it be required to find the sum of c — d + c and a — 5. 
Adding c + e to a — J, we obtain a-^h + c + c\ we have, 

however, added d too much to a — J ; hence, in order to obtain 
the correct sum, d must be subtracted from a — l)-\-c + e. We 
thus obtain a — S + c + e — d[. Therefore, to find the sum of 
quantities, all the terms of which are unlike^ write them in any 
order, prefixing to each term its proper sign. 

2. Let it be required to find the sum of 

a» + 3a2 — 4aS 

2a8 — 3aJ+ J«— c, 
and a^ + 2a} — 5^ + 3c. Their sum, after 

reducing, is a« + 6a« — 5aJ — 4J« + 2c (54). 

JBITXJE?. 

L Write similar terms, with their proper sigiiSy in, the same 
colum7U 

IL Reduce each column (54), and to the results annex those 
terms which cannot be reduced, prefixing to each its proper sign. 

SXAMPX>I!8. 

(1.) (20 

7x + 3ai + 2c 16a%« + be — 2a*c 

— Sx-^ Sab — 5c — ^a^V + 9bc + 6abc 

5a; — 9ai + 9c — lOa^y — 12ac + 3aftc 

Sum 92B — 9ad + 6c 2cfl^ — 2 Jc + 7a6c; 
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3. Find the sum of 4a -- 6b + Sc — 2d, a + b — 4c + 6tf, 
3a — 7i + 6(? + 4d, and a + U-^c — 7rf. ^jw. 9a — 75 + 4c. 

4. Find the sum of a^ + 2a:» — 3ir + 1, 2a^ — 3aj2 + 4a; ^ 2. 
Sa;' + 4a;8 + 5, and 4a^ — Sa:^ _ s^; + 9. ^^. lOjcS _ 43. ^ 13, 

6. Find the sum of a^ — dxy + y^ + x + y — 1, 2a;» + 4a:y— 
dy^ — 2a; — 2y + 3, 3a;3 _ 5^;^ _ 4^2 + 33; + 4y _ 2, and 63^ + 

lOxy + 6f + x + y. Ans. VZa^ + Qxy ^ y2 ^ 3a; + 4y. 

6. Find the sum of a;^ — 2aa^ + a% a^ + 3aa^y and 20^ — 03?. 

Ans. 4a^ + ah:. 

7. Find the sum of 4ab —-a?, Ss^ — 2db, and 2aa; + 2 Ja;. 

Ans, 2ab + 2a:» + 2aa; + 25a;. 

8. Find the sum ofa + S + c + rf, a + b + c — d^ a + 5 — 
e + d, a — 6 + c + rf, and —a + b + c + d, 

Ans. 3a + 3J + 3c + 3dL 

9. Find the sum of 3 (x^ — y»), 8 (a?» — y% — 5 (a;« — y») + 
^{^ + f)\ ajftd 7(a;-y)2. 

Ans. 6 (a?« — y^) + 6 (a?» + y2)3 + 7 (a; — y)^. 

10. Find the sum of o^ — J* + Zx^, 2a* — 3 J" — a;', and 
a"» + 45* — afl. Ans. 4a'* + 2a;' — ofl. 

LAWS KESPECmSTG THE USE 0? THE PABENTHESIS. 

66. If a polynomial has any number of its terms enclosed by a 
parenthesis preceded by the sign +, the parenthesis may be omitted 
and the value of the polynomial will not be changed. Thus, 

a — 6 + ((; — d + e)=za — b + c — d + e (65). 

Cos. — The value of a polynomial will not be changed by 
enclosing any number of it$ term^ by a parenthesis, 'provided the 
parenthesis have the sign + prefixed. Thus, 

a — b + C'^d + e = a — b + c + ('^d + e)=z 
a — 5 + (c + e— J) = a + (— rf + c + —J). 
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SUBTRACTION. 

67. SuhtraetUm is the process of finding the simplest e3> 
presfiion for the difference l)etween two quantitiefl. 

68. The Minuend is the quantity jBrom which the sub- 
traction is to be made. 

69. Uie Subtrahend is the quantity to be subtracted. 

60. The JRemainder is the result obtamed by the sub- 
traction. 

61. To find the difference between two quantities. 

1. Let it be required to subtract 5 — 3 from IL 
Subtracting 5 from 11 we obtain 6. This -- 

result is too small by 3, for the number 5 is 
larger by 3 than the number which was required 
to be subtracted. In order, therefore, to obtain 
the correct remainder, 3 must be added to 6. 

2. Let it be required to subtract c — d from « + J. 
Subtracting c from a + i we obtain a 4-% 

a + b — c This result is too smaU by d, 

for c is krger by d than the quantity which 

was required to be subtracted. In order, 

therefore, to obtain the correct remainder, d must be added to 

a + b — c. Hence a + J — (c — d) = a + J — c + d. 

The same result may be obtained by adding — c + df to 
u + b (66). 

Change the ngn <?/ every term of the tubtrahend from + to — , 
or from — to +9 and add the result to the minufind* 



6 4- 3 =9. 



e^d 



o + d — c +rf. 



-1. Btgijm.eTHm»fto^vt%^er9rexKm'pi^ 
tktjfign of #v«ry tenXL in th« «iibtniibe&d. Aflttr thte, it it better nerefy to 
ameHve Buch change to be made. 

2. 8ablra0ti<m, in jAJfebra, i« prored in tke 'cMana joMpa» an In Azith- 
metic^ by adding^ the remainder to the sabtrahend ; tlMAQX&ibonld benqual 
to the minuend. 
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(1.) 

From da+ b] 

Take a — J I ^^® ^*™® ^^ ^^ ^^^ ^^ 

T> . n 7 7Z I the subtrahend changed. 

Bemainder 2a + 2o i ^ 



da+ b 

— a + b 



2a + 2b 

(2.) (3.) 

From lla^+dab—^xy From 5a— 3S+4<?— 7i 

Take 5g^+4g&— 6gy Take 2a--2b+3c-- d 

Bemainder 6a*— a&-f-22:y. Bemainder 3a— b+ c—6d. 

4. From a:* + 42^ — 2a^ + 7a: — 1 take a:* + 2x» — 2aj» + 
6a; — 1. Ans. 2afi + z. 

5. From 3a* — 2aa: + a^ take a^^ax+ a^. Ans. 2a* — ax, 

6. From 2a — 25 — c + (? take a—b — 2c+2cL 

7. From 4a + 3J — 2c + Sd take a + 25 + c — 5rf. 

^7W. 3a + 5 — 3c + ISA 

8. From 8a:* — 3aa; + 5 take 5a? + 2ax + 5. 

9. From 7xy — lOy + 4a; take 3a;y + 3y + 3a;. 

Ans. Axy — 13y + x. 

10. From 3a + 5 + c take a — 5 — <?. ^7i«. 2a + 25 + 2c. 

11. From a* + 2a5 + 5* take a* — 2a5 + 5*. Ans. 4:ab. 

12. From a» + 35*c + a5* — a5c take a5* — a5c + 5*. 

13. From 6a;* — y» take 4a;* — y» + y*. Ans. a;* — y*. 
14 From 4a~+ 2a;i»— a;« take a"*— 5»+3a;'+ 2a"*— 35"— a;^ 

-4w5. a~+ 45*— x'. 

LAWS RESPECTING THE USE OF THE PABENTHESI8. 

62. ^ parenthesis preceded by the sign — may be omitted 
without affecting tlis value of the expression in which it occurs, 
provided the sign of every term within it be changed. Thus, 

a — (5 — c — rf + c) = a — 5 + c + d[ — e. 

Cob. — The value of an expression will not be changed by en- 
closing any number of its terms by a parenthesis^ preceded by the 
sigh — , provided the sign of every term thus enclosed be changed. 
Thus, 

a— 5+c+rf— ^=a— 5+c— (— rf+e)=a— (5— c— df+«) = 
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Ans. a — b + c — d. 
Ans. a — h + c + cL 
Alls, a — lb. 
Ans. ba. 



Bemoye the signs of aggregation from each of the following 
expressions: 

1. a_[}_(c — rf)]. 

2. a — [(b — c) — i]. 

3. a + 2b — ea— [35 — {6a — 65)]. 

4. Ha — \da — [4a — (6a — 2a)]\. 

6. 3a— [a + J— \a + b + c— {a + b + c + d)\]. 

Ans. 2a — b^ d, 

6. 2x — [3y — {4a; — (6y — ex) \ ]. Ans. 12a; — 8y. 

7. a — {a — [a — (a — a?)] |. Ans. x. 

8. 4a;— {a;— [a;— (ar — 3)4-3]— 3} — { — a; — [— a;^ 
(— a; + 3) + 3] — 3}. A7is. Ax + 12. 



63. 



BTNOPSIS FOR BEVIEW. 

" Positive terms. 
J^egative terms. 



Addttios. 



Orderof terms. . i When preceded by +. 
J i When preceded by — . 

Beduetum of terms. ]^«^ P^^^^ 

(Rule. 



Sttbtbaction. < 



Sum. 
IBvle. 

Minuend. 

Subtrahend. 

BemcUnder. 
L Sule, 



[ 



USB OF 

Pabsnthasis. 



To remove. 



IWhen preceded by +. 
When preceded by — . 

ToifUfoduee. . . J When preceded by +. 

( When preceded by —• 
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MULTIPLICATION. 

64. The Froduct of two quantities is a quantity which is 
as many times greater than one of them as the other is greater 
than a unit. Thus, the product of 5 and 4 is 20. 

65. Multiplication is the process of finding the product 
of two quantities. 

66. The Multiplicand is the quantity which is to be 
multiplied. 

67. The Multiplier is the quantity by which to multiply. 

68. The product of three or more quantities is sometimes 
called a Continued Product 

The product of any number of fectors is the same in whatever 
order they may be taken ; thus, aic = dcb = bca. The literal, 
factors are generally arranged in alphabetical order. 

69. To find the Product of ICoxiomials. 

Let it be required to find the product of 7a^S^ and ha^Vc 
We may indicate the multipUcation thus : 

and since the product is the same in whatever order the factors 
are taken, we have 

7a8J3 X ha^¥c = 7 x 5 x d^a^lf^¥c = ^ftcfiaW^c. 

Here a occurs as a factor five times, h occurs six times, and c 
Dnce. Therefore the required product may be written thus : 

dbcfilfic. Hence, 

Principles. — 1. The coefficient of the product of given mono- 
mials is equal to the product of their coefficients. 

2. Every letter which occurs in any of the given factors must 
be written in the product with an exponent equal to the sum of 
all its exponents in the given factors. 
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Cqb. — We may, if we please, indicate the product of the like 
powers of different letters by writing them within a parenthesis 
and placing the exponent over the whole. Thus, 

c?» = («J)2; for (pXf :zzahxah:=^aaxhi =aW 



BXAMriiBS. 



1. Multiply ah by a?. 

2. Multiply ^ax by 2ay. 

3. Multiply 4am by 3Sc^. 

4. Multiply Sfrtc by 3ertc*. 

5. Multiply Sa'^a:* by 9a*a;*". 



Arts. 12abAnn. 
Ans. 16a^x^, 



HO. To find tho Product of two Poljrnomials. 



1. Ijet it be required to multiply a + bhj c The 
product of a and cisaci but this is too amall by be, 
for it is the sum of a and b which is to be multiplied 
bj &. Henoe 

{a + b)c=2ac + bc. 

2. Let it be required to multiply a — 8 by c. 
Here the product of a and c must be diminished 

by the inroduct of b and c Hence 

(a — J) c = ac — Jc. 

3. Let it be required to multiply a + bhj c + d. 
The product oS a + b and cisac + bc; 

bnt a + 8 is to be multipUed by the sum 
of e and d ; hence o^ + ^^ is too small 
by the product of a + J and d ; that is, 
hj ad + bdy which must, therefore, be 



a + b 
c-^-d 



a + b 
c 



ac + be. 



a- 


-b 


e 




ue- 


"be. 



ae + be + ad + bd. 
^ded ix^ ac + be to produce the correct result Hence 



(a + b) {e + d) =:a£ + be + ad + id. 
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4. Let it be required to miiltiply a + bhj e — d, 
Here the product of 



a + b and c mast be di- 
minished by the prodnct 
oia + h and d. Hence 



a+b 
c—d 



ac+bc—{ad+bd)=^ac-\-bc^ad—bd. 
{a + b) {c — d) = ac + bc—{ad + bd)=:ac+bc — ad — bd. 

5. Let it be required to multiply a — bhj c — d» 
Here the product of 



a — ft and c, which is 
ac — be, is to be diminr 
ished by the product 
of a — b and dy which 
is oJ — ft J. Hence 



ff— ft 



ac — be — (ai2— ftcQ=ac — be — ad+bd. 



(a — ft) (c — d) = ac — ft(?-— (arf — fttf) = ac — ftc — arf + ftrf. 

In this example, we observe that corresponding to the terms 
— ft and e, one of which occurs in the multipUcand and the other 
in the multiplier, there is the term — ftc in the product ; and 
corresponding to — ft of the multiplicand and —dot the multi- 
plier, there is the term + bd in. the product. Hence it is ofben 
stated as an independent truth, that 

(—ft) X c = — ftc, and (— ft) x (— rf) = + ftrf. 

Thus, the sign of the product is deduced from the signs of the 
factors by the rule, 

Like signs produce +, and unlike signs produce — . 

6. Let it be required to multiply 4a' — Soft + 68* by 2a* — 
dab + 4ft». 

4fl3 — 5aft -I- 6ft3 
2fl8~3aft + 4fta 
8a* — lOoSft + 12a2ft3 

— 12a«ft + 15a2ft2 _ i8aft« 

+ IBqgftg — 20gft» -f 24ft* 

8a* — 22a^ft 4- 43a3ft» — 38aft» + 24ft*. 



MULTIPLICATION. H 

\ Let it be required to multiply 2jr^+ 8a;+ 4 by Saj*— 3a? + 4. 

2Qfl + 3x + 4: 
2g8 — 3a; 4- 4 

4a;* + 6a;8 + 8a?« 

— 6a;» — 9a:» — 12a; 

+ 8ay^ + 12a; + 16 

4a;* + 7a?J + 16. 

B ULE. 

Multiply every term of the multiplicmd by each term of the 
multiplier in succession ; if a term in the multiplicand and a 
term in the multiplier have like signs, prefix the sign + to 
their product ; if they have unlike signs, prefix the sign — ; 
then take the sum of these partial products to form the complete 
product. 

EXAMPLES, 

1. Multiply 'Stp — q by 2gr + p. Ans. Zpq + 2p2 — %f, 

2. Multiply a^ + 3a5 + W by 7a — 55. 

Ans. 7a» + l^a^b - aJ^ - 10*». 

3. Multiply a2 _ fljj 4. J3 by a^^ab — V. 

Ans. a* — aW + 2aJ« ^ J*. 

4. Multiply a^^ab + 2 ja by a^-^-ab^ 251 

^W5. a* — a2j3 4. 4aJ3 _ 4J4. 

6. Multiply a^ + ^ax + T^hj a^ + 2ax — a:^. 

Ans. a^ + 4a'^ + 4a^ — a;*. 

6. Multiply a^ + 4ax + 4^ by a^ _ 4^^ a; + 4a«. 

-4w5. a* — ^ah? + 16a;*. 

•7. Multiply a^ — 2aa; + 5a; — a;^ by S + a?. 

u4»5. a% + (a — 5)^ — 2aa;3 _ a*. 

8. Multiply 15a;2 + ISaa; — 14^2 by 4arJ — 2aa; — a^ 

Ans. 60a;* + 42aa;3 — 107a2a;3 + lOo^a; + 14a*. 

9. Multiply 2a;* + 4a;» + 8a; + 16 by 3a; — 6. 

Ans. 6a;* — 96. 



10. Multiply a^ — jr«y + jcy* — jf» by a: + y. 

Ans. ofi — ajy + ofljf^ — y*. 

H. Multiply a^ + l^ + f? + bc + ac^abhja + b'-'C. 

Ans. o^ + 4* — c* + 3aJc 

12. Multiply a:* + 2a;» + a? — 4a: — 11 bya:» — 2a? + 3. 

u4»«. aJ« + 10a; — 33. 

13. Multiply «4 — 2a» + 3fl? — 2a+l by «* + 2a» + 3a» + 
2a + 1. Ans. a® + 2a« + 3a* + 2a« + 1. 

14. Multiply together a — a?, a + ar, and o* + a^. 

^4^1^. a* — aA 

15. Multiply together a: — 3, a? — 1, a? + 1, and a; + 3. 

Am. a:* — lOx^ + 9. 

16. Multiply together a? — a; + l, a?-ha: + l, and a:*— a^+1. 

Arts, a:^ + a:* + 1. 

17. Multiply together a + z^ b -\- x, and c + x. 

Ans. abc + (aS + be +ac)x + (a + b + c)sf + ofi. 

18. Simplify (a + b) (ft+c) — {c+d) (a+d) — (a+c) (S--(Z). 

Ans. V — <P. 

19. Simplify (a + J+ c+ d)2 + (a — ft — c + d)8-h («— * + 
e^df + (a + ft — tf — tf)'. ^»s. 4(a3 + ja + ^j + eP). 

20. Simplify (a + ft + ^)* — « (ft + c — a) — ft (a + c — ft) — 
c(fl 4- J — c). Ana. 2(a» + ** + «»). 

21. Prove that a;* + y® + (a? + y)® = 2 (a:» + a^y + y^)* + 
82«y2(a; + y)^ (aj» + ary + yS). 

22. Prove that 4a;y {7^+ y^) =z{7?+ xy + 'iff^ (a^^xy+f'f, 

23. Multiply (a^ — 3a: + 2)» by a:^ + 6a: + 1. 

^W5. ofi — 22a:* + 60a;» — 55a:» + 12a; + 4. 

24. Multiply {a + ft)» by (a — ft)«. 

Ans. a»-.a*ft — 2a«ft^ + 2aaft» + aJ* — J«». 

25. Prove that {a -f ft)» — (a — ft)2 = 4aft. 
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TL The square of the sum of two quantities is equal to the 
sum of their squares increased by twice their product. 

If we multiply a +h 
hj a +b 

a^ + ab 
-hob + i^ 



^e obtain a^ + 2ab + i^; hence (a+*)*=:a'+2(«i+W 

If we wish to obtain the square of the sum of two quantities, 
this theorem enables us to write the terms of the result without 
the necessity of performing the actual multiplication. 



EXAXrZJBS, 



1. (2 + 6)« = 4 + 20 + 25 = 49. 

2. {2m + dny = 4cm^ + l%mn + dnK 

3. {ax + byf = a^ + 2abxy + Vy\ 

4. (c + 2df = c3 + 4ce? + 4d2. 

5. (fl2 + S^)^ = «* + 2a2S2 + J*. 

6. (a3 + js)2 _ ^6 ^ 2a82»8 + &^. 

7. \{x + yY + (a; - yf^ = (^^ + Vf^ + 2(a? + yY {% ^yY f 
{X - yf\ 

73. The square of the difference between two quantities is 
equal to the sum of their squares diminished by twice their 
product. 

K we multiply a —b 
by a —b 

a^ — ab 



we obtain a^ — 2ab + b^; hence (a— J)*=a*— 2aJ+ja. 

BXAMPZJB8. 

1. (5 — 3)2=25 — 30 + 9 = 4. 

2. (2a: — y)2 = 4^3 — ^xy + f. 

3. (3a; — 6z)^ = 9aj8 - 30a:4; + 26s^. 
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4. (c-2rf)2=c»-4ctZ+4d». 
6. (a3 — J3)2 = a* — 2a2^ + **. 

6. [a -\- b — {c + d)Y = a^ + 2ab + l^ -^2 {a + b) {c + d) + 
(^ + 2cd+ cP. 

73. The product of the sum and the difference of two quan- 
tities is equal to the difference between their squares. 

If we multiply a + b 
by a —8 



a* + ab 
-^ab--b» 
we obtain . «» — ^ ; hence (a+b) {a-'b)=a*^V. 

BXAMBLBS. 

1. (3 + 2) (3 — 2) = 9 — 4 = 5. 

2. (3a + 2b) (3a — 2b) = W — 4S». 

3. (w + 1) (m — 1) = /w2 — 1. 

4. (c + 2d) (c — 2(i) = c3 — 4(P. 
6. (a2 4.^) (a8- J2) =0*- J*. 

6. [(a + J) + c] [(a + *) — ^] = ff* + 2fli + J» — 1^. 

7. [(a + })2 + (a;-y)2] [(a + bf^ {x^yf\ = (a + ft)*-. 

74. Meaning of the Sign ±. 

We may here indicate the meaning of the double sign ±, 
which is sometimes used. ^ • 

Since (o + J)' = a^ + 2ab + V, and («--*)»=: a^ — 2a* + ff», 
we may write both fonnulaB in the following abbreviated form : 

(a ± by = a^± 2ab + V^. 

By this notation we are enabled to express two diflferent 
theorems by one formula. The expression a ±,b \& read a plus 
or minus b. 
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75. By the aid of the preceding theorems the process of mul- 
tiplication may often be abridged. Thus, 

(a + b+c-hd) {a + b—c—d) = [{a-\-b) + {c + d)] [{a + b)-'{c+d)] 
=(a 4. j)2_(c 4. d)3 (73) =a2-i- 2ab + l^^{c^ + 2cd + d?) (71) 

REMABES ON MULTIPLICATION. 

76. The degree of the product of two monomials is equal to 
the sum of the degrees of the multiplicand and multipher, since all 
the factors of both monomials appear in the product (69, Prin. 2). 
Thus, if we multiply %a% which is of the third degree, by 3ad^, 
which is of the fourth degree, we obtain 6a^^*, which is of the 
seventh degree. Hence, if two polynomials are homogeneous, 
their product -Nvill be homogeneous (70, 6). 

77. The number of terms in the product of two polynomials, 
when the partial products do not contain similar term^y is equal 
to the product obtained by multiplying the number of terms in 
the multiplicand by the number of terms in the multiplier. Thus, 
if there be m terms in the multiplicand, and n terms in the mul- 
tiplier, the number of terms in the product will be mn. 

If the partial products contain similar terms, the number of 
terms in the product after reduction, will evidently be less than 

78. When the multiplicand and multiplier are arranged in 
the same way, according to the powers of some common letter, if 
there be one, the first and last terms of the product are unlike 
any other terms. Thus, in the sixth example of Art 70, the mul- 
tiplicand and multiplier are arranged according to the descending 
powers of a; the first term of the product is 8a* and the last term 
is 24^*, and there are no other terms which are like these ; for 
the other terms contain a raised to some power less than the 
fourth, and thus differ from 8a* ; and they all contain a to some 
power, and thus differ from 24^. Therefore the product of two 
polynomials cannot contain less than two terms. 
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SYNOPSIS FOR EEVIBW. 



CHAPTER IL— Continued, 
ItULTIPUOATION. 



f MnU^icafuL 

)MyMiplier. 
Teembxtsbd. <p^^^, 

\ Factors, 

,^ ( Order of factors. 

Product of ) 

t Investigation for rule. 
Product op ) jji^. 

Polynomials. ) ^_^ - ^. . ) Like eagns. 

'^*^^/^^- 1 Unlike si 



Tbw>REMs 



^ Rkmahks . 



Bigns. 



((a+5)(a-&). 



Degree of product. 
Product, homogeneous when. 
NumlbeT of terms in product. 
First and last terms, different 
when. 



DIVISION. 

80, Division is the converse of Multiplication. In Mul- 
tiplication we determine the product of given factors. In Di- 
vision we have the product of two factors, and one of them given 
to determine the other factor. 

81, The Dividend is the given product 
83, The Divisor is the riven factor. 



83. The Quotient is the &ctor to be determined. 



84* To find the Quotieat of two Monomials. 

Let it be required to divide dba^b^c^ by llc^i^c. 
The division maj be indicated thus: . 



Now, siace the quotient must; be such a quantity that when 
it is multiplied by the divisor the product shall be equal to the 
dividend, the coefficient of the quotient multiplied by 7 must 
give 35; Jie^oe, the coefficient of the quotient is found by 
dividing 35 by 7. Again, the exponent of any letter in the 
quotient added to the exponent of the same letter in the divisor, 
must give the exponent of this letter in the dividend (69, Pbin. 2) ; 
hence, the exponent of any letter in the quotient is found by 
subtracting its exponent in the divisor from that in the dividend. 
Therefore, 

-n^^^^ = ^aWc. Hence, 

Principles. — 1. Tlie coefficient of the quotient of two given 
monomials is the quotient obtained by dividing the coefficient of 
the dividend by that of the divisor. 

2. Every letter which occurs in the dividend must be written 
in the quotient, with an exponent which is found by jsubtracting 
its exponent in the divisor from that in the dividend. 

CoE. -— - = i?«-« = o«, and —- = 1; 

a^ «"• 

be&ce a* = 1. 

1. Divide abx by a;» Ans. ah 

2. Divide Wxy by ^ax. Ans. 2ay. 

3. Divide 12abAnn by 3Jc*n. Ans. 4flw. 

4. Divide 15(rtr* by da*afi. Ans. 5a^. 
6. Divide 27a«+"ai*"*^* by 9aW. Ans. 3a"aj». 
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85. It follows from Art. 84 that the exact division of mono- 
mials will be impossible : 

1st When the coefficient of the dividend is not divisible by 
that of the divisor. 

2d. When the exponent of a letter in the divisor is greater 
than the exponent of the same letter in the dividend. 

3d. When the divisor contains a letter that is not found in the 
dividend. 

86. To find the Quotient of two Polynomials. 

1. Let it be required to divide db — Ic by I. 

— ^ — = a — c ; for (a — c) J = a J — Jc. 

In this example, we observe that corresponding to the term 
ah in the dividend and to the divisor by there is the term a in 
the quotient ; and corresponding to the term — he in the div- 
idend and to the divisor J, there is the term — cm the quo- 
tient. 

We have already seen that 

J X (- c) = - he, and (- h) (- c) = he (70). 

In like manner, the following statements may be admitted: 

— he ^ , he , 

0, and — = — 0. 



— c — c 

Thus the sign of the quotient is deduced from the signs of the 
dividend and divisor by the rule, 

Like signs produce +, and unlike signs produce — . 

2. Let it be required to diyide ai^ — ahc + ahd by aJ. 

al^ — ahc -f ahd 



ah 



=zh^c -^ d. 



We divide each term of the dividend by the divisor, then 
collect the partial quotients to obtain the complete quotient 
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3. Let it be required to divide 8a* + ^^aW — 22a«S + 246*— 
38a*» by 2^2 + 46^ — dab. 

The operation may be oonyeniently arranged as follows: 

DFVIDEND. nrVlSOB. 

8a*-22a»*+43a2Z>2~38aJ»+24** 2g8— 3a6 + 4y 



Ist Rem. = ~10a8J + 27a3^— 38fl5i8+24** 

2d Bern, = lUW^l%a^+%W^ 

12ggy^— 18gy+24y 

Now, the term of the dividend, which contains the highest 
power of any letter as a, must be equal to the product arising 
from multiplying the term of the divisor which contains the 
highest power of that letter by the term of the quotient which 
contains the highest power of the same letter. Therefore, if we 
arrange the dividend and divisor according to the descending 
powers of a common letter as a, the first term of the quotient is 
found by dividing the first term of the dividend by the first term 
of the divisor. Hence, in this example the first term of the quo- 
tient is TT-s = 4a8. 
2a' 

Again, the dividend is equal to the sum of the partial pro- 
ducts obtained by multiplying the divisor by each term of the 
quotient in succession ; and, therefore, if the product of the divi- 
sor by the term just found is subtracted from the dividend, the 
remainder must be equal to the sum of the partial products ob- 
tained by multiplying the divisor by the remaining terms of the 
quotient, and hence may be used as a new dividend to obtain the 
second term of the quotient. Proceeding in this manner, we find 
the complete quotient to be 

4a2 — bab + 6S». 

A similar course of reasoning is applicable when the dividend 
and divisor are arranged according to the ascending powers of a 
common letter. 
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B ULE. 

L Arrange the dividend and divisor according to the jmpers 
of some common letter. 

II. Dtvide the fir^ term of the dindend by the first term of 
the divisor; the result mlt be the first term of the quotient. Mul- 
tipty the whole divisor by this term^ and subtract the product 
from the dividend. 

ni. Regard the remainder as a new dividend ; find the second 
term of the quotient in the sams manner, and proceed with it as 
with the first term ; and so on, 

Remasks. — 1. The sitnation of the divisor in regard to the dividend is 
A mtftteif of arbitiar; arrangement ; but by placing it on the right it is More 
eaalj multiplied hj the several terms of the quotient as- thej are found. 

2. When there are more than two terms in the quotient, it is not neces* 
sary to bring down any more terms of the remainder, at each successive 
subtraction, than are required by the quantity to be subtracted. 

8. It is evident that the exact division of one pol3momial by another will 
be impossible, when the first term of the arranged dividend is not exactly 
divisible by the first term of the urranged divisor ; when the last term oi 
arranged c&vidend is not divisible by the last term ol the arranged divisor^ 
or when tiie fint term of any amuiged remainder i» not divisible by'tke fin* 
term of the divisor. 

1. Divide a:^ + 1 by a; + 1. Ans. afl — x + 1. 

2* Divide ^r«8 + 8y» by 3ar + 2y. Ans. 9ai? — e«»y + 4y« 

3. DlTide cfl — 2al^ + J«^ by a — }. Ans. c^+cA — V. 

4 Divide «« — 2o% — 3a5* by a + *. Ans. a^ — Zab. 

h. Diride 64r^ —y* by 8a; — y. 

Ans. S2af^ + 16a^y + Sofit/^ + 4i^ + 2a5y* + y». 

6. Divide cfi + l^hja + b. 

Ans. a* — fl^J + a?J3 — aJ« + i«. 

7. Dhide i^^lMhfi + eia^ by 4aja + a^ — 4aa;. 

Ans. 16a:* + leaafi + llkM + 4a«r + £A 
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8. Divide 1 — 182? + 81«* hjl + ez+ 9««. 

Ans. 1 — 6z + 9A 

9. Divide Slo^ + 16 Jm — 72a*S« by 9a* + Ucfilfi + 4S«. 

^n«. 9a* — 12a2^ + 4J«. 

10. Divide a^ — os^y + af^ — a:^y* + xy^ — y* by a;* — y*. 

^;w. a^ — xy + y\ 

11. Divide a:* + a;8_4a;2^5a._3 bya? + 2a; — 3. 

Ans. a^ — a; + 1. 

12. Divide aS + 2a2S» + 9^ by «» + 2a* + 3*2. 

Ans. a^ — 2ab + 3l^. 

13. Divide a^ — S« by a» + 2a2J + 2a*3 + **. 

Ans. o3 — 2a2J + 2a*«— 5«. 

U. Divide a;« — 2a?+l by a? — 2a; + 1. 

Ans. a;* + 2a:» + 3ar» + 2a; + 1. 

15. Divide (fi + a^b + a^c — abc — J^c — Jc» by o^ — be. 

Ans. a + b + e. 

16. Divide €fi + l^ — (^ + 3abc hya + b — c. 

Ans. a* + i* + c^ + ac + Jc — oJ. 

17. Divide 1 — 9a;8 _ g^^o ^y 1 + 2a; + a:?. 

Ans. 1 — .2x + 3«? — 4a;» + 5a;* — 6a;5 ^ 7aj8 _ gajT 

18. Divide (a + * — c) (a — J + c) (* + c — a) by o^ _ jj _ 
(^ + 2fc. -47W. b + c — a. 

19. Divide (a« — *c)« + 8*8c» by a^ + be. 

Ans. a* — M^c + W<?. 

20r Divide the product of a:* — 2a; + 1 and a;® — • 3a; + 2 by 

21. Divide the prodact of a^ + ax + ^ and o^ + a;* by a* + 
a^x^ + a;*. ^/^5. a + a;. 

22. Divide a»(* + c) — J^ (a + c) + c*(a + *) + a*c by a — 
b + c. Ans. ab + be + ac. 

23. Divide aa;» — oi^ + S^ — a;» by (a; + *) (a — «). 

Ans. X — b. 

24. Show that {ix^ — xy + iff + {a? + xy +fY is divisible 
by 2aj^ + 2^. 
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87. Divisibility of Quantities of the form of XJ^ ± a°. 

1. af — a" is divisible by a; — a when n is a positive integer. 

2. af — a" is divisible by a: + a when n is an even positive 
integer. 

3. af + a* is divisible by a: + a when n is an odd positive 
integer.* 

JEXA MPZES, 

1. Divide a^ — a^ by a; + a. Ans, a; — a. 

2. Divide a:^ -f- a^ by a: + a. Ans. a^ — ax + a^. 

3. Divide a:* — a* by a; + a. Ans, a? — ax^ -f- a^ — cfi. 

4. Divide a:* + a** by a? + a. 

Ans, 7^ — (131? + ah? — c?x + «*. 

5. Divide cfi — J* by a — J. 

Ans. a^ + a^ + aW + flj« + ^. 

6. Divide «• — J* by a + h. 

Ans. a^ — a^b + aW^ — aW + a^ — js. 

7. Divide a?® + 1 by a; -f- 1. ^n«. a;^ — a: + 1. 

8. Divide ofi •\-\ by a: + 1. Ans. a:* — a:^ + a:* — a:-f-l. 

9. Divide a:* — 1 by a; + 1. ^W5. a: — 1. 

10. Divide a:* — 1 by a; -f- 1. Ans. a? — ar* + a? -f- 1. 

11. Divide a^ — 1 by a; -f- 1. 

Ans. 7? — 7? -\- 3? — Q? •\'X — 1. 

12. Divide o? — 1 by a; — 1. Ans. a; -f- 1. 

13. Divide 3? — 1 by a; — 1. Ans, a;^ + a; + 1. 

14. Divide x^ — 1 by a; — 1. Ans. a:^ + a;^ + a; + 1. 

15. Divide a;* — 1 by a; — 1. Ans. ar^ + a^' + a^^ + ar + l. 

The student should carefully observe the law of the signs and expa 
nents in the preceding examples. 

* In Chapter XVII we shall give a gmerai proof of these statements. It 
will be eas7 for the student to verify them in any particular case. 
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FACTOBING. 

88. Factoring is the process of resolving a quantity into 
its &ctors. 

89. A Prime Quantity is one which is exactly divisible 
only by itself and by 1. Thus, Xy y, and a + J are prime quanti- 
ties; but xy and ax + az are not prime. 

90. Two quantities are said to be prime to each othery or 
relatively prime, when they have no common factor. Thus, ab 
and cd are relatively prime. 

The unit 1 is not generally considered as a factor. 

91. A Composite Quantity is one which is the pro- 
duct of two or more factors. Thus, c? — V is a composite quan- 
tity, the factors of which are a + } and a — J. 

9!3« To resolve a monomial into its prime factors. 

ICULE. 

To the prime factors of the numerical coefficient annex the 
prime factors of the literal part. 

1. Besolve 12a^ into its prime factors. Ane, 2 x 2 x Saab. 

2. Besolve ISaV into its prime factors. Ans, 2 x 3 x 3abb. 

3. Besolve 21m^nhi into its prime factors. 

Ans. H xSmmmnnas. 

4. Besolve AQa^ba^ into its prime fitctors. 

Ans. 7 X Haabosscyyy. 

5. Besolve 210asfiyz^ into its prime factors. 

Ans. 2xSx5x1aa!X0Dyzz. 

6. Besolve 26mh?yz into its prime &ctors. 

Ans. 2 X ISmmmmxxyz. 
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93* To resolve a polynomial into two Motors, one 
of which shall be a monomiaL 

ICUJLE. 

Divide the given quantity by any monomial that will exadty 
divide eacA ef itsr fmmg; the dimcr 'Cffitl te me factor, and ths 
qmatient the other, 

Sesolye each of the following expiessionfi into two fiEbctoi% 
one of which shall be a monomial: 

1. a + aaa, Ans. a{l + x). 

3. ctx -f- y^' Ans. z{x + y). 
3.a^ + xy^. AHS.xy{x + yy 

4. 6a^ + da^i^ Ans^ 3ab (2fr + doc}, 

6. 25a* — dOcfib + 15a^b». Ans. ba^ (5fl2 — 6aJ + ZV). 

6. ^4mWcx — dOcfib^cfiy + MdWcd + eabc. 

Ans, 6aic (4ate — h€e¥dhi + MVd + 1). 

7. Zah^ + ^ahx + ZUhi. Ans. Sx{cfl + %tb + V), 

8. 6 "^ 6y. Ans. 6 (1 — y). 

9. ^a^V^ — ^cAcd + Habd. Ans. Kab {6ab — cd + d). 

10. ai^c + 5aJ« + aS^A Ans. ai^ (c + 6b + (?). 

11. ex — ^cxz + co^. Ans. cx{\ — dz + x). 

12. 12c*&i^ — \bd^ — ^(h^. Ans. SAxfi {^b — 5caj — 2y). 

In resolving a polyncjffiial int<* two Ibctors, one of whidt shall 
be a Btcmoinialy It is common to divide by the greatest monomial 
that will exactly divide each of ita terms; toiit is Bci ne»M^ry 
to do this. Thosy ofiy + xf^ may be expressed nnder any one of 
the three following forms: 
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PRINCIPLES USED IN FACTORING BINOMIALS. 

94, Ths difference hetween the squares of two quantities is 

equal t(S the product of tJie sum and the difference of the quanti- 

tie$ (73). Thu^ 

aa-J»=(a + J)(a — *). 

95, The difference hetween any two like powers of two quan- 
tities is divisibU by the difference between the quantities (87). 
Thus, 

/*« 7A 

— -y = a^+ ab + ^; whence, a»— ^= {a — b){a^+ab + V). 

96. The difference between any two like even powers of two 
quantities is divisible by the sum of the quantities (87). Thus, 

^ J4 

— -—- :=:za^^(fib + aV — V'y whence, a*— S* = 
a + 

{a + J) (fl8 — a8J + aV^ — J8). 

97. The sum of any two like odd powers of two quantities is 
divisible by the sum of the qtuintities (87). Thus, 

i^ 4- 1^ 

^^ = a*— ab + J2; whence, a? + S«=: {a + b) (a«— ab + b^). 
a •\- 
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98. Besolve each of the followmg expression^ into its prime 
fitctors: 



1. d*-(^. 


Ans. 


{a + c) (a — c). 


2. ia? — y» 


Ans, 


{2x + y) (2a; - y). 


3. «» + 1. 


Ans. 


{z + l){z^--z + \). 


4. a* - i*. 


Ans* 


{a^ + V){a + b){a--b). 


6. «» + »». 


Ans, 


(» + y) (aJ*-«^ + a^^-a?y« + y*). 


6. cP — A 


Ans. 


(a* + c*) {a^ + c2) (a + c) {a — c). 


^^^y^. 


Ans. 


(7^ + f){7?-{-y){x^--y). 


8. 1 — c*. 


Ans. 


(l + c2)(l + c)(l-c). 


9. 27a« + 1. 


Ans. 


(3a; + 1) (9a?8 - 3a; + 1). 


la 8«* — L 


Ans. 


(2a? — l)(4a^+2a; + l). 
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99. Certain trinomials can be factored in accordance with 
the following principle; 

If two terms of a trinomial are positive squares, and the other 
term is twice the product of the square roots of these two, tlie 
trinomial is equal to the square of the sum, or the square of tJis 
DIFFERENCE, of thesc square roots, according as that other term 
is positive or negative (71-72). Thus, 

a^ ± 2ab + ff^=z{a± by = (a±b)ia± b). 

Resolve each of the following ten expressions into two equal 
factors: 

1. a^ + 2ax + a\ Ans. {x + a){z + a), 

2. m* + w* + %mhi^ Ans. (m^ + n^) {m^ + n% 

3. 16a«J*m« — ^a^l^ + 1. Ans. {^Vhn — 1) {^^ffhn — 1). 

4. 36a« + 12ab + l^. Ans. (6a + b) (6a + b). 

5. c» — lOcd + %bd?. Ans. {c — bd) (c — 6d). 

6. a^ + 2aa^y + f. Ans. {aa? + y) {aa? + y). 

7. 25ar»y* + 2^xyh + ^\ Ans. {hxf + %z) {bxf + ^z). 

8. 9a:* — %x^z^ + A Ans. (3a;^— z^) {dx^ — s?). 

9. {a + 6)8 — 2(a + b){c + d) + {c + dy. 

Ans. [a + J — (c + rf)] [a + J — (c + d)\ 

10. a'" + 2a^fr» -h ^". ^ns. {cT + ir) (a"» + J"). 

11. Can a^ — 2xy — y® be resolved into two equal factors? 

12. Resolve 4S*c8 — (J^ + c^ — a^y into its prime factors. 
Here we have the difference between two squares ; hence^ 

45«ca _ (ja ^. c8 _ ^2)2 = (2J(j + ja + (j8 — «») (2}c - 5» — c« + a») 

But, 

2bc+l^+(?—a^=z{b+cy—a^=:{b+c+a) (}+c— a), and 

2Jc — J8-c« + fl2 = a»-(J»-.2fo + c») = a»-(J-.c)« = 
{a + b — c){a — b + c). 

Therefore, 
4i2ca-(5«+ca-a2)«=(J+c+a)(J+c-o)(a+J-c)(fl-J+c). 
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13. Eesolve m» + 2mn +n^ — a» + 2aJ — i* into its prime 
factors. 

This expression may be put under the form^ 

f»« + 2mn -h n^ — {a^ — 2ab + J«). 
Bnt 

m^ + 2mn + n^ = {m + nyy and a» — 2aJ + 5» = (a — J)>; 
hence, 

m^ + 2mn +n^ — a« + 2aJ — 5^ = (/n + w)» — (a — J)» = 
(m + n + a — J) (m + n — a + J). 

100. The following formnlsB may be verified by performing 
the operations indicated in their second members : 

a?+{a + b)x + dbz={x + a){x + b) . . . (1), 

a^ — {a + b)x + ab=:{x — a){x — i), • . (2), 

a?+{a-'b)x — ab^{x + a){X'-b) . . • (3), 

3fi-'{a'-b)x — ab = {X'-a){x + b) . » • (4). 

From (1) and (2) it follows that 

Any trinomial of the form ofsfi + mx + riyOrof the form of 
a^ — mx + fly can be resolved into two binomial factors^ if the 
coefficient of the second term is equal to the sum of two quantities 
whose product is equal to the third term. 

From (3) and (4) it follows that 

Any trinomial of the form of a? -^mx — nyOr of the form of 
Q? — ma? — w, can be resolved into two binomial factors, if the 
coefficient of the second term is equal to the difference of two 
quantities whose product is equal to the third term,. 

It will be observed that we have used the words sum and 
difference in their arithmetical sense. 

In the first form both of the terms in each binomial fistctor are 
positive. 

In the second form the second term of each of the binomial 
fiu^tors 18 negativa 
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In i}s^ third fcam the second termff of the binomial factors 
have contrary signs, the larger being positive. 

In the fourth form the second terms of the binomial factors 
have contrary signs, the larger being negative. 

1. Besolve a^ + 6x + 6 into two binomial factors. 

This comes under the first form. Let ns now seek two num- 
bers whose sum is 5 and product 6. We see that these numbers 
are 2 and 3 ; hence, 

x^ + 6x + e = {x + 2){x + 3). 

2. Eesolve a;^ — 9a; + 20 into two binomial factors. 

This comes under the second form; and, thei*efore, sinoe 
4 + 6 = 9, and 4 x 6 = 20, we have 

a^-^9x+20 = {x — 4:) (a; — 5). 

3. Eesolve aJ^ + 4a; — 32 into two binomial factors. 

This comes under the third form; and, therefore, since 
8 — 4 = 4, and 8 x 4 = 32, we have 

a? + 4X''Z2 = {x + 6){x — 4). 

4. Eesolve a:^ — 5a; — 66 into two binomial factors. 

This comes under the fourth form; and, therefore, since 
11 — 6 = 6, and 11 x 6 = 66, we have 

a^^5x — 66=z{x+6){x — 11). 

Eesolve each of the following ten expressions into two bino 
mial factors: 

5. a;2 + 8a; + 15. Ans. {x + 3) (a; + 5). 

6. a^ + &K + t Ans. {x + 1) {t + 7). 

7. a;3 — a; — 6. An^. {x + 2) {x — 3). 

8. «? + &» + 2. jdliM. (fl? + 2) (;» + 1). 

9. a^ «_ a; — 72. Ans. {x + 8) (a; — 9). 

10. ai» -^ 13:» + 42. Ans. {x — 7) (a? — 6). 

11. a?8 — a; — 42. Ans. {x — 7) (« + «> 



12. a^-^x — 2. Ans. {x + 1) (a; — 2). 

13. ir3 + 2a; — 85, Ans. {x--5)lx + r). 
14 a:^ — a; — 30. Ans. {x + 5) (a; — 6). 

101. Since a?'+{a+i)(e^+ab={x^+a){xP+b) . . (1), 

a^p-'{a+b)x9+ab={xP'^a){xP—b) . . (2), 

«^'+(«-**)«'-ai=(af'+tf)(«'— J) . . (3), 

and a^P^{a'-'b)xf^—izb={xP'-a){xP+b) . . (4), 

it follows that Mich expreaaioiifl ad a:* + Sa:* + 15, a^ — 13a:' + 42, 
a:8 + 3a;4 + 2, and x^ — Sa:* — 66 may be resolved into binomial 
factors in the same manner aa the examples of the preceding 
Article. Thus, 

x^^93fl+U=i{a^+d){sfi+5), a^~13a:«+42=(a:8_7)(a^_6), 
afi+da^+ 2=:(aj*+2)(:r«+l), a;«— 5aJ«-66=(a^+6)(aJ«-.ll). 

102. Besolye each of the following expressions into its prkne 
factors: 

1. a? — x. Ans. {x — 1) (a; + 1) x. 

2. daa^ + Baxtf -f Sai/^. Ans. 3a {x + y){x + y). 

3. 2(^ — 12cx + 18c. Ans. 2e (x — 3) (a? — 3). 

4. 27a — 18aa: + 3aa;^. Ans. Sa (3 — x) (3 — x). 

5. Sm^n — dtnn^. Ans. 3mn {m + n){m — n). 

6. 2a^ + 6a; — 8. Ans. 2 (a; + 4) (a; — 1). 

7. 2a*-K4i? — 7CI8R Ans. 2« (a? + 7) (a: — 5). 

8. 0? — 5» — c? — 2*c. Ans. (aH-J+c)(fl— J— c). 

9. ac + ad + bd + bc. 

Ang. «(^+ d) + b{c + d) =z {a + b) {c + d). 

10. am + 2bx + %ax + bm, 

Ans. tf (m + 2a:) + J (f» + 2a;) = (fl + }) (m + 2a:). 

11. dfi — flj*. Ans. a (a + J) (a — b). 

12. 7a^ — 12aj + 6. 

Ans. a;(7a; — 6) — (7a; — 6) = (a: — l)(7a;-6). 

13. a^^sfi^Zx. Ans. a;(a; + l)(a: — 2). 

14. a:* — 10a« + 9. 

Ans. (a:^-9)(a:a — l) = (a: + 3)(a? — 3)(a? + l)(a; — 1). 

15. a:* — 17a?» + 16. Ans. (a; + 4)(a;-.4)(a; + l)(a; — 1). 
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CHAPTER III. 
POSITIVE AND NEGATIVE QUANTITIES. 



104. In A]gebra we are sometimes led to a subtraction 
which cannot be performed, because the subtrahend is greater 
than the minuend. In the equation 

a — ( J -f- ^) = « — J — c* 

it is implied that b + c ib less than a ; but suppose that a = 7, 
d = 7, and c = 3; we shall then have 

7- 10 = 7-7-3 = - 3. 

In writing this equation, we may be understood to make the 
following statement: It is impossible to take 10 from 7; but if 
7 be taken from 10, the remainder will be 3. 

105. It might at first seem unlikely that such an expression 
as 7 — 10 should occur in practice ; or that if it did occur, it 
would only arise either firom a mistake which could be instantly 
corrected, or from an operation being proposed which it was obvi- 
ously impossible to perform, and wbich must therefore be aban- 
doned. As we proceed, we shall find, however, that such expres- 
sions occur frequently. It might happen that a~-b appeared at 
the beginning of a long investigation, and that it was not easy to 
decide, at once, whether a were greater or less than b. The object 
of this chapter is to show that in such a case we may proceed on 
the hypothesis that a is greater than by and that if it should 
finally appear that a is less than by we shall still be able to make 
use of our investigation. 
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106. Suppose a merchant to gain in one year a certain num- 
ber of dollars, and to lose a certain number of dollars in the fol- 
lowing year; what change has taken place in his capital? 

Let a denote the number of dollars gained in the first year, 
and h the number of dollars lost in the second year. Then if a is 
greater than h^ the capital has been increased by a — h dollars. 
If b is greater than a, the capital has been diminished by J — a 
dollars. In this latter case a — 5 is the indication of what would 
be pronounced, in Arithmetic, to be an impossible subtraction; 
but, in Algebra, it is found convenient to indicate the change in 
the capital by a — J, whether a is greater or less than J, which 
we may do by means of an appropriate system of interpretation. 
Thus, if a = $400 and I = 1500, the merchant's capital has suf- 
fered a diminution of $100. The algebraist indicates this in sym- 
bols thus : 

400 — 500 = — 100 ; 

and he may convert his symbols into words by saying that the 
capital has been increased by ^ $100. This language is far re- 
moved from that of ordinary life ; but if the algebraist under- 
stands it and uses it consistently, his deductions will be sound* 

107* There are numerous instances in which it is convenient 
to be able to represent, not only the magnitude, but also what 
may be called the quality of the things about which we may be 
reasoning. In business transactions a sum of money may be 
gained or it may be lost j in a question of chronology we may 
have to distinguish a date before a given epoch from a date after 
that epoch ; in a question of position we may have to distinguish 
a distance measured to the north of a certain point from a dis- 
tance measured to the south of it ; and so on. These pairs of re- 
lated magnitudes the algebraist distinguishes by means of the 
signs -f and — . Thus, if the things to be distinguished are 
gain and loss^ he may denote by + a a gain of a dollars, and then 
be will denote by — tup a loss of the same extent. 

108. In Arithmetic we consider only the numbers repre- 
sented by the symbols 1, 2, 3, 4, etc., and intermediate fractions. 
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In Algebra, b^des thede^ wd consider another set of symbolic 
— 1, — 2, — 3, — 4, etc., and intermediate fractions. 

The relation between positive and negative quantities is ex- 
fiibited to the eye in the following diagram, where the distance 
from the zero point A to any point in the indefinite line BG is 
considered positive or negative according as that point is on the 
right or on the left of A : 

Negative. PotitiTe. 

C -^ A ». B 



I I I I I 1 I I I i""""! r~i I 1 I 1 I I 

_9 _8 -7 -6 -5 -4 -3 -2 -1 1 2 8 4 6 6 7 8 9 

109. In the preceding chapter we have given rules for the 
Addition, Subtraction, Multiplication, and Division of algebraic 
expressions. Those rules were based on arithmetical notions, and 
were shown to be true so long as the expressions represented pos' 
itive quantities. Thus, when we introduced such an expression 
as a — bf we supposed a and } to be positive quantities, and a to 
be greater than b. But as we wish hereafter to include negative 
quantities among the subjects of our reasoning, it becomes neces- 
sary to recur to the consideration of these primary operations. 
Kow it is found convenient to have the laws of the fundamental 
operations the same whether the symbols denote positive or nego' 
iite quantities, and we may secord this convenience by suitable 
definitions. 

110, The Absolute Value of a quantity is the number 
represented by that quantity taken independently of the sign 
which precedes it. Two quantities are equal when they have the 
same ^solnte value and are preceded by like signs. Two quan- 
tities may have the same absolute value and be unequal Thus, 
+ 7 and — '*' have the same absolute value, but they are not 
equal. Sucn quantities as + 7 and — 7 are sometimes said to 
be numerically equal, 

lll« In Arithmetic the object of addition is to find a number 
which shall contain as many units as all the given numbers taken 
together. This notion is not applicable to negative quantities; 
that is, we have as yet no meaning for the phrase ^add — 3 to 
+ br or "add — 3 to — 5." We shall therefore give a meaning 
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to the word (zdd in snch cases^ and the meaning we propose is 
determined by the following 

M ULE8. 

I. To add two quantities with like signs, add tJmr absolute 
values, and prefix the common sign to the sum, 

II. To add two quantities with unlike signs, subtract the less 
absolute value from the greater, and prefix to the remainder the 
sign of that quantity which has the greater absolute value. 

Thus, the sum of 3 and 5 is 8 ; the sum of — 3 and — 5 is 

— 8 ; the sum of — 3 and 5 is 2 ; and the sum of 3 and — 5 
is —2. 

113, That the rules of the preceding Article are not alto- 
gether arbitrary will appear from the following illustrations: 

1. Suppose a man starts from A in the line BC (108), and 
travels jBrst 3 miles toward the right, and then 5 miles further in 
the same direction ; his final distance from A will be 8 miles in 
the positive direction. This may be considered as an interpreta- 
tion of the 8 obtained by adding 3 to 5. 

2. Suppose a man starts from A and travels first 3 miles 
toward the left, and then 5 miles further in the same direction ; 
his final distance from A will be 8 miles in the negative direction. 
This may be considered as an interpretation of the ^ 8 obtained 
by adding — 3 to — 6. 

3. Suppose a man starts from A and travels first 3 miles 
toward the left, and then turns and travels 5 miles toward the 
right ; his final distance from A will be 2 miles in the positive 
direction. This may be considered as an interpretation of the 2 
obtained by adding — 3 to 5. 

4. Suppose a man starts from A and travels first 3 miles 
toward the right, and then turns and travels 6 miles toward the 
left ; his final distance from A will be 2 miles in the negative 
direction. This may be considered as an interpretation of the 

— 2 obtained by adding 3 to — 5. 
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113. In Algebra, addition does not necessarily imply aug- 
mentation in an arithmetical sense ; nevertheless, the word gum 
is used to denote the result. SometimeSy when there might be 
an uncertainty on the point, the phrase algebraic sum is used to 
distinguish such a result from the arithmetical sum which would 
be obtained by the addition of the absolute values of the terms 
considered. 

114. In arithmetical subtraction we have to take one num- 
ber, which is called the subtrahend^ from another, which is called 
the minuend, and the result is called the remainder. The re- 
mainder, then, may be defined as that number which must be 
added to the sabtrahend to produce the minuend, and the object 
of subtraction is to find this remainder. 

We shall use the same definition in algebraic subtraction; 
that is, we say that in subtraction, we have to find the quantity 
which must be added to the subtrahend to produce the minuend. 

M ULE. 

Change the sign of every term in the subtrahend, and add the 
result to the minuend; the sum thus obtained will be the remain- 
der required, 

115. By the rule of Art 114, the following results are 
obtained: 

1. Subtracting 3 ftt)m 8, we obtain 6. 

2. Subtracting 8 from 3, we obtain — 6. 

3. Subtracting — 3 from — 8, we obtain — 5. 

4. Subtracting — 3 from 8, we obtain 11. 

6. Subtracting 8 from — 3, we obtain — 11, 

Let us now recur to the diagram (108) and see how these 
results are to be interpreted. 

1. Starting from the subtrahend 3, we must move a distance 
of 5 toward the right — ^that is, in the positive direction — ^in order 
to reach the minuend 8 ; hence, the remainder is 5. 

2. Starting from the subtrahend 8, we must move a distance 
of 5 toward the left — ^that is, in the negative direction — in ordei 
to reach the minuend 3 ; hence, the remainder is — 5. 
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3. Starting from the subtrahend — 8, we must moye a dis- 
tance of 5 toward the lefty in order to reach the minuend — 8; 
hence^ the remainder is — 5. 

4. Starting from the subtrahend — 3, we must move a dis* 
tance of 11 toward the right, in order to reach the minuend 8; 
hence, the remainder is 11. 

5. Starting from the subtrahend 8, we must move a distance 
of 11 toward the left, in order to reach the minuend — 8 ; hejice, 
the remainder is — 11. 

116. In the multiplication of one monomial by another th^« 
are four cases to be considered. 

1st. When the multiplicand and multiplier are positiye. 

2d. When the multiplicand is negative and the multiplier 
positive. 

3d. When the multiplicand is positive and the multiplier neg* 
ative. 

4th. When the multiplicand and multiplier are negative. 

It was shown in Art 70 that 

(a — J) (c — d):=ac — ad — hc + hd . . , (1) 

Now, although the result was obtained on the supposition 
that a > J and c > d, it will be convenient to assume that (1) is 
true for aU values of the letters. In this way uniformity of re- 
sults will be secured. 

Suppose 6 = 0, and ^ = ; then (1) becomes 

(a — 0)(c — 0) = flk? — axO — xc + xO; 
that is, a X c = ac. 

Suppose a = 0, and J = ; then (1) becomes 

(— J)(+c) = — Jc 

Suppose d =: 0, and {; = ; then (1) becomes 

a{ — d) = — ad. 
Suppose a = 0, and c = ; then (1) becomes 

Hence, \o multiply one monomial by another, we haye tbe 
following 
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B ULJE. 

Multiply without considering the signs, and prefix + or — 
to the product, according as the two monomials have like signs or 
unlike signs. 

117. In division we have the product of two factors, and one 
of them given to find the other. Therefore, since the product of 
the divisor and quotient must be equal to the dividend, we have 
for the sign of the quotient the following 

BULE. 

When the dividend and divisor have like signs, the quotient 
must have the sign + ; when the dividend and divisor Jtave un- 
like signs, the quotient must liave the sign — . 

118. The words greater and less are often used in Algebra in 
an extended sense. We consider a greater than h, or i less than 
a, when a — J is a positive quantity, Thia is consistent with 
ordinary language when a and b are positive numbers, and it is 
found convenient to extend the meaning of the words greater and 
lesSj so that we may still consider a greater than b, when a or b 
is negative, or when both are negative. Thus, in algebraic lan- 
guage, 1 is greater than — 2, and — 2 is greater than — 3 ; for 
1 — (— 2) = + 3, and - 2 — (- 3) = + 1 (114). 

In this extended or algebraic sense a negative quantity may be 
said to be less than zero. Thus, — 2 is algebraically less than 
Bero; for — (— 2) = + 2. 

119. That a negative quantity is not less than zero in the 
arithmetical sense may be shown thus: 

It is evident that -^ = ~ (U?)- Now, if — 1 is less 

than zero, much more will it be less than + 1 ; that is, the nu- 

Eoerator of the fraction ^^- will be greater than its denominator; 

hence, the numerator of the fraction --r will be greater than its 

+ 1 

denominator ; therefore, — 1 is less than + 1 and greater than 
+ 1, which is absurd. 
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GREATEST COMMON DIVISOll AND LEAST COMMON MULTIPLE. 



GREATEST COMMON DIVISOR. 

120. A Common Divisor or Common Measure 

of two or more quantities is any quantity that will exactly divide 
them. Thus^ a, h, and ah are common divisors of aV^ and dbx. 
Any factor common to two or more quantities is a common divi- 
sor of them. 

121. Com,m,ensurahle Quantities ore those which 
have a common divisor. Thus, al^ and abx are commensurable. 

122. Incom^mensurahle Quantities are those which 
have no common divisor. Thus, at^ and cdx are incommen- 
surable. 

123. The Greatest Common Divisor of two or 

more quantities is that conmion divisor of them which contains 
the greatest number of prime factors. Thus, 6tf^ is the greatest 
common divisor of V^taVKi? and l%a^cxz. 

For brevity, we shall sometimes use G. C. D. for the phrase 
greatest common divisor. 

124. To find the G. C. D. of two or more quantities. 

Since every factor of a quantity is a divisor of that quantity, 
it follows that all the factors common to two or more quantities 
ai'e all the common divisors of those quantities. Again, since the 
product of any number of factors of a quantity is a divisor of that 
quantity, it follows that the product of all the factors common to 
two or more quantities is a common divisor of those quantities. 
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Moreover, this product is the greatest common divisor, for it con- 
tains all the factors common to the given quantities ; therefore, 
if another factor were introduced into this product, the result 
would not divide at least one of the given quantities. 

Hence, when the given quantities can be resolved into prime 
factors by methods already explained, the G. C. D. may be found 
by the following 

RULE. 

Resolve each of the given quantities into its prime factors^ 
then the product of all the prime factors which are common to 
those quantities will be the G. 0. D> required, 

BXAMPLES, 

1. What is the G. C. D. of 4^^x, %aVh?j and lOaWMa? ? 

4a^x = 2 • 2 • aabx, 
Qal^x^=z 3 • 2 • dbhxocxy 
and lOaWc^do? = 2 • daabbbccccdxx. 

. The common factors are 2, c, b, and x; hence, 2abx is the 
G. C. D. requu-ed. That 2abx is the greatest C. D. is evident ; 
for if an additional factor, as a, be introduced, the product 2a^bx 
will not be a divisor of all the given quantities. 

2. What is the G. C. D. of ^am^ + ^bm^ and ^an + 3*w ? 

4om2 + ^bm^ = 2 • 2 • mm {a + J), 
and dan + dbn = 3 • tj (a + J). 

The only factor common to both the given quantities is 
a + b\ hence, it is the G. C. D. required. 

Rem ABE. — When there is only one common divisor, as in the preceding 
example, it would seem to be improper to speak of it as the greatest C. D. 
Nevertheless, since the common divisor, in such cases, is found by the gen- 
eral rule, we shall, for the sake of uniformity, call it the G. C. D. 

3. What is the G. G.J).oi a^-^f and x^-^y^'i 

cfi^f=:(x^y)(x^ + xy + f), 

and ^ — y^ = {^ — y){x. + y)^ 

hence, a? — y is the G. CD. 

4 
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4. What is the G. C. D. of aa:^ + Sax + 2a and aa^-^az^jtai 

as^ + dax + 2az=a{x + l){x + 2), 
and aai2 — aa; — 2a = a (a; + 1) (a: — 2) ; 

hence a{x + 1) is the G. C. D. 

5. What is the G. C. D. of a;^ — 7a; + 12 and a;3 — 8a? + 15? 

A71S. X — 3. 

6. What is the G. C. D. of a^s _ a; _ 12 and a%^ — nax + 12a? 

Ans. X — 4. 

7. What is the G. C. D. of 2a;2 + 6ar — 8 and 2a:8 + 2a; — 24? 

Ans. 2 (a; + 4). 

8. What is the G. CD. of 2a;8+ 4a;y + 2y^ and Sax^-^^axy^ 
Za'f ? Ans. {x + y){x + y). 

125. It is sometimes very difficult, if not impossible, to re- 
solve the given quantities into their prime factors by inspection. 
We shall therefore proceed to demonstrate the following rule, 
which is more general in its application: 

RULE FOR FINDING THE G. C. D. OF TWO ALGEBRAIC 

EXPRESSIONS. 

I. Let A and B denote the two expressio?is j 1st them be ar- 
ranged according to the descending powers of some common letter, 
and suppose the exponent of the highest power of that letter in A 
not less tlian the exponent of the highest power of the same letter 
in B. 

II. Divide Ahy B ; then make the remainder a divisor and B 
the dividend. Again, make the new remainder a divisor and the 
preceding divisor the dividend. Proceed in this way until there 
is 710 remainder ; then the last divisor is the G. C. D. required* 

The demonstration of the preceding rule depends upon the 
following Lemmas: 

Lem. I. — If P is a divisor of A, then it will be a divisor of 
mA» For, since P is a divisor of A, we may suppose A ^ aP; 
then iwA == wiaP (42, 4) ; but P is a divisor of waP; therefore^ 
since mA = maPt P is a divisor of mA. 



£ 
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Lem. n. — If P is a divisor of A and B, then it will be a 
divisor of mA. ± wB. For, since P is a divisor of A and B, we 
may suppose A=aP, and B=JP; then w?A±wB=(7wa±n^)P; 
hence P is a divisor of mA. ± nB. 

Let A and B denote the two expressions whose G. C. D. is to 
be found; let them be arranged according to the descending 
powers of some conmion letter^ and suppose the 
exponent of the highest power of that letter in -^ iB 

A not less than the exponent of the highest P^ \ p 

power of the same letter in B. Divide A by B ; B 

let j9 denote the quotient, and C the remainder. yC 

Divide B by C ; let g denote the quotient, and C 
D the remainder. Divide C by D ; let r denote rD 
the quotient, and suppose there is no remainder. 

!N^ow, since the dividend is equal to the product of the divisoi 
and quotient, increased by the remainder, we have the three fol' 
lowing equations: 

A=jpB + . . • (1), 
B = grC + D . . . (2), 
C = rD . . . (3). 

We shall first show that D is a common divisor of A and B. 
D is a divisor of C, since C = rD ; hence (Lem. I), D is a divi- 
sor of qG, and, therefore (Lem. II), it is a divisor of g'C + D ; 
that is, D is a divisor of B. Again, since D is a divisor of B and 
C, it is a divisor of joB + C ; that is, D is a divisor of A. Hence 
D is a divisor of A and B. 

We have thus shown that D is a common divisor of A and B; 
jRQ shall next show that it is their greatest common divisor. 

Equations (1) and (2) may be written as follows: 

A-jt>B = . . . (4), 

B-.grC = D . . . (5) (42,3). 

Now, every common divisor of A and B is a divisor of A— jdB, 
that is, C (Lem. 11) ; hence every common divisor of A and B 
is a conuaon divisor of B and C. Similarly, every common divi- 
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8or of B and C is a common divisor of C and D. We hare thus 
shown that D is a common divisor of A and B^ and that every 
common divisor of A and B is a divisor of D. But no expression 
of a higher degree than D is a divifior of D. Therefore, D is the 
G. C. D. required. 

Cob. 1. — Every common divisor of A and B is a divisor of 
their G. C. D. ; and every divisor of their G. C. D. is a common 
divisor of A and B. 

Cob. 2. — Suppose we have to find the G. C. D. of A and B ; 
and at any stage of the process suppose we have the expressions 
K and R, one of which is to be a dividend and the other a divi- 
sor. Let R = 7wS, where m has no factor which K has; then m 
may be rejected ; that is, instead of continuing the process with 
K and E, we may continue it with K and S. For, by what has 
been already shown, we know that A and B have the same com- 
mon divisors as K and R have. Now, any common divisor of K 
and S is a common divisor of K and R. Therefore, any common 
divisor of K and S is a common divisor of A and B. Again, any 
common divisor of K and R is a common divisor of K and wtS, 
for mS = R But m has no factor which K has. Therefore, any 
common divisor of K and R is a common divisor of K and S. 
Hence, A and B have the same conmion diyisors as K and S 
have. 

Cob. 3. — A factor of a certain kind may be introduced at any 
stage of the process. 

Suppose we have to find the G. C. D. of A and B ; and at any 
stage of the process suppose we have the expressions K and B, 
one of which is to be a dividend and the other a divisor. Let 
L = wK, where n has no factor which R has ; then n may bo 
introduced ; that is, instead of continuing the process with K and 
R, we may continue it with L and R For A and B have tho 
same common divisors as K and R have ; and any common divi- 
sor of K and R is a common divisor of L and R Therefore, any 
common divisor of A and B is a common divisor of L and B. 
Again, any common divisor of L and R is a common divisor of 
nK and R But n has no factor that R has. Therefore^ any 
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common divisor of L and R is a common divisor of K and R 
Hence A and B have the same common divisors as L and B 
have. 

Jii USTRATIONS. 

1. Find the ». C. D. of a«— 62;+8 and 4a<— 21««+15a;+20. 
The operation may be arranged thns: 



4c3 — 21a:3^ 15ir + 20 



3x3— 17a. + 20 
3a:g— 18a; + 24 



gg — 6a; + 8 



42; + 3 



Q^^ 6a; + 8 
a:8— 4a; 



— 2a; + 8 

— 2a; + 8 



X — 4 



Hence a; — 4 is the G. C. D. required. 

2. Find the Q.G.J), oi t^ + bx + 4. and a;^ + 4^ ^ 5^. + 2, 



a?+ 4.x^ + bx+2 
^+ ba? + Ax 



x^ + 6x + 4. 

a^ + x 



— a?»+ a; + 2 

— gg — 5a; — 4 

6a; + 6 



a;3 + 5a; + 4 

-■ - 



x — l 



a: 4 



4a; + 4 6 "^ 6 
4g + 4 

This example introduces a new point for consideration. The 
last divisor here is 6a; + 6 ; this, according to the rule, must be 
the G. 0. D. required. When a;3 + 5a; + 4 is divided by ^x + 6, 

the quotient is ^- + - . If the other given expression be divided 

by 6x + 6, the quotient will be -pr + « + « • 

b Z o 

It may at first appear that 6a; -f 6 cannot be a divisor of the 

two given expressions, since the quotients contain fractions. But 

we observe that in these quotients the letter x does not appear in 
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the denominator of any fraction. Such expressions as - + - and 

a^ X 1 

-— + - + - are said to be entire with reference to x, 

b A o 

When we say that 6a; + 6 is the G. C. D. of the two given 
expression^ we mean that no common divisor can be found which 
contains a higher power of x than Gx + 6. Other common divi- 
sors may be found which differ from this so far as respects numer- 
ical coefficients only. Thus, 3x + d and 2a; + 2 are common 
divisors. Again, a; + 1 is also a common divisor, and the corres- 
ponding quotients are a; + 4 and a;' + 3a; + 2. We may then 
conveniently take a; + 1 as the G. C. D., since the quotients do 
not contain fractional coefficients. 

We may avoid fractional coefficients by proceeding as in the 
following example : 

3. Find the G. C. D. of Sa^ — lOa;^ + 15a; + 8 and afi — 
2a^'-'6Qi^ + ^ + ldx + 6. 



3a;« — 10a;3+ 15a; + 8 
3a;« — 6a;* — ISa;^ + 12a;3+ 39a; -1-18 



ic5— 2a;*— 6:r8+4ir3+13a;+6 



6a;* + 8a;8 — 12ar«— 24a;— 10 

Before proceeding to the next division, we may reject the 
fiactor 2 from every term of the new divisor (125, Cor. 2), and 
multiply every term of the new dividend by 3 (125, Cor. 3). We 
then continue the operation thus : 

3a«— 6a;*— 18a;»+12ay^+39a;+18 j3a;*+4a;»— 6a;8— 12a;— 5 
dx^+ 4a;*— 6a;S— 12a;g— 5a; \ x 
— 10a;*— 12a;3+24a;3+44a;+18 

Eejecting the factor 2 from every term of the last remainder, 
and multiplying the result by 3, we have the expression, 

— 15a;* — 18a;» + 36a« + 66a; + 27. 

We then continue the operation thus: 



— 15a;* — 18a;» + 36aj» -|- 66a; + 27 

— 15a;* — 20a;» + 30a;^ + 60a; + 25 



3a;* -f 4a?« — 6a:3 — 12a? — 5 



— 5 



2a^+ 6x^+ 6x+ 2 
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We now reject the factor 2 from every term of this remainder, 
and continue the operation thas: 

3«*4-4a:^— 6ar> — 12a; — 5 I a:^ + 3ay» + 3a; + 1 
3x^ + da^+ 9a;8 + 3a; j 3a; — 5 

— 5a;» — 15a?» — 15a; — 5 

— 5a;» — 15a;a — 15a; ~ 5 

Hence a:* + Sa;^ + 3a? + 1 is the G. 0. D. required. 

126. Suggestions. — Suppose the given expressions A and 
B to contain a common factor F, which is obvious on inspec- 
tion. Let A = aF, and B = AF. Then F will be a fjEWjtor of 
the G. C. D. (120). We may then find the G. C. D. of a and ft, 
and multiply it by F ; the product will be the G. C. D. of A 
and B. 

In like manner, if at any stage of the operation we perceiye 
that a certain factor is common to the dividend and divisor, we 
may omit it and continue the operation with the remaining fac- 
tors. The factor omitted must then be multiplied by the last 
divisor obtained by continuing the operation ; the product will be 
the G. C. D. required. 

127. To find the Q. O. D. of three Algebraic Ex- 
pressions, A, B, and C. 

Find the G. C. D. of two of them, as A and B. Let D denote 
this G. C. D. ; then the G. 0. D. of C and D will be the G. C. D. 
of A, B, and 0. For every common divisor of and D is a com- 
mon divisor of A, B, and C (125, Cor. 1). Again, every com- 
mon divisor of A, B, and C is a common divisor of C and D. 
Hence the G. C. D. of C and D is the G. C. D. of A, B, and C. 

128. Find the G. C. D. of 

1. a:* — 3a; + 2 and x^ — x^2. Ans. a; — 3. 

2. a^+Sx^+^+12 and ix^+^+4:X+d. Ans. x + 3. 

3. a^+a^-^x-'S and a;8+3a?'+5a;+3. Ans. a?» f 2a; + a 
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L 3fi + 1 and ofi + ms? + mx + l. Ans. x + 1. 

6. 6x^ — Has^ — 20ah^ and dx^ + ax — ^\ Ans. dx + 4,a. 
Q, afi^ys and a^ — t^. Ans. x^y 

7. 3a:8 — 13a:» + 23« — 21 and 6a;8 + a;^ — 44a; + 21. 

Ans, dx — 7. 

8. x^'-da^ + 2a^ + X'^l and icS — aj^ — 2a; + 2. 

^W5. X — 1. 

9. a4 _ 7a;8 _|. 8a;8 + 28a?— 48 and ofi — Sx^ + 19a; — 14. 

Ans, X — 2. 

10. a;* — a;8 + 2a?» + a; + 3 and a;* + 2aJ^ — a; — 2. 

Ans. a;2 + a; + 1. 

11. 4a:* + 9a;» + 2a?^ — 2a; — 4 and 3a^ + 6x^ — x + 2. 

Ans, a; + 2. 

12. 2a;* — 12a;« + 19a;2 — 6a; + 9 and 4a;» — 18a?» + 19a; — 3. 

A?is, a: — 3. 

13. ex^ + a^'-x and 4a^ — Qaf^ ^ 4a: + 3. Ans. 2x — 1. 

14. 2a;* + 11a;* — 13a^»— 99a; — 45 and 2a;8 — 7a;2— 46a; — 21. 

Ans. 2a;2 + 7a; _|. 3. 

15. a;3 _ 9a:3 4. 26a; — 24, a^ — lOa;^ + 31a; — 30, and a^ -^ 
Ua? + 38a; — 40. Ans, x — 2. 

LEAST COMMON MULTIPLE. 

129. When one quantity is divisible by another, the first is 
called a Multiple of the other. Thus, 6 is a multiple of 2, and 
ad is a multiple of i, 

130. A Common Multiple of two or more quantities 
is a quantity which is divisible by each of them. Thus, 12 is a 
common multiple of 2 and 3, and 20a;^ is a common multiple of 
2a; and hy. 

131. The Least Common Multij^le of two or more 
quantities is that common multiple of them which contains the 
least number of prime factors. Thus, 6 is the least common mul- 
tiple of 2 and 3, and 10a;y is the least common multiple of 2a: 
and 5y. 
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For bieyity, we shall sometimes use L. G. M. for {he phrase 
least common multiple. 

13!3. To find the L. C. M. of two or more quantities. 

It is obvious that the L. G. M. of two or more quantities mast 
contain all the factors of each of them, and no other factors. 
Hence, when the given quantities can be readily resolved into their 
prime factors, the L, G. M. may be found by the following 

MULE. 

I. Resolve each of the given quantities into its prime factors. 

n. Multiply one of the given quantities by tJie product of such 
prime factors of the other quantities as are not found in it; the 
result will he the L. C. M. required. 

£JoK.— If the given quantities are relatively prime (90), their 
product is their L. G. M. Thus, the L. G. M. of lai and %cd is 
4Stabcd. 

1. Find the L. G. M. of 9a:^ and 12a:y». 

^7?y = 3 • 3 • ic • a; • y, and 12xy^ =id'2'2'X'y*y; 
hence the L. G. M. is Oop^y x 2 • 2 • y = dQofif. 

2. Find the L. G. M. of 4a^l^, ea^b, and 10ah>^. 

4aa5» = 2 • 2a2J8, ea^b=:2'3a% and 10aW = 2-6a«a;?; 
hence the L. G. M. is 4a«J2 x 3 x 5aofi = QOa^i^A 

It is not necessary, when the given quantities are monomials, 
to actually separate the literal parts into prime factors, since the 
exponent of any letter shows bow many times it occurs as a 
ftetor. ' 

3. Find the L. G. M. of a^x ^ ic^x + Vx and dhj ^Vy. 
flto— 2flto+J^=(a— J)(a— J)a;, and fl^— JV=(a+J)(a— %5 
hence ibe L. C. M. is (a^-*2a&r + ftB>(a + i)y« 



68 LEAST OOMHON MULTIPLE. 

4 Find the L. C. M. of %aWcx, ^cfibtM, Qacx, Mx^, and 
24a«. Ans. ni^l^c'x^. 

5. Find the L. C. M. of leax, ^Ol/^x, and 26aWjfi. 

Ans. AQWVa^. 

6. Find the L. C. M. of a:^ — 32? + 2 and a:^ — 1. 

Ans, a:^ — 2a:' — ic + 2. 

7. Find the L. 0. M. of ah^ + Vx and a^ — J2. 

-47W. flAc — d^bx + aWr — J*a:. 

8. Find the L. C. M. of a^ + 2aJ + *» and a^'-'2ab + V^. 

Ans. (a«-J2)3. 

9. Find the L- 0. M. of a» + *» and a^ — V^. 

Ans, a* — S*. 

10. Find the L. 0. M. of a;^ — a; and x^ — 1. 

Ans. Q^—'X. 

11, Find the L. C. M. of xz + yz and o^y + x]^. 

Ans. 7?yz + xy^z. 

133. It is sometimes very difficult, if not impossible, to re- 
solve the given quantities into their prime factors by inspection. 
We shall therefore proceed to demonstrate the following rule, 
which is more general in its application : 

RULE FOR FINDING THE L. C. M. OF TWO ALGEBRAIC 

EXPRESSIONS. 

Divide (he 'product of the two expressions by their O. C. D. ; 
#r divide one of the expressions by the Q. C. D. and multiply the 
quotient by the otJier expression. 

Let A and B denote the two expressions, and D their G. G. D. 
Suppose A = oD, and B = bD. 'From the nature of the G. G. D^ 
a and b have no common factor; hence the L. G. M. of A and B 

OoB. — IS M be the L. 0. H. of A and B, it is obvious that 
every multiple of M is a common multiple of A and B. 
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134:* Every common multiple of two algebraic expressions is 
a multiple of their L. C. M. 

Let A and B denote the two expresBions, M their L. G. M. , 
and let N denote any other common multiple. Suppose^ if pos- 
sible^ that when N is divided by M^ there is a remainder, B ; let 
q denote the quotient Then R = K" — gM. Now A and B are 
common divisors of M and N, and therefore they are divisors of 
B (1!35, Lem. U) ; that is, B is a common multiple of A and B. 
But B is of lower dimensions than M ; hence there is a common 
multiple of A and B of lower dimensions than their L. C. M. 
This is absurd ; hence, there can be no remainder ; that is, N is a 
multiple of M. 

135. To find the L. C. M. of three Algebraic expres- 
sions, A, B, and C. 

Find the L. 0. M. of two of them, as A and B. Let M denote 
this L. C. M. ; then the L. C. M. of M and C is the required 
L. C. M. of A, B, and C. 

For every common multiple of M and is a common multiple 
of A, B, and C (133, Cor.). Again, every common multiple of 
A, B, and C is a multiple of M and (134). Therefore, the 
L. 0. M. of M and C is the L. C. M. of A, B, and C. 

136. Find the L. C. M. of 

1. ea? — x — l and 23^ + 3x^ 2. 

Ans. {2a? + 3a: — 2) (3a; + 1). 

2. a;s — 1 and a:^ + a? — 2. Ans. (ofi — 1) (a; + 2). 

3. a:8 — 9a;^ + 23a; — 15 and a;8 — 8a; + 7. 

Ans. (a;8 — 9a;^ + 23a; — 16) {x — 7). 

4. 3a? — 5a; + 2 and 4a;« — 4a;3 ^x + 1. 

Ans. {3x — 2){^ — 4a? — a; + 1). 

5. (a; + 1) (a? — 1) anda?-^l. Ans. (a? — 1) (a; + 1)«. 

6. a? + 2a?y — 0?^ — 2y® and a? — 2a?y — a;y2 + 2^. 

Am. (a? — j^) (a? — 4^> 
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7. 2a; — 1, 4a;» — 1, and iafi + 1. Ans. 16a;* — 1. 

8. a^^Xy ic^ — 1, and a^ + 1, Ans. x{afi -^^ 1). 

9. a:2 _ 4^3^ (3. ^ 2a)3, and {x — 2a)» ^W5. {x^ — 4a2)8. 

10. a^ — 6x3 + 11a; — 6, ^^^0?-^. 26a; — 24, and 7? — 8a;2+ 
19a;— 12. ^«s. {x — 1) (a; — 2) (a; — 3) (a; — 4). 

11. a;2 + 7aj 4. 10, 0)8 _ 2a; — 8, and a;?* + a; — 20. 

Ans. a;3 + 3a?J — 18a; — 40. 

12. a2_ 3^j + 2J8, a3 — rtS — 2J^ and a^ — J«. 

^/Z5. flS _ 2a8J — aJ2 + 2V. 

13. 2a;3 _ 7^^^ ^ 3^2^ 2a:3 _ 5^;^ ^ 22^8, and a;^ — bxy + Qy\ 

Ans. 2a;8 — lla;^^ + ITa;^ — 6y3. 
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DEFINITIONS AND FUNDAMENTAL PRINCIPLEa 

138. A Firactlon is a quotient expressed by placing the 
dividend oyer the diyisor, with a line between them. Thus, 

I and ^ ax« fractions. . 

139. Tlie Numerator of a fraction is the quantity above 
the line, and the Denominator is the quantity below the 
line. The numerator and denominator of a fraction are called 
its Terms. 

140. If the terms of a fraction are integers, we may regard 
the denominator as denoting the number of equal parts into 
which the unit (1) is divided, and the numerator as denoting how 
many of those parts are expressed. 

141. A Fractional Unit is one of the equal parts into 

which the unit is divided. Thus, in the fraction t> the fractional 

o 

unit is T- 



142. An integer may be considered as a fraction with unity 

for its denominator. Thus, a = :r. 

143* An Entire Quantity is one which does not con- 
tain a fraction. Thus, a + i + c is an entire quantity* 

144* A Mixed Quantity is one which contains an en* 
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tire part and a fractional part Thus, a + ^ + 3 ^ & mixed 
quantity. 

14:5« A Simple Fraction is one whose terms are entire. 

I X 

Thus, 5 is a simple fraction. 

c 4- a 

146. A Complex Fraction is one which has a fraction 
in one or both of its terms. Thus, is a complex fraction. 

..) 

147. A Compound Fraction is the indicated prodnct 

of two or more fractions. Thus, j- x -^ x ^ is a compound frac- 
tion. 

148. A Froper Fraction is one whose numerator is 

less than its denominator. Thus, j is a proper fraction. 

149. An Improper Fraction is one whose numerator 

is equal to or greater than its denominator. Thus, - and 

are improper fractions. 

150. T/ie Reciprocal of a quantity is the quotient ob- 
tained by dividing unity by that quantity. Thus, the reciprocal 

of a IS -. 
a 

151. To multiply a firactioxi by an integer. 

Let T be a fraction, and c an integer; then t X c = -r-. 
For, in each of the fractions ? <uid -,- the fractional unit 

0- 

(141) ifl T} hence, -r- is ^ times j (140)« 

Again, t- x (? = 7. For, the fractional unit in ? is c times 

the fractional unit in r-* 

he 
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B ULE. 

Multiply the given numerator ly the given integer, and divide 
the product by the given denominatory or, divide the given denotni' 
nator by the given integer, and divide the given numerator by the 
quotient. 

152. To divide a fraction by an integer. 

a __ a 
b'^^'^bS' 

For, Y is c times j- (151) 5 hence t- is -th of t« 
b be ^ ' be c b 



V 



. . ac a 

Again, J-^'^i 

For, -7- is c times t; hence t is ~th of -r. 
b b b c b 



BULE. 



Multiply the given denominator by the given integer, and di* 
vide tlie given numerator by the product, or, divide tlie given nu- 
merator by the given integer, and divide the quotient by the given 
denominator. 

153. The value of a fraction i^ not changed by multiplying 
or dividing both of its terms by the same quantity. 

It is evident that if we multiply the fraction ? by c, and then 
divide the product by c, the resulting fraction will be eqnal to the 

given fraction. Now ^ x <5 = -r (161)> wid -r- -^c = t- {IBZ) ; 

, a ac ac a 

b be be b 



Q4 FSACTxoiira 



REDUCTION OF FRACTIONS. 

154. A fraction is in its Lowest Terms when its terms 
baye no common factor. 

155. To reduce a firactlon to its lowest terms. 

UULE. 

Divide both terms of the fraction by their 0. C. D. 
Or, Resolve both terms of the fraction into their prime factors, 
and then cancel those factors which are common. 

ILZ U8TJRATION8, 

1. Reduce r-^ — j to its lowest terms. 

The G. C. D. of the terms of this fraction is 5crt 
Dividing both terms by this, we have 

lOacz^ _ 2a 
15bca^^ dbx' 

2. Eeduce ^-o — 5-^ to its lowest terms, 

oa* — oao 

S a^ + 3ab _ da (a + b) __ a -h i 
Sa^-^'Sab "^ da{a'-b)'^ a-^ b" 

3. Reduce 7-5 — i^r; r to its lowest terms. 

Here the 0. C. D. of the numerator and denominator is 
2x — 5. Dividing both terms of the fraction by tbis, we have 

Go?'' 7a; — 20 _ 3a; + 4 
4a:«— 27a;+ 5 "^ 2a?'5 + 5a; — 1 ' 

156. To reduce a fraction to an entire or mixed 
quantity. 

a^ + ab ^, , a^+b ^ .b ^, fl^-g _^ i 
a ^ a a a a 
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BULE. 

Divide the numerator iy the denominator^ expressing any term 
of the quotient in a fractional form wlien the division cannot be 
exactly performed. 

157. To reduce an entire quantity to the form of 
a fraction having a given denominator. 

Let it be required to reduce x + y to the form of a fraction 
whose denominator shall be x — y. 

x + yz=z ^ + y = (^ + y) (x - y) _ x^ — f ^ 
^ 1 X — y X — y' 

n ULE. 

Consider the entire qtiantity as a fraction whose denominator 
is unity ; then multiply both terms of this fraction by the given 
denominator. 

158. To reduce a fraction to an equivalent one 
having a given denominator. 

Let it be required to reduce the fraction j to an equiva- 
lent one having the denominator a^ — S^. 

Dividing a^ — J^ by a — b, the quotient \a a + b. 

Multiplying both terms of the fraction r by this quo- 
tient, we have 

a^b _ {a -hb){a-{- b) _ {a + b)^ 

a — b a^ — ^ a^ — J^ * 

RULE. 

Multiply both terms of the given fraction by the quotient ob- 
tained by dividing the denominator of the required fraction by 
the denominator of the given fraction. 

159. To reduce a mixed quantity to the form of a 
fraction. 

Let it be required to express a + - under a fractional form. 
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b ac -{- b 
a 4- - = . 

c c 

For, if we reducje the fraction — -— to a mixed quantity, 

c 

we obtain a + - (156). 

In like nianner we may show that a = . 

•^ c c 

JR ULE. 

Multiply the entire part by the denominator of the fractional 
part ; then add the numerator to the product, or subtract it from 
the product, according as the fraction has the sign +, or the 
sign —y prefixed; the result will be the numerator, and the given 
denominator will be the denominator of the required fraction. 

160. To reduce fractions to equivalent ones having 
a common denominator. 

Let J, -j, and ^ be the proposed fractions. If we multiply 

both terms of each of these fractions by the product of all the de- 
nominators except its own, the values of the fractions will not be 
changed (153). Moreover, the denominators of the new fractions 
will be equal, since each is the product of the denominators of 
the given fractions. 



Thus, ?=?f,§=^£, and -1 = 



bde 
b'^bdf' d^bdf' •*"" f^W 



nULE. 

Multiply both terms of each of the given fractions by the pro- 
duct of all the denominators except its own, 

161. To reduce fractions to equivalent ones having 
the least conmion denominator. 

Let — , — , and — be the proposed fractions. The L. C. M. 
mx my mz ^ ^ 

of the denominators is mxyz. Kow reduce each of the given frao- 
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tions to an equiyalent one having mxyz for its denominator 
(158) ; the resulting fractions are 

ayz hxz , cxy 

mxyz ' nixyz ' mxyz ' 

Now since m>xyz is the least quantity that can be divided sep* 
arately by mx, my, and mz, it follows that the given fractionE 
have been reduced to equivalent ones having the least common 
denominator. 

JRULE. 

Divide the L. C, M. of all the denominators by each denomina- 
tor separately ; then multiply both terms of each fraction by the 
corresponding quotient. 

ScH. — Before commencing the operation, each fraction must 
be in its lowest terms. 

COMBINATIONS OP PRACTIONa 

163. To find the sum of given fractions. 

a c 

1. Let it be required to find the sum of the fractions 79 r, and 

7. Here the given fractions have a common denominator. In 

the first fraction the fractional unit y is taken a times; in the 

b 

second it is taken c times; and in the third, d times; hence, in 

the sum of these fractions, t must be taken {a + c + d) times ; 

therefore, 

a c e?__ a -{- c -{- d 

b'^b^b'^ b • 

a c 

2. Let it be required to find the sum of the fractions r, ^, and 

•^. Here the given fractions have unequal denominators. Be« 

dudng them to equivalent fractions having a common denomina- 
tor (160), we have 

fl c e __ adf bcf^ bde^ _ adf + bcf + bde 
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MULES. 



L If the given fractions have a common denominatoryform a 
fraction whose numerator is the sum of the given numerators, 
and whose denominator is the given common denominator ; this 
fraction tvill he the sum of the given fractions. 

IL If the given fractions have not a common denominator^ re- 
duce them to equivalent ones having a common denominator; then 
proceed as directed in L 

163. To find the difference between two f^ractions. 

C ffl 'S 

1. Let it be required to subtract t from ^. Tne fractional 
unit T is taken a times in the minuend, and c times in the sub- 



trahend ; hence, it must be taken {a — c) times in the remain- 
der; therefore, 

a c ^a — c 

c a 

2. Let it be required to subtract -% from t. 

Reducing these fractions to equivalent ones having a common 
denominator, we have 

a e ^ad be ^ ad ^ be 
b'^d'~'bd''bd^~br"'' 



MULES. 

I. If the given fractions have a common denominatoryform a 
fraction whose numerator is tlie remainder obtained by subtract- 
ing the numerator of the subtrahend from that of the minuend^ 
and whose denominator is the given common denominator ; this 
fraction will be the difference required. 

IL If the given fractions have not a common denominator, re- 
duce tJiem to equivalent ones having a common denominator j then 
proceed as directed in I. 
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164. To find the product of given firactions. 

d c 

Let it be required to find the product of t and -j. The fol- 
lowing is usually given as a solution : 

Put T = ^, and -^ = ». 
a 

Then a = bm, and c = dn. 

Hence, ac = bmdn =zbd x mn; or, dividing both members 

(IC 

by bd (43, 5), we have j-j = mn. 

This process is satisfactoiy when m and n are really integers, 
though under a fractional form, because then the word multipli- 
cation has its common meaning. It is also satisfactory when one 
of them is an integer, because we can speak of multiplying a frac- 
tion by an integer, as in Art. 151. But when both m and tj are 
fractions, we cannot speak of multiplying one of them by the 
other without defining what we mean by the term multiplication ; 
for, according to the ordinary meaning of this term, the multiplier 
must be an integer. 

The following definitions will show more clearly the connec- 
tion between the meaning of the word multiplication when ap- 
plied to integers, and its meaning when applied to fractions. 
When we multiply one integer, a, by another, b, we may describe 
the operation thus : 

What we did with unity to obtain 5, we mtcst now do with a to 

obtain b times a. 

a c 
Now, let it be required to multiply t by -^. Adopting the 

definition just given, we may say that, what we did with unity to 

obtain -j, we must now do with t to obtain the product of t 

c c 

and -y . To obtain -7 from unity, we divide it into d equal parts, 

and multiply one of the parts by c ; therefore, to obtain the pro- 
duct of T and -^y we divide t into d equal* parts, and multiply 
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one of them by c. Now t -5- d = t^ (153), and t^ x c = t-/ 

(161). 

We may therefore give the following extended defmition: 

Multiplication is the process of finding a quantity having the 
same relation to the multiplicand that tlie multiplier has to unity, 

JRULE. 

Form a fraction tvhose numerator is the product of the given 
numerators, and ivhose denominator is the product of the given 
denominators; this fraction will he the product required, 

ScH. 1. — This rule embraces all the cases in which a fraction 
is a factor. Thns, if it be required to multiply a fraction by an 
entire quantity, the latter may be considered as a fraction whose 
denominator is unity (143). 

ScH. 2. — If any factor is a mixed quantity, it is best to reduc3 
it to the form of a fraction before commencing the operation. 

ScH. 3. — If the numerator and denominator of the product 
have any common factor, it should be canceled. Thus, 

2ga {a-\'h y _ 2a^{a-\-by _ 2a^{a-\ -b){a + b) _ a-^b 
a2^&i^ ^a^b "^ {a^—l^)4ca^b "" 4a2^(a+ i5>)(a— d) " 26(a— ^>) 
(156). 

166. To find the quotient of two fiuctions. 

a c 
Let it be required to divide t hy ^ . Denoting the quotient 

by Xy we have 

a c _ 

But the product of the divisor and quotient is equal to the 

dividend; hence, 

c __a 

Multiplying both members of this equation by — (42, 4), we 

c 

have c ^ __ fl^ d 

d c b c 
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Canceling common factors (ISS), we have 

a d 
c 

that isy the quotient is equal to the product obtained by multiply- 
ing the dividend by the divisor inverted. 

RULE. 

Multiply the dividend by the divisor inverted. 

CoE. 1. — The product of a quantity and its reciprocal is unity. 

Thus, a X - = 1. 
a 

Cor. 2. — To divide by a quantity is the same as to multiply 
by its reciprocal ; and, conversely, to multiply by a quantity is 
the same as to divide by its reciprocal. Thus, 

a-T-S = axT, and a xb^a-i- y. 



166. In the present chapter we have thus far supposed each 
letter to represent an integer ; but, by virtue of our extended 
definitions, it may be shown that all the rules and formulae given 
are true when any letter represents a fraction. For example, let 

it be required to show that t = t* when a = — , J = - , and 
^ b be n q 



r 

8 



a m ^ p m q mq 

b"^ n ' q"^ n p"^ np' 



m r mr 
ac=z— X - = — , 
n 8 ns 



p r pr 

bc=:^ X - =z^—\ 

q 8 qs 



, ac mr pr mr q8 mrqs tnff 

hence, 5- = 5-^^-- = — x-^= — ^ = -^. 

' be m q8 ns pr nspr np 
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THE SIGNS OF FRACTIONS. 

167, Each sign in the nnmerator and denominator of a frac- 
tion affects only the term to which it is prefixed. Thus, in the 

n h 

fraction -, the sign of a is +, that of J is --, that of c is 

+, and that of ^ is — . 

168. Tlie dividing line of a fraction answers the purpose of a 
vinculum ; that is, it connects the terms which the numerator 
and denominator may each contain. Therefore the sign prefixed 
to the dividing hne affects the fraction as a whole. 

169* If the sign prefixed to the dividing line be changed, 

the sign of the fraction will be changed. Thus, -^ =a; but 

ab 
-T = -«- 

170. If the sign of each term of the numerator be changed, 

the sign of the fraction will be changed. Thus, — r — = a — c ; 

, . —ab + be 

but r = — a + c. 



171. If the sign of each term of the denominator be changed^ 

ab 
the sign of the fraction will be changed. Thus, -T-=:a; but 

ab 
— b 

173, We may sum up the three preceding Articles thus : 

If the sign prefixed to a fraction, or the sign of each term of 
the numerator, or the sign of each term of the denominator^ be 
changed, the sign of the fraction will be changed, 

CoR. — If any two of these changes be made at the same time, 
the sign of the fraction will not be changed. 

173. Tlie Apparent Sign of a fraction is the sign pre- 
fixed to the dividing line of that fraction. Tlie Real Sign 



6{ a fraction is the sign of its numerical value. Thus, the ap- 
parent sign of the fraction — ^^^ is — ; but, if a = 3, b=z 4, 
and c = 5, the real sign is +. 

174. sxAXPZEa. 

Simplify the following fractiona, from 1 to 12, inclusive : 

- ar»+ 2a! — 3 a; + 3 

-*• a?-4a;-5- ^««' ^ZT^- 

„ 3fl—G3? + llx—6 

^- i»_3a: + 2 ' ^"*- '^ " 3- 

. g» 4- 3a!>b + 3g y + y 

6 Jg* + lOa:* + 35a? + 50a; + 84 

• ofi + 93? + -ZGx + 24: * '^"** '^ + ^• 

3a:* — 16ar' + 23a- — 6 3a;— 1 

' 2a? -113? + 17x- 6' '**'25^ri' 

_6^>_5^+_4 3^ + 3 

'• 3a*-a«-a; + 2' ^"*" T+T* 

J, 2a<' + 9a^+ 7a;-3 . 2a; + 3 

3a;* + 5a^ - 15a; + 4* '^"*' S^^l' 

A 1 — a ' . 1 

1— *■ 1 4-a; 

-. 5(^ + 5ax 5a 

,1 __aM-^_+^^ . 2:3 + 2a; + 3 

««-4^ + 4a?-9* ■^"*-a;»-2a;-8- 

12 "^ + (<" + g) ig + gg ^ a! + a 
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Perform the additions and subtractions indicated in the fol- 
lowing examples^ from 13 to 28 inclusiye : 

10 ^ . * A ^^ + ^ 

a-^-o a — a* — (r 

-.2 3 2a:--3 . 2 

15. rr — T-s — z- . An$. — 



a; 2a: — 1 4a«— 1" (4a:3 — l)a?* 

16. (l + l)(a + j)_(l±i.^. ^,,,.??. 
\m n/^ ' \ m n / n 

17. T :— ^ — 7 TT^' Ana. 



18. 



a; — 1 a; + 2 {x -t 2f' {x - 1) (a? + 2Y' 

5 1 24 

2(a; + l) 10(a; — 1) 5(2a? + 3)' 

2a; — 3 



Ans. 



(7^^1){2x + Zy 



1 Q ^— '^ a — 21 3a: (g — d) ax — W 

^^ 3 + 2a? 2 — 3a: 16a: — a« ^ 1 



2 — a: 2 + ic it^ — 4 ' a: + 2* 

oi 3 7 4-20a; . . 

^^•r=15-r+2i-4^3T- ^''''^' 

oo 1 , ^ a . 2a^ 

22- TT + -o 15 5-rT5« -4W5. 



23. 



1.1 1 



. _2 L__ ^^5 a^~4a:y-y« 

a;2_y3-^(^ + y)a (a:-y)»- ^"^^ (a:«-2^«)» 

(a^ + ^)^ g ^ 4g& 

rt- a ^ 3a 2ax . 4a 



a — x a + X a^^sfi' ' a + x' 

Qfl ^^ — ^^ 2g — & — c 15g — 4{? fl-- 4& 
7 3 ■*■ 12 2r" 



, 81a — 4d 
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'*^- (^-.e.)(c-.fl) "^ (c-.a)(a-6)"^ (a - J) (6 - c) * 

^n«. 0. 

(a + d) (a + c) "*" (6 + c) (6 + a) (c + a) (c +~^ " 

29. Multiply ^^^' by ---^. ^««. |^-^. 

30. Multiply 54^ by -4=T^. ^«». -fc"^.- 

^n/X c^ — Q^ he -f" hx C —• 3? 

31. Multiply together ^, ^— ^, ^-p^, and -- . 

. 3a? 
Ans. -J-, 

32. Prove that 

33. Multiply together ^^, |=^, and 1 + j^. 



^n«. 



1-y 



34. Multiply /^^,"-^> by ^^^%±^- 



aa-a«" 



(ji ^ o — J a* + 6* 

36. Simplify -5 — ^ , . ^ x -5-- — r. ^»«. 



,e. si»p,uy ( J±| - J^* - ^)^-ii!. ^~. ^ 



37. Simpbfy ^^^ • ^-^ • ( ^^^^^^y ). 

, a* — g} + y 

^"**a» + a* + J» 
8& Multiply 1-5 + 1 by g + 5 + 1. J«..^ + 5 + l. 
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89. Multiply afi-^x + l by ^ + - + 1. Ans. 0?+!+-^. 

40. Simplify "5 ) — ^-^-J_ X -« — s- Ans. ) ^ ,(. . 

41. Divide 7 — ; — r^ by -5 =. ^««. —. — — ^. 

(a + cc)* -^ a» — «« a; (a + a:) 

42. Divide ^^7 — -^ by -5 — rj. Ans. ^j±j — -jr. 

43. Divide -5^ by -^. Ans. -. — ^L^. 

3^ + y^ y + X ar — xy + y^ 

44. Divide ?^ + ?y^ - -5^ by ^. 

Ans. ^ 



^ + y 



46. Simplify (^ + ^)^(^-^-^). ^«*L 

47. Simplify (^±^ + ?) - (^i:^ ^X An,. 1. 

11 11 

48. Divide «• — -j by x + -. An8.sfi — x-\ ■.. 

37 a; X 3? 

49. Divide a^ + i + 2 by « + -. .iiw. ^-±^ . 

Ov % . X ' 

60. Divide a:« + l + i by --1 + a:. ^»m. ^±-l±i. 

a;^ -^ a; op 

61. Divide a«-ja-c» + 2Je: by ^^4^- 

^n«. a« — i* + £1^ + 2flc 

62. Divide — — -^ by ^\^' • - 

x^ — JT sr + xy + f^ 

Am. — ^*^. 



63. Diyide a^^V^fi^%hc by 
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a + b — c 



54. Divide a;? ^ 3<r- - 2a» + -^^fV ^7 8a?-6a- 



a; + 3a "^ x + da 



Ans. 



x + 6a 



55. Dmde ^-i + ^ by ^--. ^»,. -^ 

g -I- a g — ft 

^ + ^ • ^ — \ ac + bd 

c — d c+~3 

a + a; a — a? 
57. Simplify — ; . -4n5. —^ — . 



a — x a + X 



a^l }— 1 c— 1 

H r — i : — 



58. Simplify t — ; 7 :; 7 ; ^^— • 

^ '^ bc + ca — c^ Ij.-^^.-^ 

a J "" c 

. ic + ac -h ah 
be + ac — ab 

^'"- a* {a - by • 

60. Simplify (^ - ^Ilf ) - (t±I + ^±^1 

. tc (8 - c)» 

Ans. -J^-^. 
a^ + ^ 
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63. Simplify — ; — x — i-- — :. A718. m. 

^ ^ 1 Jl w* + «• 

n m 

X + a x-^a 

64. Simplify ; ; . Ans. -7 — -r. 

X — a X -^ a 

1 1 

65. Simplify 1 1 (1 + 2S^— )• 

a b^c Ans.^^^±l±^. 

2oc 

1 ^ 

66. Simplify = . Ans. 



x + 



1 + ^-^' 



3(a; + l)' 



3 — a? 



67. Simplify ^^ . Ans. ^^+^. 

CO ~-~ OT 

68. Find the yalne of ax + hy^ when x = -^ =- and 

aq — op 

ar — cp J, 

y = :r- • Ans. c 

^ . aq-'Op 

69. Fmd the yalue of — ^r- H ^-hi> ^*^en a; = 



a; — 2a^a: — 2J' a + J* 

^n«. 2. 

IVI T^ ^ . ^ ^^ ^ 1. XI. X ^ ^ I 

71. If j + 3 = ^-^, Bhowthatj-g = l, 
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175. 



SYNOPSIS FOR REVIEW. 



" Denominator. 



CHAPTER V. 

FBAonoirs. 



TTebms used., h 



Numerator, 
Frae, unit 
Entire quantity. 
. Mixed quantity. 



\ The teims of a fraction. 



To BEDUCE .... 



Simple Frac. \ ^'^'^^' 

{ Im/proper. 

Complex Fractionb. 

Compound Fractions. 

Valxje of fraction not changed, when. 

Fraction in its lowest terms, when. 

Fraction x Integer. Bute. 

Fraction -i- Inteoer. Bvle, 

Fraction to mixed quantity. Role. 
Entire quantity to fraction having 

given denominator. Rule. 
Fraction to fraction having given de* 

nominator. Rule. 
JUixed quantity to form of fraction. 

Rule. 
Fra^Umstocomm^mdenominator. Rule. 
Fractions to leaa com, denom. Rule. 

Addition. Investigation for rule. Rule. 

Subtraction. Investigation. Rule. 

Multiplication. Drf. Investigation. Rule. 

Division. Investigation. Rule. Cor. 1, 2. 

'Sign prefixed to a term of numerator 
or denominator. 
Sign prefixed to fraction. 
Methods of changing sign of fraction, 
Qhanges of sign not affecting sign of 

fraction. 
Apparent sign qf fraction. 
Beat sign offlraction. 



Signs of 
Fractions. 



CHAPTER VI. 

DEFmmONS MD GENERAL PRINCIPLES RELATING TO EQUATIONS. 



176, An aquation consists of two expressions connected 
by the sign of equality. Thus, x + a=:m + n is an equation. 

The First Member of an equation is the quantity on the left 
of the sign of equality, and the Second Member is the quantity on 
the right of the sign. Thus, in the equation x + a=zm -\- n, 
X + a is the first member, and m + n the second member. 

IHH. An Identical Uquation, or An Identity, is 

an equation whose members are either identicaly or may bo 

made identical by performing the indicated operations. Thus, 

, , a2 — a;2 a ax 

ax + b=:ax + by =; a + ic, and a — 



a — X 1 -\- X 1 +x 

are identities. 

178, It follows, fron^ the definition, that the members of an 
identity are equal for all values that may be assigned to each 
letter which it contains. 

Thus far the student has been almost entirely occupied with 
identities. Thus, the equations given in Articles 71, 72, and 
73 are identities. 

179, An Equation of Condition is one whose mem- 
bers are equal only for a limited number of values of each letter 
which it contains. Thus, a; + 1 = 7 is an equation of condition, 
because its members are not equal unless ic = 6. 

An equation of condition is called briefly, an equation. 

180, An Unknown Quantity is a letter to which a 
particular value or values must be given in order that the mem- 
bers of an equation may become identical. The equation is said 



to bo SaHsfkd for midi porticiilar ralao or Talooii Tha8» in the 
equation :^ — 4^; = -* 3, the unknown quantity is z^ and when 
a; = 3 or 1^ the equation is satisfied. 

181. An Unknown Term of an equation is a term con- 
taining an unknown quantity. 

182. A Root of an Equation is a quantity which, 
when substituted for the unknown quantity, satisfies the equation. 
Thus, 3 and 1 are the roots of the equation ofl — ix= ^3. 

183. To solve an Equation is to find its roots. 

184. A KumeiHcal Equation is one in which all the 
knoton quantities are represented by numbers. Thus, 2«^ + 3« = 
IQx + 15 is a numerical equation. 

185. A Iiitei*al Equation is one in which the known 
quantities are represented entirely or in part by letters. Thus, 
ax + b = cx + d and or — }r=3a; — 5 are literal equations. 

. 186« The X>egree of an equation U denoted by the imm- 
ber of unknown fiu^tors in that teim which containa the gieatosb 
number of such factors. Thus, 

. « • • • * 

ax — b=zc is of the first degree, 
s* + 2px = g is of the second degree, 
a^ + a^ — or = a is of the third degree, 
a5" + flKtf*"* + Ja?*^* =ze iaoi the n** degree. 

RsMABK. — ^It flhould be obaerved «thftt the definltioB inplies that the 
equation is of such a fonn that no unknown quantity occurs under the 
radical dgn^ or in a denominator. 

187. A Simple Equation is one of the first degree. 
l88w A QukiXratic JBquaHon is one of the oecond 

.. J.99«.X..Ci#>to JB^tweHon is one of l^o third degteo. 

190. A Biquadratic Equation is one of the fourth ' 
degree. 

191. Higher liquations axQ those of higher degrees 
than the second. 
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192. For brevity, the following sjmbolB are sometimes iised: 
• *. signifies hence, thereforey or consequently, 

*•* signifies since, or because. 

TRANSFORMATION OP EQUATIONS. 

193. To Transform an equation is to change its form 
without destroying the equality of its members. 

194. Clearing of Fractions and Transposition 
of Terms are the principal transformations. 

195. To cleax an equation of fractions. 
Let it be required to transform the equation, 

r,-i=' (^)' 

into another, all of whose terms shall be entire. 

Multiplying both members of (1) by aWc, which is the pro- 
duct of the denominators, we obtain 

box — abx = al^cd (2). 

Instead of multiplying both members of (1) by al^c, we may 
clear the equation of fractions by multiplying botii members by 
aicy which is the L. C. M. of the denominators; we thus obtain 

cz -^ ax =: aicd (3). 

Multiply both memb&rs of the given equation by the product 
of da the denominators or by the L. C. M.OfaU the denominators. 

196. To transpose a term flx>m one member of an 
equation to the other. 

Iiet OS consider the equation 

a? — a = J-.y , . . (1). 
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Adding a to eacli member of (I), 

» — a + a = J — y + a (42, 2) ; 

that IB, x=zb + a~-i/ (2). 

Subtracting b from each member of (2), 

a; — ft = a — y (3) (42, 3). 

Here we see that — a has been removed from one member of 
the equation and appears as + ^ iu the other ; and + b has been 
removed from one member and appears as — d in the other. 

B ULE. 

Remove the term, which is to be transposed^ from the member 
in which it stands, and write it, with its sign changed, in the 
other member. 

Cob. — If the sign of every term in an equation be changed, 
the equality still holds. IhuSi if x^a^b—y, then a— ^=:y— i. 



«- • 



OHAPTEB Vn. 
SIMPLE EQUATIONS 



SIMPLE EQUATIONS WITH ONE UNKNOWN QUANTITY. 

197. To 8Qlve a simple equation containins only 
one unlmowu quantity. 

1. Let it be required to solve the equation 

3a: — 4 = 24 — a;. 

By trangpofiitiaiii 8a; + a; ;= 24 + 4; 

that is, 4a; = 28; 

28 
whence, by division, a; = — = 7. 

We may verify this result by substituting 7 for x in the given 
equation. The first member becomes 3x7 — 4, that is, 17; 
and the second member becomes 24 — 7, that is, 17. 

2. Let it be required to solve the equation 

y'T"" 8'^32' 

Multiplying both members of this equation by 96, which is the 
L. G. M. of the denominators, 

240a? — 128a; — 1248 = 60 + 3z. 

By transposition, 

240a; — 128a; — 3a; = 1248 + 60 ; 

that is, 109a; = 1308 ; 

whence by division, x = -— ^ = 12. 
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L Cfoar ^A« equation qf fractions^ if it. has, Qny^ 

n. Transpose every unknown, term of the second member to 
the first, and every known term of the first member to the second; 
and reduce each member to its simplest form. 

III. Divide both members by the coefficient of the unknown 
quantity ; the second memb^ of the resulting equation mil be the 
value of the unknown quantity, 

ILZUSTBATIOirS, 

Sometimes it is more conyenient to elear of fl-actions par- 
tially, and then to effect some reductions before getting rid of the 
remaining fractional coefficients. For example, 

1. Solve 

x + 7 2a; — 16 , 2a; + 5 „, , dz + 7 

npT — "T — — r^ "^ * 



Multiplying both members by 12, 
12 {x + 7) 



11 



— 4 (2a; — 16) + 3 (2a; + 6) = 64 + 3a; + 7 ; 



that is, ^^ ^^ + '^) ». 8a; + 64 + 6af + 15 = 64 + 8» + r. 



By transposition and reduction, 

12 (x + 7) 

11 
Multiplying by U, 



=:5a; — 8. 



12a;. + 84 :^ 55a; — $8 ; 

by transpositioii, 12a; -w 5bx ^ — 88 -^ 84; 

by rednction, — 43a? = — 172 ; 

by changing signs, -43a; 2= in ; 

179 
by division, x = -j^ = 4. 
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2. Solve 



2a; + 1 5a; — 8 

Multiplying each member by {2z + 1) (5x — 8), 

25a: — 40 = 4a; + 2. 

By transposition and reduction^ 

21a; = 43; 

42 
by division, a; = ^ = 2. 

Verification. — Putting this value for z in the given equation, 

weJiave 

5 2 ^ ^ 

or 1 =L 



3. Solve 



4 + 1 "~ 10 — 8' 

2a; — 3 4a; — 5 



3a; — 4 6a; — 7 
Clearmg of fractions, 

(2a; — 3) (6a; — 7) = (4a; - 5) (3a; — 4) ; 

that is, 12a:» — 32a; + 21 = 12a:^ — 31a; + 20. 

Subtracting 12x9 from both members, 

21 — 32a; = 20 — 31a;; 

by transposition and reduction, 

— a: = — 1, or a; = 1. 

Verification. — ^Putting this value for x in the given equation, 

we have 

2— 3 _ 4-5 

r=r4'"6"zr7' ^ ^—^ 

4 Solve -_8 = -^-g. 

Clearing of firactions, 

3a; -- 48 - 20« ~ 14 

By tmnspoBition and redaction, 

— 17« = 34, or 17* = — 84; 
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bydiTiaioo, z=-^=-2. 

—2 —20 7 

Verificaimi. - — 8= "o- — q> or — 9=:— 9. 

5. Solve ax + b=zcx + d. 

By transposition, ox — ca;r=df — &; 
that is, (a — c)a? = d — J; 

rf-J 



by division, x = 



a— (J 



Verification. — Putting this value for x in the given equation, 
we have 

a — c a — (? 
Trhich is an identity, since each member reduces to • 

6, Solve bx=za{n + x). 

By transposition, bX'^ax = an; 

. -i. . . an 
by division, x = t • 

^ b — a 

Venjicatton. J x j3^ = a(» + ^, or ^-^=j— ^. 

198. ^ simple equation containing only one unknown quan^ 
tUy has one root, and no more. 

By clearing of fractions, transposing, and reducing, if neces- 
sary, any simple equ^ition containing only one unknown quantity 
may take the form ol 

to = J ,.....••• (1); 

whence, ^^z • • • • 00* 

a 

The value of 2; is verified thus : 

a X - =; i, or bzsii. 
a 
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Now, it is eyident that any ralue for x greater than - wmdd 

make the first member of (1) greater than the second, and that 

any yaJne for x less than - would make the first member of (1) 

less than the second. Hence, there can be no root either greater 

or less than -; that is, a; is eqnal to -, and to nothing else. 

This theorem may also be demonstrated thus: 
Snppose the equation 

ax=ib (1), 

has two ditfbrent roots, p and q; then these roots will satisfy 
equation (1), and give 

ap^b . (2), 

aq = i. . . ^ (3), 

Subtracting (3) firom (2), 

a{p^q):^0 (4) (43,3); 

but this is impossible, for a i3 not zero, and, by hypotheat^ jp«- q 
is not zero. 

109. Find the yalue of x in each of the following equations: 

^ 2x + l llx + 5 . 

1. — o — = — g — • Jm.x:^l. 

2. s— 2 = 7 + f — 1. Ans. X = 20. 

O. --^ 1 -r h g — g — '■• ^tJU Z^^O' 

*•— 4 ir-"^12~' Ans.x^ll. 

6. —5— + —5 — = 16 — » ■■ . ■'. A'M* X = 13* 



i, 11 — re 26 — a? . 

7. « H g— = — 2 — • -^**'' ^ =* ^* 

1 35 

8. 19a; + ^ (73? - 2) = 4a? + y . ^»«, a? = 1. 

^ a;— 3 . a?— 4 a;— 5 . a?+l . -, 

10. — ^ i— = 8a? — 14. 4n8n a? = 7. 

u^ z-^3 2a? — 5 41 . 3a? — 8 5a? + 6 . 

4 6 60 ^ 5 15 

5a? 4- 3 3x — 7 

12. — ^ ^ — = 5« -p 10. Ans. a? = 3. 

13. ^(8-a?)+a?-l| = *^-f. ^n^. ic = 6. 



_ a?+3 a?— 2 3a? — 5 1 

14. — ^ = — j^ + J. Ans. a? = 2a 

-^ 3x' — 1 13— a? 7a; 11 (a? +3) . 

.^ 5a? — 3 9— a; 5a? ,19, .. . ^ 

1«. — ^; ^ = y + y (a; — 4). Ans. a? = 2. 

_ 5a? — 1 ■ 9a? — 5 9a? ^7 . 

17. — = :rz — = — ^ — • Ana. a; = 3. 

7 11 5 

^o 3a? + 5 2a? + 7 . ■ ^ 3« a j ^a 

18. — ^ ^ h 10 — — =? 0, Ans. X = 10. 

^^ a?— 1 . 4a? — I 7a? — 6 _^ . a?^2 , 3^-9 
^^•"r' + ~5 8~"-^"*"""2~ + "l0~' 

10 

20. (x + |)(a;-|)-(a;+5)(*-3) + | = 0. 

Ans. X = 12. 



^^•^(^^l)-i(^-i)+i(^-I) = ^- "^"^'^^l 



8a 
25" 
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22. {a+x) {b+x) = {c+x) {d+x). Ans. x = /^ ^^ 

QQ X X a , _a ^{J)'- a) 

a b—a b+a b{b + a) 

24. flKC + J = - + -. Ans. X = —-5 — =-(. 

a b b(a^ — l) 

g.^ x—a . a:—* . x—c x^(a + b + c) 

25. — T = ^^ — 7 . 

b c a abc 

Am. » = -^ — ■ — T — = . 

ac + bc + (W-^l 

26. (a + re) (J + ») — a (J + c) = -T- + a^- Ans. x=z-^. 

a;— (? a;— a »— J' ' a^-\'lf^'-'ac—bc 

«Q ao^ + bx + c ax + b br — cq 

4io. — 5— ; — = ; — . Ans. X:= -M 

pa^ + qx + r px + q cp-^ar 



29. ^^^^ 



. a^ff^ . (2a+})a^ _^_ . bx 



a+* (a+6)' a{a+b)^ a 

Ans. x:= 



a+b' 

^^ m(x+a) . n(x+b) . . ft» — am 

80. ^ . , ^ + . ^ z=zm + fu Ans. x = . 

x+b x+a m — n 

\x + b/ X + a + 2b 2 

32. (re - a)3 + (a; — S)H (a; — c)» = 3 (a; - a) (rr - J) {x — c> 

udn^. a; = « ^» 

33. .15a: + 1.575 — .875a; = .0626a:. Ans. x = 2. 

34. 1.2a; - '^^^ 7 '^^ = .4a: + 8.9. Ans. a: = 20. 

.0 

35. 4.8a; - ■'^^^ "" '^^ ^ i.ga; + 8.9. Ans. a; = 6. 



0KB UKKNOWK QUAimTT. 91 

SOLUTION OP PROBLEMS. 

200* We shall now apply the methods already given to the 
solution of some problems, and thus exhibit to the student speci- 
mens of the use of Algebra. 

In a problem certain quantities are given, and certain others, 
which have some assigned relations to them, are to be found. 

201. The solution of a problem by Algebra consists of two 
distinct parts : 

1st The Statement — that is, the formation of the equation 
which shall express the relation between the known and the un- 
known quantities. 

2d. The Solution of the equation. 

202. Sometimes the conditions of the problem are such as to 
famish the equation directly ; and sometimes it is necessary, from 
the given conditions, to deduce others, from which to form the 
equation. When the conditions furnish the equation directly, 
they are called Explicit Conditions. When the conditions are 
deduced from those given in the problem, they are called Implicit 
Conditions. 

203. It is impossible to give any precise rule for solving 
every problem; the following directions, however, may furnish 
some aid : 

Denote the unknown quantity by one of the final letters of the 
alpluiiety and express^ in algebraic latiguage, the relation which 
subsists between the unknown quantity and the given quantities; 
an eqtuition will thus be obtained from which the value of the un- 
known qu4tntity may be found. 

ILL USTBATIONS. 

1. The sum of two numbers is 89, and their difference is 31 ; 
find the numbers. 

Let X denote the less number, then the greater number will 
be 31 + a;; •*• since their sum is 89, 

31 + a; + a; = 89; 

that ifi^ 31 +2x=z 89. 
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By transposition, 2a: = 89 — 31 = 58 ; 

whence, a? =s y =: 89, the less nnmber. 

.*. the greater number is 29 + 31, that is, 60. 

2. A bankrupt owes B twice as much as he owes A« and C as 
much as he owes A and B together; out of $300 which is to be 
divided among them, what should each receive ? 

Let X denote the number of dollars which A Ehould receive ; 
then, by the conditions of the problem, 22; will be the number of 
dollars B should receive, and x + 2a;, that is, 3a;, will be the num* 
ber of dollars G should receive. They together reoeivQ $300; 

.•. x + 2x + Bx=: 300. 

Beducing, 6x = 300 ; 

1. 300 .^ 

whence, x = -^- = 50 : 



therefore, A should receive $50, B 1100, and G 1150. 

3. Divide a line 21 inches long into two parts, such that one 
may be three-fourths of the other. 

dx 
JjBt X denote the number of inches in one part, then -j- 

will denote the number of inches in the other part; .*. (43, 1), 

x + ^^21. 

Clearing this equation of fractions, 

4a; + 3a; = 84; 

by reduction, 7a; = 84 ; 

84 ^« 
whence, a?sc^scl2; 

therefore, one part is 12 inches long, and the other part 9 inche& 

4. If A can perform a piece of work in 8 days, and B in 10 
days, in what time will they perform it together? 

Let X denote the number of days required. 
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1 

In one day A can perform ^th of the work^ therefore in m 

days he can perform ^ths of the work. 

o 

In one day B can perform yTrth of the work, therefore in x 

days he can perform ^Tvths of the work. Hence, gince A and B 
together perform the t^hole work in x days, 

By clearing of fractions, 

6x + ix = 40; 

by reduction, 9ar = 40 ; 

whence, « = -^ = 4|. 

5. A laborer waa employed for 20 days, on condition that for 
every day he worked he should receive 50 cents, and for every 
day he was idle he should forfeit 25 cents. At the end of the 20 
days he received 14 ; how many days did he work, and how many 
days was he idle ? 

Let X denote the number of days he worked ; then he was idle 

20 — a; days. 

50a; = wages due for work, and 

25 (20 — a:) = the amount he forfeited; 

s\ 50a? -^25(20 — 2:)==: 400; 

that is, 50a? — 500 + 25a: ss 400 ; 

by transposition and reduction, 

75a; = 900; 
whence, a; = 12 = the number of days he worked, 

and 20 -^ a; ;;= 8 Si: the number of days he was idle. 
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6. How much rye^ at 54 cents a bushel, must be mixed with 
50 bushels of wheat, at 72 cents a bushel, iu order that the mix- 
ture may be worth 60 cents a bushel ? 

Let X denote the number of bushels required ; then 54x is the 
value of the rye ; and since the value of the wheat is 3600, the 
value of the mixture is 54a: + 3600. 

The value of the mixture is also (x + 50) 60 ; 

(a; + 50) 60 = 54a? + 3600 ; 

that is, 60a; + 3000 = 54a; + 3600 ; 

by transposition and reduction, 

Qx = 600 ; 
whence, x = 100. 

7. A smuggler had a quantity of brandy, which he expected 
would sell for $100 ; after be had sold 10 gallons, a revenue officer 
seized one-third of the remainder, in consequence of which, the 
smuggler received only 180 for his brandy. How many gallons 
had he at first, and what was the price per gallon ? 

Let X = the number of gallons ; then — is the price per 

X 10 

gallon, and — 5 — is the quantity seized, the value of which is 

100 — 80 = 20. The value of the quantity seized is also ex- 

, , a; — 10 100 
pressed by — 5 — x 



X ' 



a? — 10 100 ^^ 
.-. — jz — X -— = 20. 

o X 

Clearing of fractions, 

100 {x — 10) r= 60a;; 
that is, 100a;— 1000=60a?; 

by transposition and reduction, 

40a; = 1000 ; 
whence, x = 25, the number of gallons ; 

, 100 100 . J n xu • n 

and — ^ -^ = 4 dollars, the pnce per gallon. 
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1. Divide 13870 between two persons, A and B, so that A 
Bball receive twice as much as B. 

Ans. A gets 12580, and B $1290. 

2. Divide $420 between A and B, so that, for every dollar A re- 
ceives, B may receive $2^. Ans. A's share = $120, B's = $300. 

3. How much money is there in a purse when the fourth part 
and the fifth part together amount to $45 ? Ans. $100. 

4. After paying the seventh part of a bill and the fifth part, 
$92 were still due ; what was the amount of the bill ? 

Ans. $140. 

5. Divide 46 into two parts, such that if one part be divided 
by 7 and the other by 3, the sura of the quotients shall be 10. 

Ans. 28 and 18. 

6. A company of 266 persons consists of men, women, and 
children; there are four times as many men as children, and 
twice as many women as children. How many of each are there ? 

Ans. 38 children, 76 women, 152 men. 

7. A person expends one-third of his income in board and 
lodging, one-eighth in clothing, one-tenth in charity, and saves 
$318. What is his income? Ans. $720. 

8. Three towns, A, B, C, raise a sum of $594 ; for every dollar 
B contributes, A contributes three-fifths of a dollar, and C seven- 
eighths of a dollar. 'What does each contribute ? 

Ans, A contributes $144, B $240, C $210. 

9. Divide $1520 among A, B, and C, so that B shall have $100 
more than A, and $270 more than B. 

Ans. A gets $350, B $450, $720. 

10. A certain sum of money is to be divided among A, B, and 
0. A is to have $30 less than the half, B is to have $10 less than 
the third part, and C is to have $8 more than the fourth part 
What does each receive? Ans. A $162, B $118, C $104. 

11. The sum of two numbers is 5760, and their difference ia 
equal to one-third of the greater; find the numbers. 

Ans. 3456 and 2304 
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12. Two casks contain equal quantities of beer ; from the first 
34 quarts are drawn, and from the second 80 ; the quantity re- 
maining in the first cask is now twice that in the second. How 
much ddd each cask originally contain ? Ans. 126 quarts. 

13. A person bought a picture at a certain price, and paid the 
same price for a frame ; if the frame had cost $1 less, and the pic- 
ture $J more, the price of the fr^ame w^oald have been only half 
that of the picture. What was the price of the picture ? 

Afis. $2^. 

14. A house and garden cost $850, and fire times the price of 
the house was equal to twelve times the price of the garden ; find 
the price of each. Ans. House, $600 ; garden, $250. 

15. One-tenth of a rod is colored red, one-twentieth orange, 
one-thirtieth yellow, one-fortieth green, one-fiftieth blue, one- 
sixtieth indigo, and the remainder, which is 302 inches long, 
violet; find the length of the rod. Ans. 400 inches. 

16. Two-thirds of a certain number of persons received $18 
each, and one-third received $30 each. The whole sum received 
was $660. How many persons were there? Ans. 30. 

17. Find the number whose third part added to its seventh 
port gives a sum equal to 20. Ans. 42. 

18. The difference between the squares of two consecutive 
numbers is 15. What are the numbers ? Ans. 7 and 8. 

19. A performs f of a piece of work in 4 days; he then re- 
ceives the assistance of B, and the two together finish it in 6 
days. Find the time in which each alone can do the whole work. 

Ans. A in 14 days ; B in 21 days. 

20. A bought eggs at 18 cents a dozen ; bad he bought 5 more 
for the same money, they would have cost him 2J cents a dozen 
less. How many eggs did he buy ? Ans, 31. 

21. A man bought a certain number of sheep for $94 ; having 
lost 7 of them, he sold one-fourth of the remainder at prime cost 
for $20. How many sheep did he buy ? Ans. 47. 

22. A man leaves home in a stage which travels 12 miles an 
hour, and agrees to return in 2 hours. How &r may he ride if he 
wall^ baek at the r&ie of 4 miles an hour ? Ans. 6 miles. 
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23. A and B play at a game, agreeing that the loser shall 
always pay to the wiuuer $1 more than half the money the loser 
lias ; they commence with equal sums of money, hut after B has 
lost the firat game and won the second, he has twice as much as 
A; how much had each at the beginning? Ans. 16. 

24 A person who possesses $12000 uses a portion of the 
money in building a house. One-third of the money which re- 
mains he invests at 4 per cent., and the other two-thirds at 5 per 
cent, and from these investments he obtains an income of $392. 
What was the cost of the house ? Ans. 13600. 

25. A takes from a purse $2 and one-sixth of what remains; 
then B takes $3 and one-sixth of what remains; they then find 
that they have taken equal amounts. How many dollars were in 
the purse, and how many did each take ? 

Afis, There were |20 in the purse, and each took 15. 

26. A vessel can be emptied by three taps; by the first alone 
it could be emptied in 80 minutes ; by the second alone, in 200 
minutes ; and by the third alone, in 5 hours. In what time will 
the vessel be emptied if all the taps are opened ? A7is. 48 min. 

27. A person buys some tea at 36 cents a pound, and some at 
60 cents a pound ; he wishes to mix them, so that, by selling the 
mixture at 44 cents a pound, he may gain 10 per cent, on each 
pound sold ; find how many pounds of the inferior tea he must 
mix with each pound of the superior. A?i8. 5. 

28. A cask, A, contains 12 gallons of wine and 18 gallons of 
water; another cask, B, contains 9 gallons of wine and 3 gallons 
of wat^; how many gallons must be drawn from each cask, so as 
to produce, by their mixture, 7 gallons of wine and 7 gallons of 
water? Ans, 10 from A, and 4 from B. 

29. A can dig a ditch in one-half the time that B can ; B can 
dig it in two-thirds of the time that C can ; all together they can 
dig it in 6 days; find the time in which each alone can dig the 
ditch. Ans. A in 11 days, B in 22 days, and G in 33 days. 

30. At what time between one o'clock and two o'clock is the 
minute hand exactly one minute in advance of the hour hand? 

Ans. O^ miautefi pa^t one. 
7 
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31. A man leaves home in a stage which ti-avels h miles au 
hoar;^ and agrees to return in a hours. How far may he ride, if 

he walks back at the rate of c miles an hour ? 

. dbc ., 

Ans, 1 miles. 

b-\-c 

ScH. — As a, J, and c may have any values whatever, the solu- 
tion of Problem 31 furnishes a formula which can be used for the 
solution of any similar problem. Thus, to obtain the answer to 
Problem 22, we have only to substitute 2 for a, 12 for by and 4 
for Cy which gives 

_.2_xl2x4_96_. 
^- 12 + 4 -16-^- 

A problem is said to be generalized when letters are used to 
represent its known quantities. 

32. A crew, which can row a boat at the rate of 9 miles an 
hour in still water, finds that it takes twice as long to come up a 
river as to go down ; at what rate does the river flow ? 

Ans, ^ miles an hour. 

33. A certain article of consumption is subject to a duty of 
72 cents per cwt ; in consequence of a reduction in the duty, the 
consumption increases one-half, but the revenue falls one-third. 
Find the duty per cwt. after the reduction. 

Ans. 32 cents per cwt. 

34 A merchant maintained himself for 3 years at a cost of 
$250 a year ; and in each of those years augmented that part 
of his stock which was not so expended by one-third thereof. At 
the end of the third year his original stock was doubled ; what 
was that stock? Ans. $3700. 

35. A market woman bought some eggs at 2 for a cent, and as 
many more at 3 for a cent ; she sold them all at the rate of 5 for 
2 cents, and found she had lost 4 cents. How many did she buy 
of each sort ? Ans. 120. 

36. A man hired a servant for one year at the wages of $90 
and a suit of clothes. At the end of 7 months the servant quits 
his service and receives 133.75 and the suit of clothes. At what 
price were the clothes estimated ? Ans. $45. 
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37. A general arranging his men in the form of a solid equare. 
finds he has 21 men over ; bnt attempting to add one man to 
each side of the square^ finds he wants 200 men to fill np the 
square; find the number of men. Ans. 12121. 

38. A boatman can row 14 miles an hour with the tide; 
against a tide two-thirds as strong, he can row only four miles an 
hour. What is the velocity of the tide in each case ? 

Ans. 6 miles, and 4 miles. 

89. Two men start from the same point at the same time, and 
travel in the same direction ; the first steps twice as far as the 
second, but the second makes five steps while the first makes one. 
At the end of a certain time they are 300 feet apart ; how far has 
each traveled ? Ans. 1st, 200 feet ; 2d, 500 feet 

40. A ship sails with a supply of biscuit for 60 days, at a daily 
allowance of a pound a head ; after being at sea 20 days she en- 
counters a storm, in which 5 men are washed overboard, and dam- 
age sustained that will cause a delay of 24 days, and it is found 
that each man's daily allowance must be reduced to five-sevenths 
of a pound. Find the original number of the crew. Ans. 40. 

SIMPLE EQUATIONS WITH TWO UNKNOWN QUANTITIES. 

205« Suppose we have an equation containing two unknown 
quantities, x and y; for example^ 

5a; — 2y = 4 . . . . (1). 

For every value which we please to ascribe to one of the un- 
known quantities we can determine the corresponding value of 
tho other, and thus find as many pairs of values as we please. 

6 8 

Thus, if y = 1, we find a? = r ; if y = 2, we find a? = -; and 



60 on. 

Suppose we have another equation of the same kind; for 

example^ 

4a; + 3y = 17 ... (2). 

We can also find as many pairs of values as we please which 
satisfy this equation. 
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But suppose we ask for values of x and y which satisfy both 

equations; we shall find then that there is only one value of x 

and one value of y. For, multiplying (1) by 8, aad (2) by % we 

have 

15a: — 6y = 12 . . . (3), 

8a; + 6y = 34 • . . (4). 

Adding (3) and (4), member to member (42> 2), 

23a; = 46 (5); 

whence, a; = 2. 

We may now find the value of y by substituting 2 for a; in 
cither of the given equations. Substituting 2 for x in (1), 

10 — 2y = 4 . . . . (6); 
whence, y = 3, 

Hence, if lofli equations are to be satisfied, x must be equal to 
2, and y must be equal to 3. 

^6. Simultaneous JEquations are two or mora eqna* 

tions which are to be satisfied by the same values of the unknown 
quantities. We are now about to treat of simultaneous equations 
of the first degree involving two unknown quantities. 

207. There are three methods which arc usually given for 
solving these equations. The object of each method is to obtain 
from the two given equations a single equation containing only 
one of the unknown quantities. The unknown quantity which 
does not appear in the resulting equation is said to be eliminated. 

208. ELIMINATION BY ADDITION OB SUBTBACTIOliL 

1. Let it be required to solve the equations, 

4a; + 3y = 22 (1), 

5a; — 7y = 6 (2). 

Multiplying (1) by 7, and (2) by 3, 

283; + 21y = 164 (3), 

15a: — 21y=il8 <4). 
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Adding (3) and (4), 

43:j? = 172 (6); 

whence, a; =: 4. 

Substituting 4 &r a; in (1), 

whence, y = 2. 

2. Let it be required to solye the equations, 



2a; + 7y = 29. . . . 


(1), 


3a? + 5y = 27 . . . 


(2). 


Multiplying (1) by 5, and (2) by 7, 




lOo; + 35y = 145 . . 


(3), 


21a; + 35y = 189 . . 


(4). 


Subtracting (3) from (4), 




lLrs=44 


(5)1 


whence, <c = 4. 




Substituting 4 for x in (1), 




8 + 7y = 29; 




whence, y = 3. 





L Multiply cr divide the given equations iy such quantities 
that the coefficients of the quantity to be eliminated shall be equal 
in the two resulting equations. 

II. If these equal coeffieienti have like signs, suUrad one of 
the resulting equations from the other , member from member; if 
they have unlike signs, add ths equations, member to member. 

ScH. 1.— Before commencing the operation of eliioination, 
each of the given equations should be reduced to the form of 
ax + by = c, if it is not already of that form. 
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ScH. 2. — The coefficients of the quantity te be eliminated 
may be equal in the given equations; in that case^ the first step 
in the rule is unnecessary. 

ScH. 3. — In preparing the given equations by multiplication, 
it is best to divide the L. G. M. of the coefficients of the quantity 
to be eliminated by each of these coefficients; the quotients thus 
obtained will be the least multipliers that can be used. 

ScH. 4. — ^It is generally convenient to clear the equations of 
fractions, if they have any, before applying the rule. This is not 
necessary, however. For if the quantity to be eUminated has 
fractional coefficients in the two equations, they may be reduced 
to equivalent fractions having a common denominator; it will 
then be necessary to render the numerators equal by multiplica- 
tion or division, according to the rule. 

Solve the following groups of simultaneous equations : 
^ j 6ar + 63/ = 61 ) . ^ - 

(« — y = d) 2 ' ^ 2 

209* ELIMINATION BY SUBSTITUTION. 

Let it be required to solve the equations 

4aj + 3y = 22 . . . (1), 

5a? — 7y = 6 . . . . (2). 
From (1) we find 

22 — 4^; ,ov 

y = — 3 — . . . • (3). 



3 
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Substituting this value for y in (2), 



thatiSy 



. ^ 22 — 4a; ^ 
— 3 ~^^ 

154 -28a? ^ 
6a? 5 = 6. . . (4). 



Multiplying (4) by 3, 

15a? — 154 + 28a? = 18 . • (5); 

by transposition and reduction^ 

43a; = 172 ; 
whence, a; = 4 

Substituting 4 for a; in (3), we find y = 2. 

RULE. 

Find, from one of the given eqtuUions, an expression for the 
value of the unknown quantity to be eliminated, and substitute 
this value for the same unknown quantity in the other equation; 
there toill thus be formed a new equation containing only one un- 
known quantity. 

bxam:pIjB8. 

Solve the following groups of simultaneous equations: 



j 2a; + 3y = 33 ) 
(4a? + 6y = 59) 



2. 



by 

"2 3~~^ 

3 "^ 4 "" 



Ans. x=zQ, y = 7- 



Ans. a? = 18, y = 6. 



j3x-2y = l) 
* (3y-4a; = l} 



Ans. a? = 5, y = 7* 



Ans. a? = — 6, y = 12. 
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BtlfPLS SQUATIONS. 



5. 






c^ d 



= m 



= n 



' . ^n*. X = 



fl<r(gn— Am) __ hd{am — en) 



ad — be 



y = 



ad— be 



210. 



ELIMINATIOK BY COMPAEl803Sf. 



Let it be requined to solre the equations 

7x + ey = 20 . . 



9a: — 4y = 14 



From (1), 



and £rom (2)^ 



.-. (42,6), 



y = 



20 — 7a: 
6 

9a; — 14 



9a: — 14 20 — 7a; 



6 



• • 



Clearing of fractions, 

27a: — 42 



whence. 



a: = 



40 — 14fl:; 
2. 



(1), 
(2). 

(3), 



W; 



. (5). 



Substituting 2 for a: in either (3) or (4), we find ^ =± 1. 

Find, from each of the given equaiions, an expression for the 
value of the unknown quantity to be eliminated, and equate the 
expressions thus obtained; an equation will thus be formed eon- 
taining only 07ie unknown quantity. 

Solve the following groups of simultaneous equation's ; 

(4a?-2y= 20) 
• (4a: + 2y = 100r 



Ans4 a?=lo, ^ = 2a 



TWO mnurows QCAsnniEs. 



10» 



( 2a? — y = 1 ) 
( a:+ y = 2l) 



^^5. ii; = 29 y = 8- 



iln«. a; = 3, y == 3. 



-4w«. a? = 9, y = 12. 



5. . 



2a; — y 3 _ 3y ^^^ 
4 ' 2"" 4 ^ 



a; 






^n5. a? = 3, y = 6. 



211. General Scholium. — ^In the salotiom of shutiltaiieoaB 
equation^ any of the preceding methods of elimination can be 
used, as may be most conyenient^ each method having its. advan- 
tages m particular cases. Generally, bowever, the equation ob- 
tained by using the second or third method contains fractional 
terms. This inconvenience is avoided if we eliminate by the first 
method. The second method may be preferable whenever the co- 
efficient of one of the unknown quantities in one of the given 
equations is unity ; for then the inconvenience <rf which we have 
just spoken may be avoided. We shall sometimes have occasion 
to use the second and third methods, but generally the first 
method is preferable. 



JBXAM:P1jX!8, 

Solve the following groups of simultaneous equations : 

1. ]*+y=in. 

(a; — v=: 7) 



Am. tcasll, y = 4 



(3y — 4a; = l) 
(3a;-5y = 13) 

5 2a; + 3y = 43) 



Am. tBjEse, ^ = 7. 
Jinx. »slS, y = 7. 
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SIMPLE EQUATIONS. 



_ j 5a;— 7y = 
(Ha!+12y = 



33) 
100) 



(3y-7a:= 4) 

„ ( 21y + 20a; = 165 ) 
1 77y - 30a; = 296 r 

( 6a; + 7y 
(lla; + 9y 



= 43) 
= 69r 

(8a; — 21y= 33) 
1 6a; + 35y = 177 r 

= 14) 
= 41) 



10. jii*-ioy 

( 6a; + 7y 

'J16a; + 17y 
(17a;— 3y 



500) 
110) 



12. 



6"^6 



= 18 



X 

2 



4 



^-2 = 21 



^MA 2 = 8, y = 1. 



Ans. x = 2, y = 6. 



^ns. a; = 3, ^ = 6. 



Ans. a; = 3, y = 4. 



^n«. a; = 12, y = 3. 



^n«. a; = 4, y = 3. 



Ant. a; = 10, y = 2Q 



^n«. a; = 60, y = 361 



13. 



3*^4 

4'^6 



= 9 



= 7 



Ans. a; = 12, y = 20. 



14. 



*_2 
2 3 



__ 2ss _ 7 



3 + 4 



= 1 



► • 



An$. 0?=:— 8| y=12. 



16. 



'x+if x-^y _ ^ 
2 3 



x_±y «— y_ K 

3 4 



An». a; = 18, y = 6. 



TWO UNKNOWK QtrANTinES. 
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( llg - 5y 3a; + y ) 

W. ]~Tl = ^6~h 

( 8a; — 5v = 1 ) 



17. 



18 




5y 

^^_4+y+a;-8_?y+i^ 



= 4y 



Ans. a; = 7, y = 11. 



. -4w5. 05 = 2, y=7. 



(2a: + 7y)-.l = ?(2a.-.6j,+ l)M^-^=^^y=^ 



19. 



20. . 



i(4a: + 3y)=^ + 2 



3»--6y 2a; + y 



-1) 



21. - 



8- 

(3x 
10" 



a; — 2y _ a; y 
4 "~2^3 



Ans. a; = 3^, y = 6f. 



^n5« a; = 12, y=^6. 



16 



4 
9 



X 

12 



18 



8 
3 



2a: — ^ = -;^ - 



X 

12 



15 ^10 



Ans. a; = 2, y = — 1. 



22. - 



' 4a; ^ 3 y ,^ 7 _ 3a; 2y 5 
5 ""10 15 6 



y— 1 X By __ y—x x 11 
3 '^2""20"" 15 "^6*^ 10 J 



. Ans. a; = 3, y=2. 



''2a: 5y 3a? y 
¥""12 T "" 3 



23. < 



7 
4 

a+y 6 



23 
2 



= 2 



*• • 



Ans. a;=18, y = 12. 
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BIMPLB EQUATION& 



(122;— 6ys=a ) 



26. . 



1 + y 

m n 



= 2 



X 

m 



y 

n 



-- — ^ = 1 



• • 



a 



Ans. it =3 y = -. 



. din n 



2 ' 



2' 



26. 



2; 
a 



y 

b 



"- ? =1 



X 

3a 



1. 
6b 



3 



► • 



27. \^ + ^y -^ \ 



Ans. x=zdaf jf=iib. 



J. ^ cn + bd cht ^ad 
An^. X = ^ — ■ , y = ^— ^ , 



28. . 



X 



+ 



6+c o+c 



-=2 



ax — by __ 



• . 



^»«. 2; = d + (;, ^s=a + {;. 



29. . 



^ j^ y 



a+b a—b 



= 2fl 



. -4n5. a? s= (a + b)\ y =± (a — J)« 



tjlMPLE EQUATIOI^S WlTfi ANY NUMBEll OF UJJKKdWN 

QUANTITIES. 

212. To solve a group of simide dquatioas contain- 
fag any number of unknown quantities. 

Let it be required to solve the eqnatioDld 

3a;4-4y — 2;j=sl6 . . . (1), 

6x — 2y + dzz=il6 . . . (2), . 

4x + 2y + 2z=:t22 . . . (3). 
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CombiDing (1) and (2), alBo (1) and (3)> eliminatiD^ % in each 
oase^ we have tiie new group 

19a: + 8y = 62 . . . (4), 
7a; + 6y = 32 . . . (5). 

Combmiog (4) and (5), eliminatifig y, we have 

29a? = 58 ; 

wh^ce, a; = 2. 

Substituting 2 for a; in (5), we hare 

14 + 6y = 32; 
whence, y = 3. 

Substituting 2 for a; and 3 for y in (1), we hare 

6 + 12 — 221 =±10; 
whence. ic = 4. 

I. Combine one equation of the group toith eacli of the others, 
eliminating the same unknown quantity in each ease ; there will 
r48uU u nm group containing om equation less than the 4>riginal 
group. 

IL Combine one equation oftlie resulting group with eAch of 
thfi others, eliminating a second unknown quantity ; there wiU 
resuU a new group containing two equations less than the 4)riginal 
group, 

in. CimHfi4ie tha l^pm-ation until a HngU equation ii found, 
containing only one unknown quantity. 

IV. Find the value of this unknott^n fuiomtUy ly th$ vule of 
Art. 197 ; suhsttttOe thU value in either on9 of the group nf two 
equations, and find the value of a second Mnhvtfwn quofitity; 
then substitute tJie two values thus found in any one of the group 
of three eqv^aiions, and find the vatue of a third unknown quaiu 
tity; and so on, till tJie values of all are found. 
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ScH.— When any one of the unknown quantities does not 
occur in all the equations, it will generally be best to eliminate 
that quantity first 

SoIto the following groups of simultaneous equations: 

a; -. 2y + 3z = 2 I 

1. ^ 2a? — 3y + z = 1 >• • Ans. a; = 3, y = 2, « = 1. 

3a;— y + 2z=:9) 

3a? + 2y — 4« = 15 I 

2. -| 6a; — 3y + 2af = 28 >• • Aiis. « = ?, y = 6, «3=4. 
3y + 4«— a: = 24) 

a?+ y— « = 1 I 

8. "5 8a; + 3y — 62? = 1 >• • -4n«. a; = 2,y = 3, « = 4. 
3z — 4i— y = l) 

/2a;-7y + 4«= 01 
4. •|3a?-.3y+ z= O?-* 
( 9a; + 6y + 32? = 28 ) 

14a; — 3y + 22; = 9 ) 
2a; + 6y — 3a; = 4 > • -4n«. « = 2, y = 3, « = 5. 

6a; + 6y — 22; = 18 ) 

/ 2a? — 4y + 9z = 28 J 
6. -j 7a; + 3y — 62; = 3 > . Ans. x:=2y}f = 3,z = l. 

(9x + 10y — 112;= 4) 

!a? — 2y + 32; = 6 1 
2a? + 3y — 42; = 20 >-• Ans. a; = 8,y = 4, z = 2. 

3a; — 2y + 52; = 26 ) 

{4a; — 3y + 22; = 40 1 
6a? + 9y — 7« = 47 >• -4n«. a?=:10,y = 8,«=3. 

9aj + 8y — 3is = 97 ) 

I 3a? + 2y + 

9. •< 6aj + 2y + 42; = 46 [•. ^^», a;=:4, y ^3>« = & 
I lOa? + 6y + 



-4«5. a? = 1, y = 2, « = 3. 
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HI 



5aj — 6y + 42; = 15 

10. -{7a; + 4y — 3;2; = 19 
2a; + ff + Gz = 46 

x + y + Z=:dl 

11. -( a; + y — « = 25 
a? — y — «= 9 

x + y + z = 2e 

IfL -{x^y =4 

a?— z =6 



Jn«. a;=:39y = 4, iP=:& 



^/w. a: = 20, y = 8, « = 3- 



Jn5. a; = 12, y = 8, z = 6. 



13. 



X 

3y 

72? 



y-« 
y — « 




Jfw. a; = 39, y = 21, « = 12. 



' 3y — 1 _ 6z a; 9 
4 ""5 2'^6 



14. i 



bx 4a 
3a; + 1 



" 14 ^ 6 "■ 21 ^ 3 



^««. a;=:2, y=3, «=1. 



16. 



1& 



17. 



'' 10a; + 4y — 52? _ 4a; + % — 3g 
5 "" 9 

10a; + 4y — 52? = 4a; + 6y — 32? — 8 
10a; + 4y - 



10 



62? 4a; + 6y — 32? ^ + y + z 

_+ — - — = — ■- — 



' tx 
lie 

U9a; 



3y 

7« 
3» 



n 
1 
1 
1 



' 8» — 2y 
8« — tz 
2«+Sy 
4y + 3« 



1 



21 
11 
39 
41 



> • 



.«.«=.„=¥, 



4G 
3" 



> • iln«. a; = 4, y = 9, 2; = 16, f« r= 25. 



^ • Ana. a; = 12, y =: 5, 2; =: 7, u s=; 4b 
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18. 



19. 



20. 



21. 



2x — 3y + 2« = 13 1 
4y + 22 z=: 14 
4tt — 2a; = 30 
5y + du = 32 



An9. *=3, yi=l, z=z^ w=9. 



1 



7u — 13s 

lOy— 3x 

3u + lix 

Zx — llz 



87 "i 
11 

57 
50 



= ±± 

= 60 J 



Ans. a: = 3, y = 2, « = — 4, V = 6. 



7x — 2« + 3tt 
4y — 2z + V 
by — 3a; — 2w 
4y — 3tt + 2i; 
^ 3z + 8w 



171 

11 
: 8 
: 9 

:33 

Ans. X 



(3x 



-Ay + Sz +dv ^Ou 
3« — 5y 4- 2it — 4m 

lOy — 32? + 3« — 2v 
5z +4:U + 2v -^ %x 
Gtt — 3i; + 4a; — 2y 
Aii8. a; = 2, y 

A. 



= 2, y = 4, « = 3| V = 8, V = 1. 



= 2 V 



in 
11 

2 

: 3 
: 6 



= — 1, V = — 2. 



22. H 



?4.y 

a; z 
a 



= 1 
= 1 
= 1 



Ans. « = ^y = g, z 



c 
2' 



23. 



ay + 5a; = c 
ex + azzsb 
hz + cy = a 

Ans, a? = — 



-rt« 



2Jc 



x + a== y+ z 



y = 



aa + c«— J» a?4.:5»— £^ 



2ac 



Z=z 



2ab 



tL ^y + «ss2a:+ 2»>. Jns, « = ^4, ^■=rj-i^««ar^ ft. 



c + a = Sx + Sjf 



11 



U 



11 
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tx + y + Z7=0 



25. < {b + c)x + {a + c) y + {a + b) z =zO > . 
( fea; + flcy + abz = 1 ) 

. 1 1 1 



26. 



27. 



a (a — 6) (a -* c) 



^n5. a? = 5 + c — o. 



28. 



29. 



6x + by + ez =,A 

fl^a; + J2y + c^;? =z A* 

a^x + b^ + c^z = A* 

x + y + z=:a + b + c 

bx + cy + az=zcx + ay + bz 

cx + ay + bz=^a^ + t^ + (^ 

X — ay + a^z=z a^ 
x^by + l^z^=l^ 

X—Cy + (^Zt2:(? 

Icx + y + azr^%a 
ch^ + y + ah=z 2ac 
acx — y + acz = a^ + (? 

A <* + ! 



Ant. £ :^ abc. 



c^l 



u +v +w + a;+y=15' 
V +w + x +y +z =20 

30. ^ w' + « + y + ^ + «^ = 1^ ,^ 

x+y+z+u+v=: IS 

y +z +w+v+w = 17 

\.z +u +v +W + X ^IG 

Ans. t« = 1, V = 2, tt; = 3, :« = 4, y =i= 6, « si: 6. 



213. 



pnonzEsrs. 



1. A and B engage in play ; in the first game A wins as much 
as he had and four dollars more, and finds he has twice as much 
as B] in the second game B wins half afl much as he had at first 
ami one dollar more, and then it appears ho has three times as 
mnch 09 A ; what sum had each at firsfc ? 

Let X = the number of dollars which A bad, and 
y = the number of dollars which B had ; 
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tben after the first game A has 2a; +4 dollars, and B has y — x — 4 
dollars. 
. •. by the first condition, 

2a; + 4=2(y — a?— 4) . . . (1). 

Again, after the second game A has 2a; + 4 — ^ — 1 dollars, 
and B has y — a; — 4 + | + l dollars. 
. •. by the second condition, 
y-a;-.4 + | + l = 3(2a; + 4-|-l) . . .(2). 

By transposition and redaction, (1) and (2) become, 

y — 2a;= 6 . . . (3), 
3y-7a; = 12 . . . (4). 

Multiplying (3) by 3, 

3y — 6a; = 18 ... (5). 
Subtracting (4) from (5), 

a; = 6. 

Substituting 6 for x in (3), we find 

y = 18. 

2. A sum of money was divided equally among a certain num- 
ber of persons ; had there been three more persons, each would 
have received one dollar less, and had the number of persons been 
two less, each would have received one dollar more than ho did; 
what was the number of persons, and what did each receive ? 

Let X = the number of persons, and 

y = the number of dollars each received ; 
then xy dollars is the sum divided. 

By the conditions of the problem, the sum divided is also ex- 
pressed by (a; + 3)(y-l), or (a;- 2)(y + 1); .-.(42,6), 
we have. 
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{x + d)(y^l)^xy . . . (1), 
{x^2){y + l)^xy . . . (2). 

By tiaBsposition and reduction, (1) and (2) become 

3y — a; = 3 . . . (3), 
a: — 2y = 2 . . . (4). 

Eliminating x from (3) and (4), 

3y — 2y = 5, or 

• •. by (4), a; = 2y + 2 = 10 + 2 = 12. 

3. What fraction is that "which becomes equal to f when its 
numerator is increased by 6, and equal to i when its denominator 
is diminished by 2 ? 

Let X = the numerator, and 

y = the denominator of the fraction ; 
then, by the conditions of the problem, 

x+6 3 



y ~4 

X 1 



• • 



(1), 

(2). 



y~2 2 • - ■ 

Clearing of fractions, transposing and reducing, 

3y — 4fl; = 24 ... (3), 
y — 2a: = 2 . . . (4). 

Multiplying (4) by 2, and subtracting the result from (3), we 

find 

y = 20; 

. •. by (4), a; = 9. 

Therefore the required fraction is -fif. 

4. Find two numbers whose sum is a, and whose difference 
iab. 
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Let X = the greater nnmber, and 
y = the less number ; 
then^ by the conditions of th6r problem. 



x + y^za . . . 


(1), 


a?-.y = b . . . 


(2)5 


a , b 
^ = 2 + 2' 




a h 
y = 2-^2- 





whence^ 

and 

Since a and i are any nambers whatever, we have the follow- 
ing general principles, by means of which all similar problems C£m 
be solved : 

1. The greater of two numlers is found by adding half their 
difference to half their sum. 

2. 77ie less of ttoo numbers is found by subtracting half their 
difference from Jialf their sum. 

5. A and B together possess $570. If A's money were tbieei 
times what it really is, and B's five times what it really is, the snm 
would be $2350. How much money does each possess ? 

Ans. A $250, B $320. 

6. Find two numbers such that if the first be added to four 
times the second, the sum is 29 ; and if the second be added to 
six times the firstly the sum is 36. Ans. 6 and 6. 

7. If A's money were increased by $36, he would have three 
times as much as B ; but if B's money were diminished by $5, he 
would have half as much as A. How much has each ? 

Ans. A $4^, B $26. 

8. A and B lay a wager of $10 ; if A loses, he will have $25 
less than twice as much as B will then have; but if B loses, he 
will have five-seventeenths of what A will then have. How much 
money has each ? Ans. A $75, B $35. 

9. For $21, either 32 pounds of tea and 15 pounds of coffee, 
or 36 pounds of tea and 9 pounds of coffee, can be bought ; find 
the price per pound of each. Ans. Tea 50 cts., coffee 33|^ cts. 



ANT NUMBKR 0^ V^TSJS<r9fV QUANTITIES. 117 

10. A pcaud of tea and three poundfl of sugar cost tl J30 ; bat 
U tea were to rise 50 per cent and sugar 10 per cent, tbey would 
cost 11.56 ; find the price per pound of each. 

Ans. Tea 60 cents, sugar 20 cent& 

11. A and B together can perform a piece of work in 8 days, 
A and C together in 9 days, and B and C in 10 days; in what 
time could each p^^son alone perform the same work ? 

Ans. A, Ufi days; B, 17f J; C, 23^. 

12. A and B together can perform a piece of work in a days, 

A and G together in b days, and B and G together in c days ; in 

what time could each person alone perform the same woik ? 

. . 2abc , 

A m — —£ 7 day& 

ac + bc — ad •'^ 

Ans* s B in — ; % dav& 

ab -h bc-^ac ^ 

^ . 2abe , 

(U> + ac — bc ^ 

13. A person possesses a certain capital, which is invested at a 
certain rate per cent. A second person has $1000 more than the 
firgty and investing his capital one per cent, more advantageously, 
has an income greater by $80. A third person has $1500 more 
capital than the first, and investing it two per cent, more advan- 
tageously, has an income greater by $150. Find the capital of 
each person and ti)e rate at which it is invested. 

. j Sums at interest, $3000, $4000, $4500. 

( Bates of interest, 4, 6, 6 percent 

14. If there were no accidents, it would take half as long to 
travel the distance from A to B by railroad as by coach ; but 
three hours being allowed for accidental stoppages by the former, 
the coach will travel all the distance but fifteen miles in the same 
time ; if the distance were two*tibirds as great as it is, and the 
same time allowed for railway stoppa^s, the coach would take 
exactly the same time; find the distance from A to B. 

Am, 90 miles. 

15. A and B are set to a pieee of work which they can finish 
in thirty dsjs, woddng togetiieri for wbicb tbey vtt to receive 
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164. When the work is half finished, A rests eight days and B 
foar days, in consequence of which the work occupies five and a 
half days more than it would otherwise have done. How much 
ought each to receive? Ans. A $22, B 142. 

16. A and B run a mile. First A gives B a start of 44 yards, 
and heats him hy 51 seconds; at the second heat A gives B a 
start of 1 minute and 15 seconds, and is beaten by 88 yards. In 
what time can each run a mile ? 

Ans. A in 5 minutes, B in 6 minutes. 

17. A and B start together from the foot of a mountain to 
go to the summit. A would reach it half an hour before B, 
but, missing his way, goes a mile and back again needlessly, dur- 
ing which he walks at twice his former pace, and reaches the top 
six minutes before B. C starts twenty minutes after A and B, 
and, walking at the rate of two and one-seventh miles per hour, 
arrives at the summit ten minutes after B. Find A's and B's 
rat^s of walking, and the distance from the foot to the summit of 
the mountain. Ans. 2^y 2 miles per hour; distance, 5 miles. 

18. A number expressed by two digits is four times the sum of 
the digits, and if 27 be added to the number the order of the 
digits will be inverted; find the number. 

Let X = the left digit, and 
y = the right digit ; 
then, since x stands in the place of tens, the number will be rep- 
resented by lOx + y. 
. •. by the first condition, 

10x + y = ^{x + y). • . (1); 

and by the second condition, 

10a: + y + 27 = lOy + x. . . (2). 

Solving these equations, we find 

a? = 3, and y = 6; 

. • . lOo; + y = 30 + 6 = 36, the number required. 

19. A number is expressed by three digits. The middle digit 
is equal to twice the left-hand digit, and greater by 3 than the 
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right-band digit If 99 be subtracted from the number, the order 
of the digits will be inverted ; find the number. Ana. 241. 

20. A number consisting of two digits contains the sum of its 
digits four times, and their product three times; find the number. 

Ans. 24. 

21. A railway train, after traveling for one hour, meets with 
an accident which delays it one hour, after which it proceeds at 
three-fifths of its former rate, and arrives at the terminus three 
hours behind time ; had the accident occurred 50 miles further 
on, the train would have arrived 1 hour and 20 minutes sooner; 
find the length of the line, and the original rate of the train. 

Ans. 100 miles; original rate, 25 miles per hour. 

22. A railway train, running from London to Cambridge, meets 

with an accident which causes it to diminish its speed to - th 

of what it was before, in consequence of which it is a hours late. 
If the accident had occurred b miles nearer Cambridge, the train 
would have been c hours late. Find the original rate of the train. 

Ans. -^ miles per hour. 

a — c ^ 

23. The fore-wheel of a carnage makes six revolutions more 
than the hind-wheel in going 120 yards. If the circumference of 
the fore-wheel be increased by one-fourth of its present size, and 
the circumference of the hind-wheel by one-fifth of its present 
size, the six will be changed to four. Eequired the circumference 
of each wheel Ans. 4 yards and 5 yards. 

24. A man starts p hours before a coach, and both travel uni- 
formly ; the latter passes the former after a certain number of 
hours. From this point the coach increases its speed to six-fifths 
of its former rate, while the man increases his to five-fourlhs' of 
his former rate, and they continue at these increased rates for 
q hours longer than it took the coach to overtake the man. They 
are then 92 miles apart ; but had they continued for the same 
length of time at their original rates, they would have been only 
80 miles apart. Show that the original rate of the coach is twice 
that of the man. Also, if ^y + qz=i 16, show that the original 
rate of the coach was 10 miles per hour. 
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DISCUSSION ^P PROBLEMS LEADING TO SIMPLE EQUATIONS. 

215* After a problem has been solved, we may inquire what 
values the unknown quantities will have, when particular suppo- 
sitions are made with regard to the given quantities. The deter- 
mination of these values, and their interpretation, coostitate the 
Discussion of t/ie ProHi^m* 
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316. INTERPEETATIOIS' OP NEGATIVE EESULTS. 

1. What number must be added to a number a in order that 
the sum may be J ? 

Let X = the required number; then, by the question, 

a + xz=b\ 

whence, x=zb — a. 

This is a general solution, a and I being arbitrary quantities. 
If a = 12, and b = 25, we have 

a; = 25 — 12 = 13. 

But suppose a = 30, and 5 = 24 ; then 

a; = 24 — 30 = — 6. 

How is this negative result to be interpreted ? 

If we recur to the enunciation of the problem, we see that it 
now reads thus : What number must be added to 30 in order that 
the sum may be 24 ? 

Here it is obvious that if the words added and sum are to re- 
tain their arithmetical meanings, the proposed problem is impos- 
sible. But we see at the same time that the following problem 
can be solved : What number must be taken from 30 in order that 
the difference may be 24 ? The answer to this problem is 6. 

The second enunciation differs from the first in these respects : 
The words added to are replaced by taken from, and the word 
sum by difference. 

Hence we may say that, in this example, the negative result 
indicates that the problem, in a strictly arithmetical sense, is im- 
possible ; but that a new problem can be formed by appropriate 
changes in the original enunciation, to which the absolute value 
of the negative result will be the correct answer. 

This indicates the convenience of using the word add, in Alge- 
bra, in a more extensive sense than it has in Arithmetic. 

Let X denote a quantity which is to be added algebraically to 
a ; then the algebraic sum ia a + Xy whether x be positive or neg- 
ative. 

Hence, the equation a + a? = J will be possible algebraically, 
whether a be greater or less than b. 
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2. A's age is a years^ and B's age is b years ; when will A be 
twice as old as B ? 

Let X 31 the required number of years; then, by the question, 

a + x = 2{b + x); 

whence, a; = o — 25. 

K a = 40 and J = 15, then 

a; = 40 — 30 = 10. 

But suppose a = 35 and b = 20, then 

a; = 35 — 40 = — 5. 

Here, as in the preceding problem, we are led to inquire into 
the meaning of the negative result. Now, with the assigned 
values of a and b, the equation which we have to solve becomes 

35 + a; = 40 + 2x. 

This equation is impossible, if a strictly arithmetical meaning 
is to be given to the symbols x and +, for 40 is greater than 35, 
and 2x is greater than x. But let us change the enunciation to 
the following : A's age is 35 years, and B's age is 20 years ; when 
was A twice as old as B ? 

Let X = the required number of years ; then, by the question, 

35 — a; = 2 (20 — a;) = 40 — 2a; J 

whence, a; = 5. 

Here again, we may say the negative result indicates that the 
problem, in a strictly arithmetical sense, is impossible ; but that a 
new problem can be formed by appropriate changes in the original 
enunciation, to which the absolute value of the negative result 
will be the correct answer. 

We may observe that the equation corresponding to the new 
enunciation may be obtained from the original equation by 
changing x into — x. 

Suppose the problem had been originally enunciated thus: 
A's age is a years, and B's age is b years ; find the epoch at which 
A's age is twice that of B. 



DISOUSSIOK OF PROBLEMS. 123 

We cannot tell from the enunciation of the problem whether 
the required epoch is before or after the present date. If we sup- 
pose the required epoch to be :e years after the present datc^ we 
obtain 

If we suppose the required epoch to be a; years hefore the 
present date, we obtain 

If 2d is hss than a^ the first supposition is correct, since it 
leads to a positive value for x\ the second supposition is incorrect, 
since it leads to a negative value for x. 

If 2J is greater than a, the second supposition is correct, since 
it leads to a positive value for x\ the first supposition is incorrect, 
since it leads to a negative value for x. 

Here we may say, then, that a negative result indicates that 
we made the wrong choice out of two possible suppositions which 
the problem allowed. But it is important to notice, that when 
we discover that we have made the wrong choice, it is not neces- 
sary to go through the whole investigation again, for we can make 
use of the result obtained on the wrong supposition. We have 
only to take the absolute value of the negative result and place 
the epoch before the present date if we had supposed it after, or 
after the present date if we had supposed it before. 

3. A's age is a years, and B's age is b years ; when was A twice 
as old as B ? 

Let X = the required number of years ; then 

a — x=z2{b — x); 
whence, x = 2b — a. 

Now let us verifff the solution. Substituting 2b ^ a for x, 

we have 

a — a: = a — (2i — a) = 2a — 2J; 

and 2 (i — «) = 2 ( J — 25 + a) = 2a — 2b. 

If b IS less than a, these results are positive, and there is no 
aritfametioal difBcnlty. But if & is greater than a, dthough the 
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two members are algebraically equal, yet, since they are both neg- 
ative quantities, we cannot say that we have arithmetically veri- 
fied the solution ; and when we recur to the problem, we see that 
it is impossible if a is less than t ; because, if at a given date A's 
age is less than B's, then A's age never was twice B's, and never 
will be. 

Or, without proceeding to verify the result, we may observe 
that if b is greater than a, then x is also greater than a, which is 
inadmissible. 

Thus it appears that a pix)blem may be really absurd, and yet 

the result may not immediately present any difficulty, though 

when we proceed to examine or verify this result, we may discover 

an intimation of the absurdity. 

The equation 

a + x=z2,{t +x) 

may be considered as the symbolical expression of the following 
verbal enunciation : 

Suppose a and d to be two quantities ; what quantity must be 
added to each, so that the first sum may be twice the second ? 

Here the words quantitt/, sum, and added may all be under- 
stood in algebraic senses, so that x, a, and b may be positive or 
negative. 

This algebraic statement includes the arithmetical question 
about the ages of A and B. 

It appears, then, that when we translate a problem into an 
equation, the same equation may be the symbolical expression of 
a more comprehensive problem than that from which it was de- 
rived. 

When the solution of a problem leads to a negative result, 
and the student wishes to form an analogous problem that 
shall lead to the corresponding positive result, he may proceed 
thus: 

Change x into — a? in the equation that has been obtained, 
and then, if possible, modify the verbal statement of the problem, 
so as to make it coincident with the new equation. 

We say if possible, because in some cases no such verbal mod- 
ification seems attainablei and the problem may then be regarded 
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as altogether impossible. To illustrate, take the following prob- 
lem: 

4. A's age is 20 years, aod B's age is 30 years; when will the 
age of A be twice that of B ? 

Let X = the required number of years; then 

20 + a? = 2 (30 + a;) = 60 + 2a;; 

whence, a? = — 40. 

Thid negative result shows that the epoch is not in the 
future. Suppose it to be in the past. Changing x into — a;, the 
original equation becomes 

20 — a; = 2 (30 — a:) ; 

whence, a; = 40. 

This result seems to indicate that 40 years ago — that is, 20 
years before A was bom, and 10 years before B was bom— A was 
twice as old as B. A manifest absurdity. Hence, the problem is 
an impossible one. 

Pbinciples — 1. A negative result may arise from the fact 
that the problem contains a condition which cannot he arithmet- 
ically satisfied; or from the fact that, of two possible suppositions 
respecting tlie quality of a quantity, we adopted the wrong one. 

2. After a problem has been translated into an equation, the 
qnality of any quantity involved will be changed, if we change the 
sign of the symbol of that qtmntity. 

FMOBLJEMS, 

1. A father's age is 40 years, and his son's age is 13 years ; 
when will the age of the &ther be four times that of the son ? 

Ans, a? = — 4. 
Modify the enunciation so that the result shall be + 4. 

2. Find two numbers whose sum is 2 and difference 8. 

Afis. — 3 and + 6. 
Modify the enunciation so that the result shall be +3 and +5. 
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3. The difference of two numbers is 6^ and four timee the less 
exceeds five times the greater by 12 ; find the numbers. 

Ans. — 42 and — 36. 
Modify the enunciation so that the result shall be + 42 and 
+ 36. 

4. Two men^ A and B^ began trade at the same time, A haying 
three times as much money as B. When A had gained $400 and 
B 1150, A had twice as much money as B ; how much did each 
have at first ? Ans. A was in debt $300, and BjtlOO. 

Modify as in the preceding examples. 

5. There are two numbers whose difference is a; and if three 
times the greater be added to five times the less, the sum will be 

J. What are the numbers ? 

J b + 6a , i — 3a 
Ans. — 5 — and — ^ — . 

o o 

Interpret this result when a == 24 and i^ = 48. 

6. Two men were traveling on the same road toward Boston, 
A at the rate of a miles per hour, and B at the rate of b miles per 
hour. At 6 o'clock A.K. A was at a point m miles from Boston, 
and at 10 o'clock a.h. B was at a point n miles from Boston* 
When did A pass B ? 

Ans. 7 — hours after 6 o'clock jlm. 

a—'b 

K m = 36, n = 28, a = 5, and i = 3, at what time did A 

pass B? 

ZERO AND INFINITY. FINITE, DETERMINATE, AND INDETER- 

MINATE QUANTITIEa 

217. The symbol 0, called Nothing ^ or ZerOf is used to 
denote the absence of value, or to represent a quantity less than 
any assignable value. 

A quantity less than any assignable value is Bometimes called 
an Infinitesimal. 

218. The symbol oo , called Infinity^ is used to represent a 
quantity greater than any assignable value. 
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219, A Finite Quantity is one whose absolute yalue is 
oomprisea between the limits and oo . 

230. A tPeterminate Quantity is one which has only 
A finite number of values. 

221. An Indeterminate Quantity is one which has 
an infinite number of values. 

A A ^00 

INTERPRETATION OF THE FORMS 7r> — » T-* x^ <» X 0, -—, 

00 A (r 00 

AND 00 — 00 . 

222. In order to explain the meaning of these symbols, let 
us consider ite fraction ^ 

1. Suppose A to be finite^ and to remam unchanged, while B 

continually decreases; then the value of the fraction -^ will con- 
tinually increase. 

Thus: If B = A; then ^ = 1: 
IfB = ^; then ^ = 2; 
IfB = A; then| = 10j 
IfB = A; then ^ = 100; 

Hence, it is evident that, when B becomes less than any assign- 

A 
able quantity, the fraction ^ will become greater than any assign- 
able quantity ; hence, 

A 

2. If the denominator B is made to increase continually, while 
the numerator A remains unchanged, then the value of the frac- 
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tioQ ^ will continrially decrease ; and when the denominator B 

becomes greater than any assignable quantity, the fraction will 
become less than any assignable quantity ; hence, 

00 

3. If the numerator A is made to decrease continually, while 
the denominator B remains unchanged, then the value of the 

fraction yr will continually decrease ; and when A becomes less 

than any assignable quantity, the fraction will also become less 
than any assignable quantity ; hence, 

1 = 0. 

4. Multiplying both members of the equation -^ = by B, we 

have 

= B X 0. 

Dividing both members of this equation by 0, we have 

0-^- 

But B is any finite quantity ; hence :> is a Sytnbol of In" 

determination (331). 

6. Multiplying both members of the equation — = by oo , we 

have 

A = 00 X 0. 

But A is any finite quantity; hence oo x is a symbol ofinr 
determination. 

6. We may place the equation jc = B under the following 

form: 

1 

I 
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But - = 00 ; hence. 



?^ — B' 

00 — ^y 



GO 



therefore qq is a symbol of indetermination. 

•I -t z _ 

7. In the identity t = — r" make a = and J = 0: we 

a ao 

then have 

1_1_0 

0""0 
that is, 00 — 00 = - ; 

hence oo — oo is a symbol of indetermination. 



OBDEBS OF INFINITESIMALS AND INFINITIES. 

333. An Infinitesimal of the First Order is one 

that is infinitely small in comparison with a finite quantity; 
that is, so small that it may be contained in a finite quantity 
an infinite number of times. An Infinitesimal of the 
Second Ch*der is one that is infinitely small in comparison 
with an infinitesimal of the first order. An Infinitesi" 
mal of the Tliird Order is one that is infinitely small 
in comparison with an infinitesimal of the second order; and 
so on. 

In order to illustrate, let us consider the continued identity 

1 _x _a^ _a^ , 
Let X be an infinitesimal of the first order ; then - = oo ; that 

' X 

is, 1 is infinitely great in comparison with x. Again, since 
- =: -3, and - = 00 , it follows that -r = oo ; that is, x is infinitely 

X Qui X 2/ 

great in comparison with q^\ but x is, by hypothesis, an infinitesi- 
mal of the first order; therefore o^ is an infinitesimal of the sec- 
ond order. In like manner, it may be shown that 2?^ is an infi- 
nitesimal of the third order« and so on. 
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224, Infinities are of different orders also. Let 2; be an infi- 
nitesimal of the first order, and A any finite quantity; then, 

AAA 

— = 00 ... (1), ^ = « • • • (^)t ^ = ^ • • • (3), and so on. 

Now the denominator in the first member of (1) is infinitely 
great in comparison with the denominator in the first member of 
(2) ; therefore the second member of (2) is infinitely great in com- 
parison with the second member of (1). 

In Uke manner it may be shown that the 00 in (3) is infinitely 
great in comparison with the 00 in (2) ; and so on. 

225, PROBLEM OE THE OOITEIEBS. 



The diactiBsion of the following problem, originally proposed 
by Clairant, will serve to illustrate some of the preceding prin- 
ciples: 

Two coariers, A and B^ were traveling along the same road 
and in the same direction, namely, tcom C toward C ; the fonner 
going at the rate of m miles per hour and the latter at the rate of 
n miles per hour. At 12 o'clock, A was at P, and B was d milee 
in advance of A. When were the couriers together? 

IP la 11 c 



We cannot tell from the enunciation whether the couriers 
were together before or after 12 o'clock ; but in order to efiect a 
statement of the problem, we will suppose the required time to be 
after 12 o'clock. We must then regard time after 12 o'clock as 
positive, and time before 12 o'clock as negative. 

S appose B to be the point where the couriera met, and Q to 
be the point where B was at 12 o'clock. 

Let X = the required number of hours ; then, since A traveled 

st the rate of m miles per honr^ and B at the nte of n miles per 

hour, we have 

PB = mx, and QB = nx. 

But PB = PQ + QB; 

mz=id + nxi 



whence, x = 
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d 



m — n 



DisonssioK. 

I. Suppose m > w. 

Under this hypothesis the value of x will be positive, because 
the denominator m — 7i is positive. Now, since x is positive, we 
infer that the couriers were together after 12 o'clock. 

This conclusion is consistent with the conditions of the prob- 
lem. For, the supposition is that A was traveling faster than B. 
A would therefore gain upon B, and overtake him some time after 
12 o'clock. 

n. Suppose m < w. 

Under this hypothesis the value ofz will be negative, because 
the denominator m — n is negative. This implies that the ecu-* 
Tiers were together before 12 o'clock. 

This interpretation, also, agrees with the conditions of the 
problem under the present hypothesis. For, since m < t}, B was 
traveling faster than A ; and, as B was in advance of A at 12 
o'clock, he must have passed A before that time. 

in. Suppose m=zn. 

Under this hypothesis we shall have 

d 

This result implies that the time to elapse before the couriers 
are together is greater than any assignable quantity, or infinity ; 
therefore they can never be together. 

This interpretation is in accordance with the conditions of the 
problem under the present hypothesis. For, at 12 o'clock the 
couriers were d miles apart ; and, if m = /i, they were traveling at 
equal rates. Hence, they could continue to travel forever without 
meeting. 

IV. Suppose d = 0, and m > n, or m < w. 
Then x = = 0. 
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That iS; the time to elapse is nothing. This result implies 
that the couriers were together at 12 o'clock^ and at no other 
time. 

This interpretation is confibrmed hy the conditions of the prob- 
lem. For, if rf = 0, then, at 12 o'clock, B must have been with A, 
at the point P. Moreover, if wi > w, or m < w, the couriers were 
traveling at different rates, and must have been either approaching 
or receding from each other at all times except at the moment of 
passing. ^ 

V. Suppose d = 0, and m = w. 



Then 




z = -, 




Here the value of x is represented by one of the symbols of in- 
determination. This result implies that the couriers were to- 
gether all the time. 

This conclusion is evidently confirmed by the conditions of 
the problem. For, if rf = 0, the couriers were together at 12 
o'clock; and, if wi = tj, they were traveling at equal rates, and 
would never separate. 
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C First order. 
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CHAPTER YIII. 

VMISHIRG FRACnONS.— INDETERMINATE EQUATIONS AND PROB- 
LEMS-INCOMPATIBLE EQUATIONS. 



VANISHING FRACTIONS. 

227. A Vanishing Fraction is one which, on a cer^ 
tain supposition, assumes the form of indetermination. Thus, 

jpS £|8 Q 

assumes the form of -, if a; = a. 

x — a 

The value of a fraction sometimes reduces to the form of-, for a 

particular supposition, in consequence of the existence of a factor 
common to both terms, which facix)r reduces to for that suppo- 
sition. Thus, the fraction ^, ; ^ J. reduces to the form of -, 

^o{a — h) 

if a = ft, because the factor a — h becomes in that pai-ticular 

case. But if this factor be canceled, and the supposition that 

2 
a = ft be made afterward, the yalue of the fraction will be k- 

Before deciding, therefore, upon the nature of the symbol jr, we 

must ascertain whether it results from a factor common to both 
terms, which reduces to for the supposition made ; if it does 
not, the value of the fraction is really indeterminate. 



R UIjJE. 

I. Reduce the given fr<iction to Us latoest terms. 

n. Make the supposition which would cause the original frac" 
lion to assume the form of indetermination ; the result will he the 
value of the fraction for that supposition. 
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BXAMPI.B8. 



IT* — V* 

1. Find the yalue of -z — ^, when a; = y. 
Canceling the common factor a^^tj^y we have^ 

which, when x=zy, redi|ces to 2y'; 

J^ = 2y«, whena; = y. 
This may be expressed algebraically as foUowB : 

2. Knd the value of \ ... . v 7^ ^v > Ana. 14 

3. Find the value of \ l {^^"^ S! } ^««- 0. 

4. Find the value of \ fS^""t? \ 

I3(a — ar)» j «= 



ai^ — ox 



^n^. 00. 



6. Find the value of ( -r — ^ , . ^ , i I Ans. oo . 

^. _., , ^ { a -h X cfl — a?) 
6. Fmd the value of < — ■ — x 7 — : — ts > -4«<. L 



INDFrERMINATE EQUATIONS. 

238. ^n Indeterminate Equation is one in which 
each of the unknown quantities has an infinite number of values. 

229. A single eqnuHen eontaiwinji two or more unknaton 
quantities is indeterminate. 

Suppose we have an equation containiug two unknown qnan- 
titiesy X aud y ; for example, 2a; — 3y = 15. For every value 
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wbich we please to ascribe to one of the nnknown quantities we 
can determine the corresponding yalne of the other, and thus find 
as many pairs of yalues as we please which satisfy the given 
equation. 

Thus, if y = 1, 2, 3, 4, 5 .... ; 

then x = d, lOJ, 12, 13^, 15 ... . 

Again, suppose we have an equation containing three unknown 
quantities, x, y, and z ; for example, 2; + y + 2^; = 90. For everj 
yalue which we please to ascribe to two of the unknown quanti- 
ties we can determine the corresponding value of the third, and 
thus find as manj sets, of values as we please which satisfy the 
given equation. 

Thus, if ( «^ = 1, 2, 3, 4, 5 , 

inus,U ^y^o, 1, 2, 6, 8....; 

then X = 88, 85, 82, 77, 72 ... . 

A similar course of reasoning is applicable to an equation con- 
taining more than Ihree unknown quantities. 

230. Equations are indeterminate if the number of unknown 
quantities involved exceeds the nurriber of equations. 

For, by eliminating, we can obtain a single equation contain- 
ing two or more unknown quantities, which is indeterminate 
(329). 

Thus, suppose we have the two equations 

»+ y + 2«= 90 . . . (1), 
5a: + 2y — 2^ = 366 . . . (2). 

Eliminating z^ 

6» + 3y = 45|5 . . . (3), 

which is indeterminate. 

231. An equation containing only one unknown quantity 
may he indeterminate in consequence of certain relations which 
subsist between the known quantities. 
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K we solye the equation 

ax + b = cx + d 
d-b 



we obtain 



X=: 



a — c 



• • • 



• • • 



(1), 

(2). 



Now, if d = bf and a=ic, 



X=z - 



Q • • • (3); 

hence, under this hypothesis, the yalue of a; is indetenninate. 

But, if d = b, and a=:c, (1) becomes 

ex + b=:cx + b . . . (4), 

which is an identity^ and may therefore be satisfied for any value 
of X (178). 

Here, then, we haye one unknown quantity and no equation; 
that is, no equation of condition (179). 

332. Two equations involving two unknown quantities may 
be indeterminate in consequence of certain relations which subsist 
among the knotan quantities. 



K we solve the equations 






ax + by=:r . 


. . (1), 




ex + dyz=s . 


• • (2)» 


we obtain 


dr — bs 
"ad —be 


. . (3), 


and 


as — cr 
^'^ad-bc ' 


. . (4). 


Now, if 


dr = bs . . . 


. • (6), 


and 


bc^iad • . • 


• • (6), 



then, by multiplying (5) by (6), member by member^ and re- 
ducing, 

crzzzas (7); 

• *. (3) and (4) become 
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0,0 

x = ^, and y=z-. 

Let us now see what is implied by the relations (6) and (6). 

From (5) we haye eZ = — , and from (6), c = -r- = — . 

These values of d and c reduce (2) to (1), and we then have only 
one equation containing two unknown quantities^ which is inde- 
terminate. 

Cor.. — The four theorems which have just been demonstrated 
may be reduced to the following one : 

Indeterminaiion arises if the number of nnknown quantities 
exceeds the number of equations. 

INDETERMINATE PROBLEMS. 

333. An Indeterminate Frobleni is one which ad- 
mits of an infinite number of solutions. 

We may often limit the number of solutions by imposing the 
condition that the values of the unknown quantities shall be pos- 
itive integers. 

When an indeterminate problem is expressed in algebraic lan- 
guage, it will be found that the number of unknown quantities 
exceeds the number of equations. 

rnoBj^BMS. 

1. A boy paid 50 cents for some apples and oranges^ giving 2 
cents each for apples and 10 cents each for oranges. How many 
of each did he buy ? 

Let X = the number of apples, and y = the number of oranges; 

then, by the question, 

2a; + 10y = 50; 

whence, a; = 25 — by. 

Now, if X and y are to be positive integers, y must be some in- 
teger between and 5. Let 

y= 1, 2, 3, 4; 

{hen X = 20, 15, 10, 5. 
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2. Find two positive integers such that 12 times the one ex- 
ceeds 13 times the other by 9. 

Let X = one of the numbers^ 

and y = the other; 

then, by the question, 

12a: — 13y = 9; 

whence, ^ = ""^2 — "^"*"S^' 

Since x and y are to be positive integers, ^-tq— must be 

an integer. Let 

y + 9 
12 -"' 

whence, y = 12» — 9. 

Let« = i.2,3,4....;then{^I^^f^;^J;^J;;;; 

3. A man bought 100 animals for $100 ; sheep at 13^ each, 
calves at $1^, and pigs at 1^. How many did he buy of each kind ? 

Let X = the number of sheep, 

y = the number of calves, 
z = the number of pigs; 

then, by the question, 

x+ y+ « = 100 . . . (1), 

3ia? + ily + i« = ioo . . . (2). 

Combining (1) and (2), eliminating Zy 

18a; + 6y = 300 . . • (3); 

whence, y = 60 r- • . . (4). 

From (1) it is evident, that if x and y are positive integers 

whose sum is less than 100, z will be a positive integer also. 

From (4) it is evident that x must be a multiple of 5, and that 

18a; 

—=- must be less than 60. 
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Let «= 5, 10, 15; 

then y = 42, 24, 6, 

and z = 53, 66, 79. 

4. The sum of three positive integers is 11 ; and if the fiirst be 
mnltiplied by 3, the second by 5, and the third by 7, the sum of 
the products will be 57. What are the numbers ? 

far = 4, 3, 2, 1, 

Ans. "j y = 2, 4, 6, 8, 

( 5? = 5, 4, 3, 2. 

5. Divide 200 into two parts, such that if one of them be di- 
vided by 6 and the other by 11, the respective remainders may be 
6 and 4. Ans, 186, 15 ; 119, 81 ; 63, 147. 

6. Can the equation 4a; + 6y = 27 be solved in positive in- 
tegers? 

7. Find the least number which, being divided by 5, leaves a 
remainder 3, and divided by 7 leaves a remainder 5. Ans. 33. 

8. Solve the equation 8a; + 13y = 159 in positive integers. 

X = 15, 2. 
y = 3, 11. 

INCOMPATIBLE EQUATIONS. 



\ 



234* Incompatible Equations are those which can- 
not be satisfied for the same values of the unknown quantities. 

235* Equations are said to be Independent when they 
express conditions essentially different^ and Dependent when 
they express the same conditions under different forms. 

Thus, J A- , K Z QQ f ^^ independent equations. 

But "J ^ T fi — ^ft r *^® dependent equations, since the 

second may be obtained from the first by multiplying both mem- 
bers by 2. 

236. If the number of independent equations exceeds the 
number of unknown quantities, these equations may be income 
patible. 



140 IKOOMPATIBLE EQUATIOlSrS. 

Let OS consider the three equations 

x + i/=zS . . . (1), 
a:-y = 2 . . . (2), 

?=2 . . . (3). 

y 

Combining (1) and (2), we find a: = 5, and y = 3 ; but these 
Talues will not satisfy (3). In like manner it may be shown that 
the values which satisfy (2) and (3) do not satisfy (1), and that 
the values which satisfy (1) and (3) do not satisfy (2). 

237. If the number of independent equations exceeds the 
number of tmJcnown quantities^ such relations between the known 
quantities can be found as will make the eqimtions compatible. 

Let us consider the equations 

x + y = s . . . (1), 
x--y = d . . . (2), 
x = ay . . • (3). 
Combining (1) and (2), we find 

s + d 

Substituting these values in (3), 

s + d /s — d\ 

whence, a = , . . . (4). 

If the relation expressed by (4) subsists, (1), (2), and (3) will 
be compatible. Thus, the equations, 

x + y=:9y 

re — y = 3, 

a? = 2y, 
are compatible, for 

2^9 + 3 
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Cor. — ^In order that a problem may be determinate, the con- 
ditions must famish as many independent equations as there are 
unknown quantities. 

ScH. 1. — ^When a problem contains more conditions than are 
necessary for determining the values of the unknown quantities, 
those that are unnecessary are termed redundant. 

ScH. 2. — ^A problem, from which incompatible equations an 
deduced, is caUed an impossible problem. Such a problem is said 
to involve incompatible conditions. 
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CHAPTER IX. 
II^EQUALITIES 



239. An Inequality consists of two expressions con- 
nected by the sign of inequality. 

ITie First Member of an inequality is the expression on the 
lefb of the sign of inequality^ and the Second Member is the ex- 
pression on the right of the sign. 

240. Two inequalities subsist in the same sense when the 
first member is the greater in each, or the less in each. Thas, 
6 > 3 and 7 > 4 subsist in the same sense. 

Two inequalities subsist in a contrary sense when the first 
member is the greater in one, and the less in the other. Thus, 
5 > 1 and 4 < 8 subsist in a contrary sense. 

241. If the same quantity be added to, or subtracted from^ 
each member of an inequality, the resulting inequality will subsist 
in the same sense. 

For, suppose a > J ; then a — bi& positive (118). Again, 
since a ± c — (J ± c) = a — J, it follows that a ± c — (ft ± c) 
is positive; 

a±c>b ±c, 

GoR. 1. — The rule for the transposition of terms in equations 
is applicable to inequalities. Thus, if 

a^ + l^>2ai + (?; 
then cfi + V^'-2ab>2ab'^2ab + (?, 

or o^ — 2aJ + y>c^, 
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Cob. 2. — ^If an equation be added to an ineqnalityy member to 
member, or subtracted from it, member from member, the result- 
ing inequality will subfiifit in the same sense. Thus, if 

a>b, 

and ^ = ^9 

then « ± « > J ± y« 

242. If an inequality be subtracted from an equation^ mem- 
ber from member f the sign of inequality vnll be reversed. 

For, suppose a: = y^ 

and « > S ; 

then oj — a— (y — i) = J — a, 

and i — a is negative; 

Z'-a^y-^b. 

243. If both members of an inequality be multiplied cr di- 
vided by the same positive quantity ^ the resulting inequality will 
subsist in the same sense. 

For, suppose in to be positive, and 

a>b\ 

then, since a — J is positive, w (a — J) and — - (a — 5) are pos- 

m 

itive; 

maymb and — > — 

m m 

244* If both members of an inequality be multiplied or di- 
vided by the same negative quantity, the resulting inequality will 
subsist in a contrary sense. 

!bor, suppose i7t to be negative, and 

a>b; 

then, smce a — J is positive, ?» (a — J) and — (a — J) are neg- 
ative; 

,•• ma<imi and — < — 

mm 
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Gob. — If the signs of aJl the terms of an inequality be changed, 
the sign of inequality must be reversed. For changing the signs 
of all the terms is equivalent to multiplying each member by — 1. 

245. If two or more inequalities subsisting in the same sense 
he added, member to member^ the resulting inequality will subsist 
in the sams sense as the given inequalities. 

For, if a>by a'>b'y and a">r, 

then a — 5, a' — b\ and a" — 5" are positive ; therefore, 

a - } + a' - J' + a" _ V\ or a + a' + a" - (J + J' + V'\ 

is positive ; 

a + a' + a" > J + y + J". 

ScH. — If one inequality be subtracted from another subsisting 
in the same sense, the result will not always be an inequality sub- 
sisting in the same sense as the given inequalities, or an inequality 
at all. 

Take the two inequalities 

and 2 < 3. 

By subtraction, 2 < 4. 

Here the result is an inequality subsisting in the same sense 
as the given inequalities. 

But take 9 < 10, 

and 6 < 8. 

By subtraction, 3 > 2. 

Here the result is an inequality subsisting in a sense contrary 
to that of the given inequalities. 

Again, take 9 < 10, 

and 6< 7. 

By subtraction, 3 = 3« 

Here the i*esult is an equation. 
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246. The Solution of an inequality consists in trans- 
forming it in such a manner that Uie unknown quantity may 
stand alone as one of its members. The other member will then 
denote one limit of the unknown quantity. 

Solye the following inequalities : 

rr 2a; ^ 3a; . 9 

Multiplying both members by 20, 

10a; + 8a; > 15a; + 46 ; 
transposing and reducing, 



whence, 

2. 5a;>^+U. 
2x 2x 2x 

^' "5"""T>T"^- 

^ 8 "^4^ 6 "^ 12' 

247. If there be giyen an inequaUty and an equation, inyolv- 
ing two unknown quantities, a limit of each unknown quantity 
may be found by elimination. 



BXAMPI,ES. 

1. Find a limit for x and y in the following groups: 

j2a; + 53^>16 . . . (1), 
(2a; + y = 12 . . . (2). 

Subtracting (2) from (1), 

4y>4; 

whence, y > !• 

10 



3a;>45; 




a;>15. 






Ans. a; > 4, 




Ans, a;<3. 




Ans. X < 14. 
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If we substitute 1 for y in (2), the first member will be made 
less than the second; hence. 



whence, 



2a? + l<12; 



2x + ^ 



>30) 

.=3ir 

(9a; + 2y = 46) 

(7a;-10y<69) 
lix+ 6y = 68) 

(52; + 3y>121) 

(7a;4-4v = 168f 



6. . 



+ 4y 

a;— 4 y— 10 
~8 6~" 



3a?— 24 , a?— y_.,o 
~4~ + ^"-^^ 



>1 



-47M. a: < 8, y > 3^ 



Ans. a: < 4f^, y > 2f^. 



Ans. a? < 13, y > 3^. 



Ans. a? < 20, y > ?. 



248. 
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CHAPTER X. 
INVOLUTION AND EVOLUTION. 



INVOLUTION. 



249* A JPower of a quantity is the product of factors each 
of which is equal to that quantity. A quantity is said to be raised 
or involved when any power of it is found. 

250. Involution is the process of raising a given quantity 
to any required power. 

251. The Base or Root of a power is one of the equal 
factors of the power, and the Degree of a power is equal to the 
number of times the base is used as a factor to produce the power. 
Thus, a^ is the third power or cube of a, and a is the base of a\ 

252. The Exponent of the Power is the exponent 
which indicates the power to which the given quantity is to 
be raised. 

253. A Perfect Power of the n^ degree is a quantity 
which can be resolved into n equal factors. Thus, a^ -- 2aJ + V 
is a perfect power of the second degree. 

254. An Imperfect Power of the n^ degree is a quan- 
tity which cannot be resolved into n equal factors. Thus, a^ — V 
is an imperfect power. 

A quantity may be a perfect power of one degree, but an im- 
perfect power of another degree. Thus, a^ — %db -f S^ is a perfect 
power of the second degree, but an imperfect power of the third 
degree. 
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266. The Sign of the JPower.— Any power of a posi- 
tive quantity is positive; for, when all the factors are positive, the 
product is positive. If the quantity to be involved is negative, 
the even powers will be positive, and the odd powers will be neg- 
ative. 

For, ( — a) (— a) = fl^ (— a) (— a) (— a) =ia^ (— «)= —a*, 
( — a) (—a) {—a) (— a) = — a* (— a) = a*, and so on. 

256. The n** Power of a ProdticU— It follows, from 
Art. 249, that (ai)"=aJ xabxdb . . .ton factors=a x a x a . . . 
to n fEjctors xix&xS... to n factors = a"ft". In like manner, 
{fAcY = a"J"c*, and {ale . . . i)» = fl^J"c* . . . h\ 

.". The n^ power of the product of any number of factors is 
equal to the product of the n^^potvers of those factors 

Again, (a*)' z^a"" x a''^: a"''^ = a*», 

(a*)' = a* x a* x a* = a""*^"''* = cfi*, 
(flT)" = a^, 

. •. If the n^ power of a quantity be raised to the m^ power, 
the result will be the mn^ power of tliat quantity. 

267. TJie Coefficient of the -PoM^er.— Since (5a)» = 
5a X 6a X 5fl = zficfi = 125a«, and (5a)* = 5"a*, it follows that 

The coefficient of the n* power of a quantity is the »* power 
of the coefficient of that quantity. 

258. To find any power of a monomial. 

RULE. 

Raise the numerical coefficient to the required power^ and write 
after the result all the letters of the given wjonomial, giving to each 
an exponent equal to the product of its original exponent by the 
exponent of the power. 

EXAMPLES. 

1. Find the 3d power of 2a2J«c. Ans. 8a«J"A 

2. Find the 6th power of the 5tb power of a%cl 

Ans. a^J%^. 
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8, Find the 5th power of — abjf. AnB. ^cfilM^. 

4 Find the 4th power of — aWcd^. Ana. a^b^c^cP. 

6. Find the 5th power of da^. Ans. 243a«te^. 

6. Find the 7th power of a^Vc (— a^t^). 

Ans. — ai*J«cV*y«5;» 

7. Find the 3d power of (— aW) (— a^i^c). Ans. a^W& 

8. Find the 5th power of (— of (— J)« (— c)*. 

Ans. —a^b^cP^. 

9. Find the m^ power of — aWc^ when m is an even positive 
integer. Ans. a^V^c^. 

10. Find the m^ power of — {ahcf when m is a positive in- 
teger. Ans. ± (t^l^d^. 

259. To find any power of a polynomial. 

Find the product of as many f actor s^ each of which is equal 
to the given polynomial, as there are units in the eosponent of the 
required power. 

II,ZU8TBJiTIONS. 

a + J a +J a +b 



a^+ab a^-^2aH+ aV a*+3fl»J+3a»i2+aS» 

+ab + V +a^b +2ay+y + a^b+^aW+^aV+¥ 

a^+%ab+V^, a^+3a2J+3a*2+&8, a*+4a8J+6a«J8+4a*3+J*. 

(a + J)^ = a^ + 2aJ + 5«, 

(a + by = a» 4- 3a2& + 3aJ2 + J», 

(a + J)* = a* + 4a^J + 6a»J» + 4aJ» + »*• 

In like manner it may be shown that 

(fl - 6)8 = a« - 2aJ + i^, 

(a — bf = a» — 3a26 + 3ai« — J», 

(a - J)* = a* — 4a«i + 6a2J« - 4aJ» + W 
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Cob. 1. — Since (or) = (tf") (256), we may reach the same 
result by diflferent processes of involution. For example, we may 
find the sixth power of a + S by repeated multiplication by a-fS; 
or we may first find the cube of a + b, and then square the re- 
sult ; or we may first find the square o{ a + b, and then cube the 
result. 

The work may sometimes be abridged by using the principle 
expressed by the equation a"*a"=flr''^. Thus, we may find the 
fifth power o{ a + b by multiplying the cube of a + S by the 
square of a + S. 

Gob. 2. — It may be shown by actual multiplication, that 
{a+b+cyz=a^+2a{b+c) + b^+2bc+(^y and 
{a+b+c+d)^=za^+2a{b'{-c+d)+l^+2b{c+d)+(^+2cd+^. 

Hence, we may infer that 

The square of any polynomial is equal to the sum of the 
squares of its terms, together with twice the sum of the products 
obtained by multiplying each term by the sum of aU the terms 
which follow it. 

1. Find the square of (a — S + c). 

Ans. a^ + i^ + (?^2ab + 2ac^2be. 

2. Find the square of 1 + a; + a^ + a:*. 

Ans. l + 2x + dQ^ + ^ + 3a!^ + 2afi + afi. 

3. Find (1 — 2a; + 3a?Y. 

Ans. 1 — 4a; + lOa^ — 12a;* + 9x*. 

4. Find (a + J — c)«. 

Ans. ««+*■— c»+3a2(5—c)+3*2(a—c)+3c8(a+ft)—6fl&j; 

6. Find (1 + 2a; + a>^y. 

Ans. 1 + 6a; + 15a:^ + 20a;* + 16a;* + 6afi + sfl. 

6. Find (a + S)«. 

Ans. a^+6a»J4-15a*8a4-20a»5«+15a3^+6aJ»+i». 
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260. To find any power of a firaction. 

(a\"__ a a a , -.^ _ a x a x a . . . to n factors _ ^ 
b) "^ b b b ~'bxbxb...ton fectors "" 6*' 

Hence, 

Tlie n^ power of a fraction is a fraction whose numerator is, 
the ny*' power of the given numerator^ and whose denominator is 
the n^ potoer of the given denominator. 

. tt: a (a^^(^>? , a^V<? 



3. Find i^^^^- ^ns. 



aW^ 

a^+2ab-\-b^ 
a^—%ab+1^ 



4d8W • ^^*' 2bQd^z^ 



4. Find (; 

6. Show that ( g^j ) + i ^^ i= J*. 

EVOLUTION. 

261* Let n be any positive integer ; then 

Tfie n'* Hoot of any given quantity is a quantity the n^ 
power of which is equal to the given quantity. 

362. Evolution, or The Extraction of Hoots, is 

the process of finding any root of a giyen quantity. Evolution is 
the converse of involution. 

263. The Sign of the Moot. — If the index of the root 
to be extracted be an odd number, the sign of the root will be the 

same as the sign of the given quantity (266). Thus, Va' = (h 
and V— «•== — «• 
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If the index of the root to be extracted be an even number, 
and the given quantity be positive, the root may be either positive 

or negative. Thus, V^ = ± a. 

264. If the index of the root to be extracted be an even num- 
ber, and the given quantity be negative, the root cannot be ex- 
tracted ; because no quantity raised to an even power can produce 
a negative result (255). The indicated even root of a negative 

quantity is called an Imaginary Quantity. Thus, V— 9, 

V— «^, and V— (a + hf are imaginary quantities. 

265. To find any root of a monomial , 

(3^J-)" = S'flT'i'^ (258); 



V3V»^ = ^a^lr (261). 

RULE. 

Extract the required root of the numerical coefficient, and tarite 
after the result all the letters of the given monomialy giving to each 
an exponent equal to the quotient obtained by dividing its original 
exponent by the index of the root. 

ISXAMPZBS. 

1. Find VS^WL Ans. WV^c. 

2. Find V^»Wc« Ans. ± d^V^c^. 

3. Find V— fl***a^- ^^^' —«*«"• 

4. Find Vc^b^^. Ans, ± aWcd». 

5. Find Va^^'^**, v^hen m is an even positive integer. 

Ans. ± a^'^A 

6. Find V- a^b^c^. 

266. To find the square root of a poljmoniiaL 

Since the square root of a^ + 2ab + l^ is a + S, we may be 
led to a general rule for the extraction of the square root of a 
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polynomial by observing in what manner a + b may be deriyed 
from cfi + 2ab + P. 

a^ + 2ah + V a+i 






Arrange the terms according to the descending powers of a; 
then the square root of the first term, a', is a, which is the first 
term of the required root Subtracting its square, that is, a*, 
from the given polynomial, we obtain the remainder 2ah + V, 
Dividing 2ah by ^, we obtain J, which is the second term of the 
root Multiplying 2a + J by J, and subtracting the product from 
the first ^mainder, we obtain for the second remainder ; hence 
a + b \% the required root. 

When the root contains three or more terms, it may be found 
by a similar process. Thus, 

a^ + 'itdb + V + 2{a + h)c-\'<? a + i + c 

2a + d 2ad + ^ 
2ab + V^ 



%{a + h)+c 2(a + i)c + c» 

2(a + ft)g + c» 



The first term of the required root is a. Subtracting c? from 
the given polynomial, we obtain the remainder 2aJ+^+2(a+ J)c 
+ A Dividing the first term of this remainder by 2a, we obtain 
the second term of the root Multiplying 2a + J by J, and sub- 
tracting the product from the first remainder, we obtain the sec- 
ond remainder, 2 (a + J) c + A Dividing the first term of the 
second remainder by 2a, we obtain the third term of the root 
Multiplying 2 (a + J) + e? by <?, and subtracting the product from 
the second remainder, we obtain for the third remainder; hence 
a^b + c is the required root. 

We call %a ibe partial dirisor, 2a + b the first complete divi^ 
0or, and Z{a + i)+c the second c&mplde diTisor. 
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RULE. 

L Arrange the given polynomial according to the powers of 
one of its letters. 

II. Extract the square root of the first term ; the result will he 
the first term of the required root Subtract the square of this 
term from, the given polynomial. 

III. Divide tlie first term of the remainder by twice the first 
term of the root, and annex the result to the first term of the root 
and also to the divisor ; then multiply the divisor thus completed 
by the second term of the root, and subtract the product from the 
first remainder. 

IV. Take twice the sum of the first and second terms of the 
root for a second divisor. Divide the first term of the second re- 
mainder by the first term of the second divisor y and annex the re* 
suit to the part of the root aiready found and also to the second 
divisor; then multiply the divisor thus completed by the third 
term of the root, and subtract the product from the second re- 
mainder. 

V. If the required root contains additional terms, proceed in 
like manner until all the terms are found. 

CoE. 1. — If the first term of the arranged polynomial is not a 
perfect square, or if the first term of any arranged remainder is 
not divisible by twice the first term of the root, the exact square 
root cannot be found. 

CoR. 2. — All even roots admit of the double sign (263); 
hence the square root of a^ + 2ab + 5^ is — (a + J), as well as 
a + b. In fact, the first term in the root, which we found by 
extracting the square root of a^, might have been — a ; and by 
using this we should have obtained — b for the second term of 
the root 

EXAMPZBS 

I^nd the square root of each of the following expressions: 

1. 4aj* — 12a? + 5a:» + 6a; + 1. Ans. ± {2x^ — 3a; — 1). 

2. 1 + 4a; + 10a;' + 12a;5 + 9a;*. Ans. ± (1 + 2a; + So?), 
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3. 9a:* + 12a? + 22a:« + 12a? + 9. Ans, ± {dofl + 2x + 3). 

4. 9a^ + 12a* + 4 J« + eac + Uc + A 

Ans. ± (3a + 2J + c), 

5. 4a* — 12a« + 25a2 — 24a + 16. Ans. ± {2a^— da + 4). 

6. 16a:* — Waba^ + IGi^a?^ + ^aW — 8aJ« + 4**. 

7. a:« — 4a:5 + x^jA _ 20a:3 + 25ar» — 24a: + 16. 

8. 81a:* — 432a;8 + ^^^ _ ^gs^. + 256. 

Q. ^« — *^4 — ft ^//2 J- W\ (n __ *\2 _L 9. ^/»4 i A4 



f. «la:» — 4355a;« + «64a?* — 768a: + 256. 

I. (o - J)4 - 2 (a2 + 52) (a - J)2 + 2 (a* + J*). 

^. «* + ** + c* + rf* - 2a2 (J2 + d2)-2S2(c2-d2) + 2c2(a2-(i2) 

367. When a Trinomial is a Perfect Square.— 

Since (a ± by = a* ± 2a5 + J^^ it follows that a trinomial is a 
perfect square, if two of its terms are squares, and the other term 
is twice the product of the square roots of these two. 

When a trinomial is a perfect square, its square root may be 
found by extracting the square root of each of the square terms 
and connecting the results by the sign of the other term. 



EXAMPLES, 

1. Extract the square root of 4a:2 _ i2a:y + 9^^. 

This is a perfect square, because ^ and 9^^ a,].^ squares, and 
12ary is equal to twice the product of the square roots of these 
terms. The square root of Aa^ is 2a:, and the square root of 9y* is 
3y. Connecting these results by the sign of the term 12a:y, we 
obtain 2a: — 3y, or 3y — 2a:. 

2. Extract the square root of x^ + %xy + 9y\ 

Ans. ±(x + 3y). 

3. Extract the square root of 9a2 + 25J2 — 30aJ. 

Ans. ± (3a — 55). 

4. Extract the square root of 9a^ — 12a5 + 165*. 

268. An expression which, in its simplest form, is a bino^ 
mial, cannot be a perfect square. For the square of a monomial is 
a monomial, and the square of any polynomial contains at least 
three terms. 
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269. To find the square root of a number. 

Peinciples. — 1. Hie square of a number consisting of tens 
and units is equal to the sum of the squares of the tens and the 
units increased by twice their product. Thus, 

783 = (70 + 8)« = 702 + 2 X 70 X 8 + 8« = 6084 

2. The square of a number expressed by a single figure con^ 
tains no figure of a higher order than tens. 

For 9 is the largest number which can be expressed by a single 
figure, and 9^ = 81. 

3. Tlie square of tens contains no significant figure of a lower 
order than hundreds, nor of a higher order than thousands. 

Thus, 102 = 100, and 90^ = 8100. 

4. The square of a number contains twice as many figures as 
the number, or tioice as many less one. Thus, 

12= 1, 102= 100, 

92= 81, 1002= 10000, 

992 = 9801, 10002 = 1000000. 

Hence, 

5. If a number be separated into periods of two figures each, 
beginning at unit^ place, the number of periods will be equal to 
the number of figures in the square root of that number. Thus, 
there are two figures in the square root of 43,56. 

1. Let it be required to extract the square root of 4356. 

Let a represent the . 

value of the first figure 43,56(60+6=66 

of the root, and b that a2=36 00 

of the second figure. 2a+i=l20+6=126)756 

Since 56 cannot be a 2aJ + J2--7 55 

part of the square of the 

tens (Prii^. 3), a must be the greatest multiple of ten whoso 

square is less than 4300 ; this is found to be 60. Subtracting a\ 
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that is, 3600, from the given number, we find the remainder to be 
756. This remainder consists of twice the product of the tens by 
the iinitSy and the square of the units (Pbik. 1). But, since the 
product of tens by units cannot be of a lower order thsm tens^ the 
last figure, 6, cannot be a part of twice the product of the tens by 
the units; this double product milst therefore be found in the 
part 750, • 

Now, if we double the tens and divide 750 by the result, the 
quotient, 6, will be the units' figure of the root, or a figure greater 
than the units' figure. This quotient figure cannot be too small, 
for the part 750 is at least equal to twice the product of the tens 
by the units ; but it may be too large, for 750, besides the double 
product of the tens by the units, may contain tens arising from 
the square of the units (Pkin. 2). 

To ascertaii^ if the quotient, 6, is correct, we add it to 120 and 
multiply the sum by 6. Subtracting the product from 756, we 
find the remainder to be ; hence 66 is the required square root. 

2. If the square root contains more than two figures, it may be 
found by a similar process, iad in the following example, where it 
will be seen that the partial divisor at each step is obtained by 
doubling that part of the root already found. The letters show 
how the different steps correspond to those of the algeb^mc process 

in Art 266. 

a h c 

18,66,24(400 + 30+2=432 

flg=1 6 00 00 
2o+5=:800+30=830)26624=2aJ + ^+2ac+2Jc+c» 

24900 =2gft+y 
2(fl + J)+c=800 + 60 + 2=862)1724=2ac+2Je?+c« 

1724= 2a(^+2fe+(!^ 

For the Balre of brevity, tiie ciphers 6n the right are nstially 
omitted; thu^ 

43,56(66 18,66,24(432 

36 16 

126)756 83)266 

756 249 

862)1724 
1724 
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RULE. 



L Separate the given number into periods of two figxires each^ 
beginning at the units? place. 

II. Find the greatest number whose square is contained in the 
period on the left; this tvill be the first figure in the root. Sub- 
Iract the square of this figure from the period on the left, and to 
the remainder annex the 9iext period to form a dividend. 

ILL Divide this dividend, omitting the figure on the right, by 
double the part of the root already found, and annex the quotient 
to that part, and also to the divisor; then multi2?ly the divis&r 
thus completed by the figure of the root last obtained^ and subtract 
the product from the dividend. 

IV. If there are more periods to be brought down, continue tJie 
operation in the same maimer as before. 

BXAMBLBB, 

Find the square root of each of the following nnmbers: 

1. 177241. Ans. 421. 

2. 4334724. Ans. 2082. 

3. 14356521. Ans. 3789. 

4. 17.338896. Ans. 4164. 

5. 2.5. Ans. 1.5811 +. 

270. To find the cube root of a pol3momial. 

(a+J+c)8=a»+3a2J + 3aJ3+S8+3(a + &)2c+3(a+J)c»+A 
Let us now find the root a + b + c from its cube. 



cfi+da^b + dae^+b^+3{a+byc+d{a+b)^+(fi 

M+Zab+lfl 3a2^+3a^+^ 

3a2*+3a^+S3 



a+b 

+ 



Z{a+bY+3(a+b)c+<? 3{a + bYc+Z(a + b)t^+<? 

Z{a+bfc+Z{a+b)(?-\'<fi 
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The first term of the root is obtained by extracting the cube 
root of €?. Subtracting cfi from the given polynomial^ and diyiding 
the first term of the remainder by Za\ we obtain the second term 
of the root Multiplying Sa^ + Zcib + S^ by 5, and subtracting the 
product &om the first remainder^ we obtain the second remainder. 
Dividing the first term of the second remainder by ^a\ we obtain 
the third term of the root Multiplying 3(a+J)3+3(o+5)c+c2 
by Cy and subtracting the product from the second remainder, we 
obtain for the remainder. 

BIJLE. 

I. Arrange flie given polynomial according to the powers of 
one of its letters; then the cube root of the first term will be the 
first term of the root Subtract the cube of the first term of the 
root from the given polynomial. 

n. Divide the first term of the remainder by the partial divv- 
sory which is three times the square of the first term of the root ; 
the quotient will be the second term of the root 

ni. To the partial divisor add three times the product of the 
first and second terms of the rooty also the square of the second 
term; the result will be the first complete divisor, 

rV. Multiply the complete divisor by the second term of the 
rooty and subtract the product from the first remainder. 

V. Divide the first term of the second remainder by the par^ 
tial divisor y which is three times the square of the first term of the 
root ; the quotient will be the third term of the root 

VI. To three times the square of the sum of the first and sec" 
ond terms of the rooty add three times the product of the sum of 
the first and second terms by the third, also the square of the third 
term ; the result will be the second complete divisor, 

Vn. Multiply the second complete divisor by the third term of 
the rooty and subtract the product from the second remainder, 

Vin. If the required root contains additional termsy proceed 
in like manner until all tlie terms are found. 



1 
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Gob. — ^We may dispense with the complete divifior, i^ alter 
each time that we find a new term of the root, we Bubtract the 
cube of the sum of the terms already found from the giyen poly- 
nomial 
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Find the Cube root of each of the following ezpressionB : 

1, a^ + 6x^y + 12xy^ + 8y«. Ans. x + %y. 

% Q^ + 12a^ + 48a: + 64. Ans. x + L 

3. cfl — 9fl3 + 27a — 27. Ans. a — 3. 

4 8fl« — 3Qa^ + 54aS3 _ 27*«. Ans. 2a — 3b. 

6. cfi + 6cfi^ 402:* + 96* — 64. Ans. ai* + !to — 4 

6. a* + 6a« + 15a* + 20a» + 15a» + 6a + 1. 

Ans. a^ + 2a + 1. 

7. «• — 12a^ + 54a:* — 112a:» + lOSa;^ — 48a? + 8. 

Ans. a:^ — 4a; + 2. 

8. a« — da^b + Qa^b^ — 7cfili^ + 6a^ — 3a5» + **• 

Ans. a^--ab + V. 

9. a» — *« + c» — 3 (a2J — a3(J — aJ8 — ac^-^ Vc + *c»)— 6afc. 

Ans. a — ft + c. 

10. 1 — 6a; + 21a;^ — 56«» + Ilia:* — 174a;« + 219a;* — 204a;'+ 
144a;8 _ 64a;». Ans. 1 — 22; + 3a? — 4aJ». 

11. 8a;« + 48cai« + 60c?a;* — 80c^ — SOrti? + 108c»^- — 27A 

Ans. 2a;^ + 4ca; — 3<?. 

IS. ai* - 3a< + 6a;» - 10a?+ 12a;*- 12«*+ 10a?- ea?+ 3a; — L 

Ans. a? — a? + a; — 1. 

13. a? + 6a? — 64a? — 96a« + 192a? + 612a? — 768a; — 512. 

Am. a? + 2a? — 4a; — a 

14. 8a» — 12a* + 36a%c + 6««i> — 36a«Wc— a*»+64fliV + 
Oa^i^c — 27a£><? + 27M^. Ans. fUk^ub^SU 
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271. To find the onbe root Of & ntimber. 

Pbinciples.-^1. The cube of a number contains three times 
as many figures as the number^ or three times as many less one or 
two. Thus, 

1»=: 1, 108= 1000, 

38= 27, 1008= 1000000, 

98= 729, 10008= 1000000000, 

998 _ 907299, 100008 = 1000000000000. 

Hence, 

2. If a number be separated into periods of three figures each, 
beginning at units^ place, the number of periods will be equal to 
the number of figures in the cube root of that number. Thus, 
there ate two figures in the cube root of 405,224. 

1. Let it be required to extract the cube root of 405224. 

a b 

405,224(70+4=74 

ft8=343 000 
3a2= 702x3= 72x300=14700 
dai=70x4x 3=7x4x30= 840 
^=42 =16 



62224=3a2J + 3aJ2+J8 
62224= {Sa^+dab + V)b 



3a2+3aJ+J2= 15556 

Denote the tens of the root by a, and the units by 5; then, 
since the cube of tens contains no significant figure of a lower 
order than thousands, a must be the greatest multiple of ten 
whose cube is less than 405000 ; that is, a must be 70. Subtract- 
ing the cube of 70 from the given number, we find the reinainder 
to be 62224. Dividing this remainder by 3a», that is, by 14700, 
we obtain 4 for the value of b. Adding 3a£« that is, 840, and ^, 
that is, 16, to 14700, we find the complete divisor to be 15556. 
Multiplying the complete divisor by 4, and subtracting the pro* 
duct from 62224, we find the remainder to be ; hence, 70 + 4, 
that is, 74, is the required cube root 

2. If the cube root contains more than two figures, it may be 
found by a similar process, as in the following example, where it 
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will be seen that the partial divisor at each step is obtained by 
multiplying the sqnare of that part of the root aheady found by 3. 

12,812,904(200 + 30 + 4=234 
8 000 000 



200»x3 


200x30x3 


30»: 


830»x3 


230x4x3 


4? 



120000 
18000 


4812904 
4167000 


900 


645904 


138900 


645904 


168700 

2760 

16 




161476 





The work in the preceding example may be abridged aa 



follows: 



12,812,904(234 
8 



2«x300: 
2x3x30: 

32: 

232x300: 
23x4x30: 

42: 



1200 
180 


4812 
4167 


9 


645904 


1389 


645904 


158700 

2760 

16 




161476 





L Separate the given number into periods of three figures each, 
beginning at the tinits* place. 

II. Find tJie greatest number lohose cube is contained in the 
period on the left; this will be the first figure in the root Sub- 
tract the cube of this figure from the period on the left, and to the 
remainder annex the next period to form a dividend. 

III. Divide the dividend by the partial divisor, which is three 
hundred times the square of the part of the root already found j 
the quotient will be the second figure of the root. 
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rV. To the partial divisor add thirty times the product of the 
first and second figures of the rooty also the square of the second 
figure ; the result will be the complete divisor. 

V. Multiply tJie complete divisor by the second figure of the 
root, and subtract the product from the dividend. 

VI. If there are more periods to be brought down, continue the 
operation in the same manner as before. 

EXAMPIiE8. 

Extract the cube root of each of the following nmnbers : 

1. 9261. Ans. 21. 

2. 15625. Ans. 25. 

3. 12167. Ans. 23. 

4. 32768. Ans. 32. 

5. 103.823. Ans. 4.7. 

6. 884.736. Ans. 9.6. 

7. 12.812904. Ans. 2.34. 

8. 8741816. Ans. 206. 

9. 2.6. Ans. 1.357 +. 
10. .2. Ans. .5848+. 

272. Tlie Higher Boots of Quantities.— When the 

index of the required root contains no prime factor greater than 
3y the root may be found by methods aheady explained. In order 
to show this, it will be necessary to prove the following principle : 

The mn^ root of a quantity is equal to the m^ root of the n^ 
root of that quantity. 



Let y Va = r . . . (1). 

Baising both members of (1) to the m^ power, 

Vtf = r~ . . . (2). 



I 
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Baiaing both members of (2) to the n^ power, 

a = r^ . . . (3). 
Extracting the mn^ root of both members of (3), 

V^ = 7' • . . (4). 
Comparing (1) and (4), 

mil/— •* /« /— 

Thus, Vi6==y/VT6=S V42=2, V6i = {A7w = 'M=2, 
and VS:*=|/v^. 



1. Extract the fourth root of ea^ff^ + a* — 4o«S — 4a J« + J*. 

a*— 4a8J + 6a3J«— 4aJ«+&* o^— 2aJ+J» 

2d^— 2aJ 



— 4a«i + 6a8^ 
— 4a8J + 4a2J2 



o»— 2flJ+J«|a— ft 

£^ ' 

2a^ft 



— 2aft+J« 

— 2flJ + S3 

— Ill » ■ 

We extract the square root of the given polynomial, and thus 
obtain a^ — 2ab + ft'; we then extract the square root of this 
last expression, and find the root to be a ^ ft; this is, therefore, 
the fourth root of the proposed expression. 

2. Extract the fourth root of 81a;* — 432a;« + 864x» — 768ir + 
256. Ans. ± (3a— 4). 
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3. Extract the eiith root of Ga^b + 15tf*J» + o» + 20a«6» + 
15o»J* + fi« + 60^. •""" •'-•'■•> 

4, Extract the eighth root of 3? 
1180a:* — 17923:' + 1793a^ — 1034a; + 



Ana. ± (a + S). 

UxT + 1123* — i^3? + 
i6. Ans. ±(x — 2). 



S73. Roots of Fractions'— The n" root of a fraction ii 
a fraction whose numerator is the n" root of the given numeraior, 
and whose denominator is the n"^ root of the given denominator. 



;/f = |.for(!) 
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CHAPTER XL 
THEORY OF EXPOI^EI>rTS 



275. We have defined a*", where w is a positiye integer, as 
the product of m factors, each equal to a, and we have shown that 



and that 



o« X a** = a^^ 



cC^ 1 

—-z=:(jF-^^ or -;--i 



according as m is greater or less than n. Hitherto an exponent 
has been regarded as a, positive integer; it is, however, found con- 
venient to use exponents which are iwt positive integers, and we 
now proceed to explain the meaning of such exponents. 

276. As fractional exponents and negative exponents have 
not yet been defined, we are at liberty to define them as we please. 
For the sake of uniformity, we shall give such a meaning to them 
as will make the relation 

true, whatever m and n may be. 

277. Mnd the nieanifig of a* 

a*xa* = ai = a(276); 

that is, a' must be such a quantity that if it be squared, the re* 
suit will be a; hence, a* = Vfl* 
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278. Mnd the meaning of a* 

fl* X a* X a* = a»^»'^» = ai = a; 

279. Find the meaning of a*. 

a* X a* X a* X a* = efi; 

t 
280* ^in^ the meaning of a**, ee^Aera n is a positive integer. 

ill i+l+l^. to.tona. 

a** X a" X a** X ... to w factors = a" •* ** =ai=a; 

1 



a" = Va. 



m 



281« -fVwrf the meaning of a^y where m and n are positive 
integers. 

9n tn 9n fn , tn , tn , . . 

a** X a* X a** X .... to w iactors = a** •* •* = a^; 

m 

Hence, the numerator of a positive fractional exponent denotes 
the power to which the quantity is to he raised^ and the denomi- 
nator denotes the root to he extracted. 

282. Mnd the meaning of crK 

a^ X a-^ = a*"2 = a. 
Dividing hoth members of this equation by a^, 

tt ^ :^ — = — . 

a^ a* 

283. Find the meaning of ar*, where n is any positive nmn- 
der, integral or fractional 
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Dividing both members by a*+*, 

^ a 1 

Hence a~** is the reciprocal of a\ 

284. It follows, from the meaning which has been giyen to a 
negative exponent, that — = a*"-" when m is less than w, as weU 
as when m is greater than n. For, suppose m less than n ; then 

385. GEifEKAL Scholium. — It thus appears that it is not 
absolutely necessary to introduce fractional and negative expo- 
nents into Algebra, since they merely supply us with a new nota- 
tion for quantities which we had already the means of represent- 
ing. Thus, 

a* = VS^, a* = VflS, a* = Va^ = a^ 
_3 1 -i 1 1 -111 



a 



a^ V~a «i «' 



If m is a positive integer, the expression a^ is read the m* 
power of a^ ox a m^ power. But if m is not a positive integer, 

a^ should be read a exponent m. Thus, a* is read a exponent 
two-thirds, not **' a two-thirds power/' for there is no such power. 

i i 1 

286. To show that a"" x b"" = {ab)\ 

Let 

11 / 1 i\** / 1\" / lY 

« = a** X ***; then x* = [a"" x J"/ = W) x V*"; . 

But (aV x\bV =a&(280); 

x^ = ab; 

whence, x = {ab)^. 
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111 It i 

Cor. a** X J** X C* := (ab)* x e^ = (aic)'*. In like manner 
it may be shown that 

ill 1 1 

a« X ^^ X c" X . . . . i** = {abc .... i)**. 

Suppose now tbat there are m of these quantities a,b,c.,,k, 
and that each of them is equal to a; then the last equation be- 
comes 

But (a*")^ = a« (281) ; 



^^n^ = a" That is, 



J7i« m^ power of the n^ root of a is equivalent to the vf^ root 
of the wP^ power of a. 



1 



«87. To show that ^ = (|)*. 



Let X 



= ^; then «"= /^\" = | (280-260); 



i 

/a\» 
whence, a; = U I . 



1 



288. To show that (a"j = a»»». 

/ l^n 1 

Let a; = \a"/ ; then af^ = a^; therefore Q^=za; 
whence, x = a^^. 

289. To show that a''=za'^. 

Let a?=:a»; then 0^ = 0*"} and af*9:=za^\ 

mp 

whaice, rrrsa"^. 
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290* BXAMBjsBa. 

1. Simplify (a?* x x^y^. Am. x^. 

2. Find the product of a* a~* a"*, and a ». 

Arts. «"•*. 

3. Find the product of (f ) , (^) , and (^^) . 



(te)*' 



4. Multiply a^ + J^ + a ^J by ah ^ — a^ + l^. 

Ans. ah"^ + ah^ + a'h^. 

5. Multiply x^ — xy^ + x^y — y * by x + x^y* + y. 

Ans. Q^ + ^y — xy^ — y* 

6. Multiply a* — a» + a* — a^ + a* — a + a*— 1 by a^+1 

-4w5. a* — 1. 

7. Multiply a^ — fli + 1 — a"i + a^ by a^ + 1 + a"^^. 

-4/w. a + o* — 1 + a""* + crl 

8. Divide a* — a:y * + x^y — y » by a;* — y * 

^n^. :r •^- y. 

9. Divide a;* + a;»a» + a"' by a;» + a:»a» + a* 

Ans. x^ — ic'a' + a* 

8» _8n m __n 

10. Divide a * — a • by a« — a •. u4n5* a* + 1 4 cr*. 

11. Divide a* — a*i + a** — 2a^J»+ ft* by a* — aJ* + 
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12. Simplify 



a* — a^ + (fix — a;* 



a* — ch^ + 3a*a? — 3aa;* + (^x^ — a;* 

a + a; 



An8. 



a^ + 3aa; + a^* 



8 a 

13. Extract the square root of ^ + ^ + ^^ ""^ . 

a:* 2^/* 

14. Extract the square root of 4a — 12a* J» + 9 J* + 16a^c^ 
— 24J*ci + 16 A Ans. 2a* — 3J* + 4lA 

a 

- 1 = a* ; and if a = 2bf show 
that J = 2. 



891. 



SYNOPSIS FOR REVIEW. 

Basis of theory (276). 

Meaning of a*, a*, a\ 

1 « 
Meaning of a^, a*. 



CHAPTER XI. 

THEOBT OF EXPOHENTS. 



Meaning of a""', a~*. 

General Scholiufn. 

L L * 

I^iow that (»« X 6« = (a&)«. 

i8ft<?w that -Y = UV 

On 

Show that („i)h_^^ 
^ Show that a* = a^. 



OHAPTEE XIL 
EADICAL QUANTITIES 



DEFINITIONS. 

292. A Simple Radical QuantUy is an expression 
of the form of a V*, or aJ«. Thus, 2\/9, 3V§, iV^, and 
[(0 + hY]^c are simple radioed quantities. 

293. The Radical Factor is the indicated root, and the 
Coefficient of the radical factor is the quantity affixed to the 

radical sign. Thus, in the expression 2 V^9 the radical factor is 

V^ and 2 is its coefficient; and in the expression [(a + VfYc^ 

the radical factor is [(a + S)^] and c is its coefficient 

If the coefficient of a radical factor is 1, it is usually omitted. 

Thus, \/3 is equivalent to 1 VS. 

294. The Degree of a simple radical quantity is denoted 
hy the index of the radical sign, or by the denominator of the 

fractional exponent. Thus, h Va and a (J + c)* are of the 

second degree ; i \/a and a{i + c)^ are of the third degree ; 

h\/a and a{h + c)^ are of the fourth degree ; and so on. 

295« Two or more simple radioal quantities are said to be 
Similar if their radical factors are identicaL Thus, 2 V3 and 
4 V3 are similar. 

296. A simple radical quantity is said to be in its Simplest 
Form, when the quantity under the radical sign is entire and 
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does not contain a factor which is a perfect power corresponding 

to the degree of the indicated root. Thus, 3\/5 is in its simplest 
form. 

297. A Rational Quantity is one which may be ex- 
actly expressed without using the radical sign or a fractional ex- 
ponent. Thus, by — 3y 4?y and a + d are rational. 

Any rational quimtity may be expreaeed under the form of a 

radical quantity. Thus, 5 = V25, — 3 = — a/9, 42=^4*, and 

398. An Irrational Quantity is one which cannot be 
exactly expressed without using the radical sign or a frtetional 

exponent Thus, 3^/8, 2V9, aad 5V3 are irrationaL 

Irrational quantities are sometimes called surd quantitieSf or 
simply 8ur(h. 

REDUCTION OF SIMPLE RADICAL QUANTITIES. 

299. Tfie Reduction of radical quantities consists in 
changing their forms without altering their values. 

300. To reduce a rational quantity to a radical 
quantity of the n* degree. 

3 = a/9 = V57 = Vsl = V3^; 



//f» 



a = A/a^ = Va^ = Va*' = Va"; 



and a + flp z^ V(» + ^Y = V(« + a^)*- 

BULE. 

Raise the given quantity to the n^ power and indicate the n^ 
root of the result. 

EXAM1PJLE8. 

1. Beduce %a^ to a radical quantity of the third degree. 

Ans. VSo*. 
% Beduce a + a; to a radical quantity of the fifth degree. 

Ans, V(^ + *)*^« 
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3. Bedace - to a radical quantity of the sixth degree. 

4. Eeduce — 6a^ to a radical quantity of the third degree. 

Ans. V— 12oa^b\ 

5. Beduce — {x + y) to a radical quantity of the fourth de- 
e^' Am. — \/{x 4- yy. 

6. Beduce (a — i)^ to a radical quantity of the w^ degree. 

301. To introduce the coefficient of the radical 
fitctor Tinder the radical sign. 

4a/2 = vie X V2 (297) = V32 (286); 

a; V^a"--^ = V^ X V^^ — a^ = V^aa;^ — a:*. 

Hence, denoting the degree of the radical quantity by n^ we 
have the following 

B ULE. 

Multiply the quantity under the radical sign by the n^ power 
of the coefficient and indicate the n^ root of the product. 

CoR. — In a similar manner any factor of the coeflScient may 
be placed under the radical sign. Thus, 3x2 Vs = 3 V20. 

BXJLMJPJLHa. 

Introduce the coefficient of the radical factor, in each of the 
following expressions, under the radical sign : 

1. 6 a/6. Ans. ViSO. 

2. 3Va Ans. V^43. 



»■ ^ ■ 
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3. {a + b) Va + b. Am. \/{a + bf. 

4 ay -. Aii8. ^/ab. 

^ a 



«-('»-*)l/^iiWTi- ^«..V5^. 



7. 5aVft^ -4iw. V^5»a«ic. 



8. 5a; V255=« Ans. V5'*+V^2. 

9. 8a? (a: — y)* ul«M. (27a^ — 27afy)* 

1 
10. a? (^ - J + -)" J/25, (x— ^ — ar«-» + a«x»-«)i. 

302. To remove a &ctor from under the radical 
sign to the coefficient. 

The reduction is performed by reversing the process of 
Art. 301. 

Thus, 2V8 = 2\/4 X V2 = 2 x2V2, and av^=s 

Hence, denoting the degree of the radical quantity by n, we 
have the following 

B ULE. 

Divide the quantity under the radical sign by the factor to be 
remolded; and to the indicated n^ root of the quotient prefix, as a 
coefficient, the product of the given coefficient and the n^ root of 
the factor to be removed. 

1. Beduce \/20 to such a form that the factor 4 shall not 
oocnr under the radical sign. ^i^^. 2 V5. 
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2. Beduce V^ to such a form that tbe £a<^tor 8 shall not 
occur under the radical sign. j^fig^ 2 V3. 

3. Eednce 3 V^ to such a form that the factor 25 shall not 
occur under the radical sign. j^^ig^ 15 y^^ 

4. Beduce (a — b) V(a + b)^c to such a form that the factor 
(a + by shall not occur under the radical sign. 

Ans. {a^ — J^ Vc. 

5. Beduce a{b -{- c) V^c to such a form that the factor 6» 
shall not occur under the radical sign. 

303* To reduce the indicated root of a fraction to 
an equivalent expression in which the quantity under 
the zadical sign shall be entire. 

t/2 = -l/lTe = 4/i X V6 (386) = I V6 ; 

Hence, denoting the degree of the radical quantity by n, we 
have the following 

RULES. 

I. If the fraction under the radical sign has a denominator 
which is a perfect n'* power ^ prefix to the indicated n^ root qfilie 
numerator the reciprocal of the n^ root of the denominator, 

IL If the fraction under the radical sign has a denominator 
which is not a perfect n^ power, multiply or divide both of its 



terms by such a quantity as will reduce it to one whose denomina- 
tor ifi a perfect vf^ power ; tlien substiiute this frstction for the 
ffiven one and proceed as directed in L 

CoE.— K the given radical quantity has a coefficient, the re- 
sult obtained by the rule must be multipiied by it, in order to 
obtain an expression equivalent to the given ojia. Thus, 

EXAUPI,BB. 

Kednce each of ^e following exjHessions to another in Trhich 
the quantity under the radical dgn shall be entire : 

«. ^^/^' Aiu>.\Vm. 

3. a-f/f' Ans. V3. 



4. \V^. Am.^^/lB. 

6. fi/5- An,.\vm. 



/ft _„ 3J M 

^ r^{a-\'X)\ -— — Ans. m V(« -^ ^) ifl + xy-y 

a "f" 3/ 

SM. To roOuoe a simple radioal <]^ianti1y to its 
siznplest £onn. 

JL Be^nce 3 VS to its simplest form. 

The largest perfect square which is a &ctor of 8 is 4. Bemov- 
ing tius &atQr^(W the radical sign to the coeffieieiit, we have 

3a/8 = 6V2 (303)- 
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2. Reduce 5 V^sSa:* to its simplest form. 

The largest perfect cube which is a factor of 48flftc* is Sofeft 
Bemoving this factor from the radical sign to the coeflScient, we 
have 

3/3 

3. Beduce 4 y ^ to its simplest form. 

4j/| = 4|/p = |V2i(303) = | X 2V3 (302) = |VU 

Hence, denoting the degree of the radical quantity by n, wo 
have the following 

B ULE8. 

I. If the quantity under the radical sign is entire, resolve it 
into two factors, one of which is the greatest n^ power contained 
in that quantity; then remove this factor frofni the radical sign 
to the coefficient 

n. If the given radical quantity contains the indicated root of 
a fraction, reduce it to such a form that the quantity under the 
radical sign shall he entire, and proceed with the resuU as directed 
in L 

bxam:pjlb8. 

Beduce each of the following radical quantities to its simplest 
form: 



1. V25a% Ans. 5aVab. 

2. V2W^Ac. Ans. Zc?hc V^^ 

3. A/WZ(fiVc\ Ans. Sa^bVV3ac. 

4. Vl08^. Ans.5aV^. 
6. 6 V««^ + te» Ans. 6z Va+W. 
e. 7V625a*A*c. Ans.ZSabVl 
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9. 



11. 



13 



14. 



18 



2 •^ 7 14 



10. 6y -• -4w«. 2 Vis. 

3 



5 »^ rf W 



^4(a + a;) a + a?^ 



(a + a;) 



15. y^iH!+^. ^«,.JV5(1 + «*)$». 

16. (« + *)V^|^' An8.'/¥^-^. 



17. (a — *) 4/ — ^ , J - Ans, ^ ,„ Vc(in + «). 



305. To reduce a radical quantity of the form ol 
\^ to another of a lower degree. 

A/9 = y^(S7«) =V8; 




V8 = i/^^=V2; 



"i^?^ = a/'*Vcl^ = Vi 
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H«nce, denoting the factors of the index by m and », tre have 
the following 

RULE. 

Extract the n^ root of the quantity under the radical sign, 
and indicate the m^ root of the result. 

1. Beduce ^/^joi^ to a radical quantity of the third degree. 

Ans, \/%a. 

2. Seduce V64a^ to a radical quantity of the second de* 



3. BedHee ^Jl^lM^ to a radical quantity of the second de- 
gree. Am. V^aM. 

4. Beduce V^oa^^c* to a radical quantity of the third degree. 

Ans. "s/babc^. 

5. Beduce \/cfi^ to a radical quantity of the third degree. 

Ans. %/a^c\ 



10 



6. Beduce wc^^ to a radical quantity of the fifth degree. 

Ans. V«^c*. 

306. To reduce a simple radical quantity to another 
of a higher or lower degree. 

Va = a* = a* = a* = a* = a** = V^; 
'^Si^ = a^ = a^ = a* = «* = a* = Vi 



Express the given radical quantity by means of a fractional 
exponent ; then substitute for this exponent any equivalent frac- 
tion having a denominator greater or less than that of the given 
fractional exponent. 
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Cor. 1.— If equal factors be introduced into the index of the 
root and the exponent of the qunntitj under the radical gign^ 
the result will be equal to the given I'adical quantity. Thus^ 

Cor. 2. — Conversely, if equal factors be canceled in the index 
of the root and the exponent of the quantity under the radical 
sign, the result will be equal to the given radical quantity. Thus, 

1. Beduce Vo to a radical quantity of the 12th degree. 

Arts. Vfl*» 

2. iteduce V^ to a radical quantity of the mn^ degree. 

. mil/—— 

Arts. wa\ 

3. Beduce ya — i to a radical quantity of the 20th degree. 

Ans. \^(a — &)^ 

4 Eeduce V(fl + W to a radical quantity of the 10th degree. 

Ans. ^^/\a -f l)K 

\ K y " i ' « III 

5. Beduce \{a — ly^ to a radical quantity of the 3d degree. 

Am. V(» *^ b)\ 

307. To reduce simple radical quantities having 
unequal indices to equivalent ones having equal in- 
dices. 

1. Beduce V» and ^/a to equivalent expressions having 
equAl iodiDea 

and V^=:^* = a*=: Vi^. 

2. Beduce v^a and V^ to ^fu^m^toit JBaspriwiona 'hsmx^ 



eqo^ in£ 
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RULE. 

Express the indicated roots by means of fractional exponents^ 
and reduce the compressions thus obtained to equivalent ones, in 
which the fractional exponents shall have eqtud denominators. 

EXAMPZE8. 

1. Beduce V^ ai^d 3 V3 to equivalent expressions having 
equal indices. ^ns. '\k and 3 'v^27. 

2. Beduce V2, V3, V^ and \/B to equivalent expressions 
having equal indices. j^ns. v^, *V^> V^^* V^^- 

3. Beduce V2, V3, V^> and V7> to equivalent expres- 
sions having equal indices. 

Ans. v^iooe, ''^m, '\^m, '-v^sis. 

4. Beduce 3''^, 2^, and 5> to equivalent expressions having 
equal indices. ^^^ 3^^ ^^^ ^A 

5. Beduce a» and ^ to equivalent expressions having equal 
iiidices. ^;2^. •^^p^ and v^. 

6. Beduce v^, V^> and V^ to equivalent expressions 
having equal indices. 

Ans. *v^5Ji^ *v^y% *v^?^. 



«' n 




7. Beduce VJ/a«, VP, V?, v^, and V e» to equivalent 
expressions having equal indices. ^ 

Ans. Va, V^, Vc, Vd, Va 
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COMBINATIONS OF RADICAL QUANTITIES. 

308. To find the sum of two or more simple radi- 
cal quantities. 

1. Find the sum of 6 V2 and 8 V^. 

6 v^ + 8 V2 = (6 + 8) v^ = U V2. 

2. Find the sum of 2 V^ and 3 Vm. 

2V24 =:2VSx^ = 4V3, 
and 3 Vl92 = 3 V64 x 3 = 12 V3 ; 

2V24 +3V192 =16 Vs. 

3. Find the sum of V^, Vl^, and V^x. 

V^ = 2x Vx, 
and V^= aVa;; 

4 Find the sum of 2 V1O8 and 5 V24. 

2Vl08 = 2V27 x4= eVi, 
and 6V24 rrSVTxl =10V3; 

2Vi08 + 5V2i = 6Vi + ioV3. 

In this example the radical quantities cannot be made similar; 
hence the addition can only be indicated. 

6. Find the sum of 2 V36 and 3 V6. 
8 Ve = 3 V35 (306, Cob. 1). 
.% SV36 + 3v^ = 2V^ + 3V§6==:5V36==5a/6(305). 
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nULES. 

I. If the giwH radieai quantities are similar, prifix the sum 
of the coefficients to the common radical factor, 

II. If the given radical quantities are of the same degree, but 
not similar, reduce them, if possible, to equivalent similar ones by 
the rule of Art. 804, and proceed with the results as directed 
in I. If they cannot be so reduced, indicate tJieir sum. 

III. If the given radical quantities are of different degrees, 
reduce them to equivalent ones of the same degree, and proceed 
with the results as directed in IL 

1. Find the sum of 7 vlS and 2 Vl5. Ans. 13 VTo. 

2. Find the snm of VSOO and V256. Ans. 9 V*. 

3. Find the sum of 4 ^/m and 3 \/WS. Ans. 29 Vi. 

*. Fiad the wm of |/^. f^, and |/J- Ans. V2. 

5. Find the sum of ^y^, ^r -g-? and qY^- 

Ans.-^V6. 

6. Find tlie som cf V^ imd V^ Ans. (a + }) Vi 

7. Mnd the Bum of V33, « V^, and o v^. 

a Find the sum of ^/^P and i/S- 
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9. Find the sum of >/(l + a)-*, Va^ (1 + ay\ and 
a V(l + a) (1 + a)*. -4n5. (a^ + a + 1) Vl +a. 

10. Find the sum of ^Vm^^ and 6 V5a6c«. 

Ans. (Zc + 5c2) V^o^. 

11. Find the sum of V2fla?— 4aa;4-2a and V2aa;'4-4aa;+2a. 

^n^. 2:rV2a* 

12. Fmd the sum of V54a«+«^, Vl6a«-»J«, V^«*^ «nd 

13. Find the sum of a V^ and oy/V^. _ 

14. Find the sumof a(l + -^ and hil + ^) . 



Jtm. LU* + J*)J . 



309. To find the difference of two simple radical 
q-Qantities. 

1. Subtract 6 V2 from 8 V2. 

8V2-6a/2 = (8 — 6)V2==:2V2L 

%. Subtract 2 V24 from 3 Vl92. 

3 VT92 = 3 V64x3 = 12 VS, 
and 2V2i =2V8ir3 = 4V3; 

3Vi9^ — 2V24 = 8V3. 

8. Subtract V«* from v^. 
and V? = irV«; 



• • 



V^— VaJ^s= afV^ 
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4 Sabtiact 2 {/fOS from 5 Vu. 

5V2i =5V8"^ =10V3, 

and 2 VTos = 2 V^? x 4 = eVi; 

5V24 — 2V108 =ioV3 — eVi. 

In this example the radical quantities cannot be made simiLi)*^ 
iience the subtraction can only be indicated. 

5. Subtract 2 VSG from 3 V6. 
3 \/6 = 3 V36 (306, Cor. 1) ; 
... 8a/6 — 2V36 = 3V36-2V36 = V36 = V6(305). 

L 1/ the given radical quantities are similar, subtract the c(h 
efficient of the radical factor in the subtrahend from that of the 
radical factor in the minuend, and prefix the remainder to the 
common radical factor. 

II. If the given radical quantities are of the same degree, but 
not similar, reduce t/iem, if possible, to equivalent similar ones by 
the rule of Art. 304, and proceed with the results as directed in 
I. If they cannot be so reduced, indicate the subtraction. 

III. If the given radical quantities are of different degrees, 
reduce them to equivalent ones of the same degree, and proceed with 
the results as directed in 11. 

1. Subtract V^a from V^a. Ans. 2V^ 

2. Subtract V^ fix)m VT^- Ans. 2 V3. 

3. Subtract 'Vc^ from 3a Vb. Ans. 2a Vb. 

4. Subtract 3 V^ from 6 V^. Ans. 3 VS. 
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6. Subtract (a — x) y^^tf from (a — x) Va* — a?. 

Ans. (a — a: — 1) Va^ — aj». 



6. Subtract |/ ^a + ^o^ + ^ *^°°^ V a^-2a^ + y ' 

7. Subtract V32a from 2 ViOa. ^W5. 4 VBa — 2 V2a. 

8. Subtract 2 Vsl from 6 V320. Am. 24 VB — 6 V2. 

310. To find the product of two or more simple 
radical quantities. 

1. Multiply 6 Vsi by 3 V2. 

6 VU X 3 V2 = 6 X 3 Vsi X V2 = 18 V54 x2 (286) = 

18 Vi08 = 108 Vs. 

2. Multiply 3 V^ by 2 V3a. 

3V2ax 2V3« = 3 x 2V2a x V3a = 6V(2apx V(3a)» 
(306, CoE. 1) = 6 V(2a)H3«)^ = 6 Vw^«. 

B UJLJES. 

I. 7j^ ^Ae ^it;e» radical quantities are of the same degree, find 
the prodtict of the radical factors by the principle of Art, 286^ 
and to tlis result prefix the product of their coefficients. Express 
tlie final resuU ifi its simplest form. 

II. If the given radical quantities are of different degrees, re- 
duce them to equivalent ones of the same degree, and proceed with 
the results as directed in I. 

Gob. 1. — If the roots are indicated by fractional exponents^ 
the product may be found by the principles of Art 69. 

Cob. 2. — The product of two or more simple radical quantities 
can always be reduced to a simple radical quantity. 
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t Multiply iVi by aV9. J»m. ^V5l = ^V6. 

2.Muldply4V^fby3V|. ^. 4V53. 

8. Multiply 3 v^ by 4 V3. ^iw. 12 Vi32. 

4. Multiply V^i^ by a/I^ ^iw. iaa:i:>v/^. 

d. Multiply & VS« by c V^. -4»«. ic Vohih^. 

6. Multiply 3 V^ by 4 Vtf. -4imu 12 v^^. 

7. Multiply (a + J)* by (a + J)*. -4w«. a + J. 

8. Find the product of V^bF\ \fa, VF^J?, and Va^. 

-4n5. V2Wc. 

9. Multiply {a + S)* by (a — S)*. -4w«. {c? — J2)l 
10. Multiply aVx by &Vy« -4w^. ah'^af'y^. 

311. To find the product of polTnomial radical 
quantities. 

The product of two polynomial radical quantities is found by 
combining the rules of Art. 310 with that of Art 70. If frac- 
tional exponents arc used to indicate the roots, the rule of Art 70 
is sufficient 

L Multiply 3 + V5 by 2 - V5. 

s+ Vs 

2— Vo 



■ » m t i '»- 



6 + 2^/5 
— 3V6 — 6 

Product^ 1 — V6. 



2. Multiply x + 2Vy + sVzhj »^2Vsi + 8 V^ 
x+ 2Vy+ 3V« 

«— 2Vy+ iVz 
7?+2xVy+^x\/z 

—2a; Vy — 4y — 6 Vy x V« 

+32;V« + 6Vy X W+9V5 

Phxlnct, a^— 4y -f 6a; V« + 9 V^. 

a Multiply a* + a*&* + a*i + &*by a^ — ji 



■ ' ■ 






Product, — 5*. 

4 Multiply V8 + V3 by V8 — V3. ^n*. 5. 

6. Multiply V^+ V*^ by Va — ay^. 

^7i«. a« + V^-2VaW— 2V*^ 

6. Multiply V« + Vfr+ iK by V« -^ V5 + «. 

-4iw. a — ft — a:. 

7. Multiply fl* — 2a3** + 4a***— ^ab + 16a*i* — 32i* by 
fl* + 25*. -4««. a» — 64ja. 

8. Multiply a* + o*5* + 5* by &* — J*. Jw5. a — 5. 

9. Multiply a?*y + y* by a;* — y ■. Ans. x^y — y *. 

312. To find the quotient of two simple radical 
quantities. 

L Divide 6 a/54 by 3 V2. 

6V54 2\/64 



8V5 V^ 



= 2^27(887) =6Va 
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a. Divide SV2ahj %Va. 



I. ijf the given radical quantities are of the same degree, 
divide the radical factor in the dividend by thai in the divisor, 
by the principle of Art. 287, and to the result prefix the 
quotient obtained by dividing the coefficient in the dividend by 
that in the divisor. Express the final result in its simplest 
form. 

II. If the given radical quantities are of different degrees, 
reduce them to equivalent ones of the same degree, and proceed 
with the results as directed in I. 

Cor. 1. — If the roots are indicated by fractional exponents, 
the division may be performed by the principles of Art 84, 

CoR. 2. — The quotient of two simple radical quantities can 
always be reduced to a simple radical quantity. 

1. Divide 8 V^108 by Ve. Ans. 24 V2. 

2. Divide VsB by 4 V2. Ans. VI 

3. Divide 12 V54 by 3 V2. Ans. 12. 

4. Divide 4 Vl2 by 2^/3. Ans. |Vl6 x 3«. 

5. Divide a by Va. Ans. VS. 

6. Divide V^ by VJ. Ans. v Vai*~*. 

7. Divide 2a5»c»by ^VcfibM Ans. —^^ff&. 

2a 
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8. Divide |/ v by y ^. Ans. -V^« 

9. Divide o* by a* Ans. a\ 

m p mq—np 

10. Divide a» by oq. Ans. a nq . 

313. To find the quotient of two polynomial radical 
quantities. 

The quotient of two polynomial radical quantities is found by 
combining thtf rules of Art. 312 with that of Art 86. If frac- 
tional exponents are used to indicate the roots, the rule of Art. 
86 is sufScient. 

1. Divide V^ — V^ — V^ + V« by V« — 1. 

V^ — Va — V^ + V« I Vg — 1 

V^— V^ A/a — V5 

— V«^ + Vet 

2. Divide «« + 2ah^ — 4a*6* - %b^ by a*— «*. 

a3 — 4aM+ 2aM— 8J* | g^— 46^ 
flg ^ 4a*6^ a*+2ft* 

3. Divide a^ + aVl — ^b by a — 2 VJ. ^/w. a + 3 V2. 

4. Divide a — 41 Va — 120 by Va^ + 4 V« + 5. 

^ns. V^-4Vo^+llV^-24. 

5. Divide «» — a»a:» — 4ar^+ 6a*a? — 2o?a:^ by x^ — 4aa;^ + 
2a* Ans. x -^ a*a;*. 
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6. Divide «■ — y ■ by rr* — y*. Ans. a;* + y*. 

7. Divide z' — 2x*y* + y* by a;* — y*. ^wa. a;* — y*. 

INVOLUTION OP RADICAL QUANTITIES. 

314« To find any power of tbe indicated f^ root of 
a quantity. 

(V3)' = V3 X V3 = VP (310); 

(V3)* = VPx V3 = V3^ = 3; • 

(Va)** = Vo^' (286, COE.). 

Henoe, denoting the index of the given indicated root by n, 
we have the following 

:rule. 

Raise the quantity under the radical sign t0 the required 
power, and indicate the n^ root of the result. 

CoE. 1. — If the index of the given indicated root is equal to 
the exponent of the power to which that root is to be raised, the 
required power may be obtained by simply removing the radical 

sign. Thus, (a/«) = ct, ( V«) = «> and (V^^) = cu 

Gob. 2. — If the index of the given indicated root and the ex- 
ponent of the required power contain a common factor, the result 
obtained by the rule may be reduced to a radical quantity of a 

lower degree. Thus, (Vaf = V^ = V^ (306, Cob. 2). 

Gob. 3. — If the root is indicated by a fractional exponent, the 

rule of Art. 258 is sufficient. Thus, (a^) =a*, (a") =a"". 



315. To find any power of a simple radical quan- 
tity. 

(5V3)' = 5V3 x5V1 = 6x6xV3x VB = 6>V3»; 



Hence, denoting the exponent of the required power by m, we 
haye the following 

RULE. 

Raise the given radical factor to the m^ power (314), and to 
the result prefix the mf^ power of the given coefficient 

CoR. — If the root in the given expression is indicated by a 
fractional exponent, the rule of Art. S58 is sufficient. Thus* 

L Find the square of 5 V«- Ans. 25 V?- 

2. Find the third power of 6a \/x. Ans. 125a^. 

3. Find the square of a^ V^. Ans. a* V36« 

2 8 

4 Find the 3d power of « V3. Ans. x a/3. 

5. Find the 4th power of — \/a\ Ans. a^ S/c^. 

6. Find the 76th power of x ^^y. Ans. x^ Vp« 

7. Find the square of x \/y. Ans. ^ Vy. 

8. Find the n^ power of x^^. Ans. o^^Vy. 

9. Find the 4th power of ^^ • Ans. -^a^. 

10. Find the 6th power of a (J + c)^. Ans. cfi (J2+2Jc+c2). 

316. To find any power of a polynomial radical 
quantity. 

Any power of a polynomial radical quantity is found by com 
bining the rule of Art 315 wii^ that of Art. ^59. If fractional 
exponents are used to indicate the roots, the rule of Art. 259 is 
sufficient 
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1. Find the square of V3 + a \/2. 

Ans. 3 + 2aV6 + 2cfi. 

2. Find the third power of 3 + V5- ^ns. 72 -f 32 \/5. 

3. Find the square of a^ + J*. Ans. a + 2a*J^ + i*. 

4 Find the 4th power of a^ — J*. 

^ns. a2 — 4a*i* + 6aJ — 4flM + l^. 

EVOLUTION OF RADICAL QUANTITIES. 

317. To find any root of the indicated root of a 
quantity. 



|/ V32 = V33 (272) = V3 (306, Cob. 2) ; 

Hence^ denoting the index of the given indicated root by it, 
and that of the required root by m^ we have the following 

I. If the quantity under the given radical sign is a perfect 
m^ power, extract the wf^ root of it, indicate the n^ root of the rc- 
sult, and, if possible, reduce to a lower degree, 

II. If ike quantity under the given radical sign is not a per^ 
feet m^ pawer, indicate the mn^ root of it, and, if possible, re- 
duce the result to a lower degree. 

Gob. — If the given indicated root is expressed by a fiaetiona] 
exponent^ the rule of Art. 265 is sufScient. Thus^ 

ya^ = a^. 
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318. To find any root of a simple radical quantity. 



J/sVi = J/ Vl^o X 9 (301) = ^\/rZ5 X 9 = v^il25 ; 



ybVa = y^dtf' = 'v^. 



Hence^ denoting the index of the required root by m, we have 
the following 

L i/* tt« given coefficient is a perfect m^ power, prefix the m^ 
root of it to the m^ root of the given radical factor, 

II. If the given coefficient is not a perfect m^ power, introduce 
it under the given radical sign, and find the m^ root of the resuU 
(317). 

GoA. — ^K the radical factor is expressed by means of a frao- 
bonal exponent, the rule of Art 265 is sufficient. Thus, 



1/5 X 9^ = 5^ X 9A 



"L Find the square root of 9 V3. Ans. 3 VS. 

2. Fmd the square root of 3 V^. Aru^. Vl35. 

3. Find the cube root of %y% Ans. o V3a. 

4. Find the fourth root of ^|/|. Ans. | Vl3. 

6. Find the sixth root of a^ W. Ans. a« v^. 

6. Find the fourth root of a^ \/V. Ans. a^ Vh. 
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7. Kod the fifteenth root of V (o + *)*• -*««• V(a + ft)". 



8. Find the n** root of tf* V?. 



ii^». a V^ 



319. To find the square root or the cube root of a 
polynomial radical quantity. 

The square root or the cube root <3i a polynomial radical qnan- 
tity is fonnd by combining the rules of Art. 318 with those of 
Articfei 366 mA 370. 

If the roots in the given expression are indicated by fractional 
exponents, the rules of Articles S66 and 270 are sufficient 
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1. Find fte square root of Vx + 2 \/xg + v^. 

Vx + 2 \/xy + Vy I Vac+ Vy 



^ys^ Vy I 2 V«y + Vy 

2Vs^+ Vy 

2. Find the square root of «' — 2a;*y • + y*. 

! » — 2x^^^ + y* a;g — yg 



2; 



a;^ 



2a?» --y* — 2a;^y* + y» 



— 2a?V' 



+ y^ 



A Find the square root of 4 V^ + 12 Va* + 9 Vw! 

^n«. 2V« + 3V5. 

4. Find the cube root of a + 8 V^ + 3 V^ + i* 



5. Find the square root of a + 2aH^ + b + 2aM + 2jM 
+ c Am. a^ + i^ + c^. 

6. Find the cube root of 8a + S6ah^ + 54aM + 27J. 

Am8. 2a^ + SbK 

REDUCTION OF FRACmONS HAVING SURD DENOMINATORS TO 
EQUIVALENT ONES HAVING RATIONAL DENOMINATORS. 

320. A Simple Surd is a surd of the form a^/b or 
ab^» Thus, 2 V3 is a simple surd. 

321. A Polynomial Surd is a surd having two (x 
more terms. Thus, 2 V? + 3 \/b — 6 V7 is a polynomial surd. 

822. To reduce a flraotion whose denomizuitor is a 
simple stird to an equivalent one having a rational 
denominator. 

2 _ 2\/3 _ 2a/3 _ 2V3 , 

2V5 _ 2 V5 X V3 _ 2 Vi25 x V9 _ 2yil25 ^ 
3V9"3V9xV3"" 3V27 "" 9 ' 



Hence, denoting the degree of the denominator of the given 
fraction hy », we have the following 

Divide same perfect nf^ power which is a multiple of the quan^ 
tity under the radical sign in the given denominator by that 
quantity, and multiply both terms of the given fraction by the 
indicated n^ root of the quotient. 
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Bedaoe each of the following firactions to an equivalent one 
having a rational denominator: 

2a/3 



1. 



». 



8. 



4. 



5. 



6. 



7. 



& 



9. 



10. 



11. 



a 

aVe* 
a 

V9* 

v| 

Va" 

V^ 
V^' 

Va 
V3' 

Va* 

Va 
V3' 



^n«. 



^n«. 



^n«. 



3 

V2 



^n«. 



Jn«. 



2Va 
5a8 



fl\/6 



^n«. 



V72 



Ana. S/2. 



It 



^n«. 



^n«. 



'vmn 



12. 



Vj^ 



'^ w 



14 



a 



V* 



15. ^. 



J* 



16. ^. 



^m 



17. 4. 



J» 



18. 



»• 



'^2' X 81» 



jlfW. 



3 

•■v^ass 



It 



Ans. 



•V^8x9* 



19. 



20. 



21. 



aa. 



b 
b 

b 



Ans. 



Ans. 



Ans. 



Ans. 



b • 

b ' 



Ans* 






Ans. 



ah 



Ans. 



Ans. 



Ans. 



VI 



a 



Ans. 



Ans. 



a 

VI 

a 

a 

Vac 
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323. To reduce a faction whose denominator is a 
binomial surd to an equivalent one having a rational 
denominator. 

1. Bednce — ;= ;=: to an eqniyalent firaction having a 

2 V3 - V2 

rational denominator. 

5 6 6 ( VT2 + V2) 



2V3 — V2 Vl2 — V2 (Vi2 — V2)(V12 + V2) 

_ 5(Vl2 + V2) _ VT2 + V2 
■" 12 — 2 - 2 

We obtain the mnltiplier VT2 + V2 by dividing 12 — 2 by 
A/i2 — V2. 

2. Bednce — — ■= to an equivalent fraction having a 

2VS + V2 

rational denominator. 

5 6 _ 6(\/i2 — V^) 



2 V3 + V» Vi2 + V2 ( Vl2 + V2) ( Vl2 — Vi) 

_5 (\/l2 — V2 )_ Vl2 — V2 
•~ 12— 2 ■" 2 

8. Bednce j-= j— to an equivalent fraction having a ra- 

\a — yb 

tional denominator. 

Dividing, a — b by V« — V*> we obtain V^ + V«* + V*^ 
Multiplying both terms of the given fraction by this quotient, we 
have 

a-T-b 

c 

4. Bednce iy= VTr to an equivalent fraction having a ra* 

tional denominator. 

Dividing a + J by VS + V*, we obtain V? — Va* + V^ 
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_ <;(V? - Voft + V») 



Va + Vb « + * 

5. Bednce i— ^^ -= to an equiyalent fraction having a nw 

Va — yb 

tional denominator. 

g _ g _ c(Vc^-\-Vab+bVa-\-V^) _ 
Va-V^"'V«--V^""(Va-V^)(V^+V^ + ftV«+V^)"" 

c(V^4-v^+ftV^4-Vy) 

We reduce the giyeii fraction to an equivalent one, in which 
the simple sards in the denominator are of the same degree, and 
then multiply both terms of the resulting fraction by the quotient 

obtained by dividing a — i* by V« ^ VW. 

BULE8. 

L If the given denominator is of the form of VS — V*> divide 
the indicated difference of the quantities under its radical signs 
by the denominator, and multiply both terms of the given fraction 
by the quotient. 

n. If the given denominator is of the form of^yfa + Wb, and 
its indices ere even, proceed a^s directed in L 

III. If the given denominator is of the form of Va + ^/b, and 
its indices are odd, divide the indicated sum of the quantities un- 
der its radical signs by the denominator, and multiply both terms 
of the given fraction by the quotient. 

IV. If the given denominator is not of the form of V« — V^ 

nor of the form of Va + V^, reduce the given fraction to an equiv- 
alent one having a denominator of one or the other of these forms 
(306), and proceed with the result as directed in the rule which 
corresponds to the form of its denominator. 



B&DUCTIOK. 201 



Cob. 1. — IS we multiply both terms of the fraction 



a± Vb 

by a =F Vi^ the resulting fraction will have a rational denomina- 
tor; for 

a±Vb = Va^±Viy and a» — J-$- (V^± a/6) = a T V& 

GoR. 2. — A fraction whose denominator is a trinomial of the 

form of V« ± Vb ± Vc may be reduced to an equivalent one 
haying a rational denominator by two multiplications. Thus^ 



Va±Vb±Vc {Va±Vb±Vc){Va± VbT Vc) 

d{Va±Vb'=FVc) _ d{Va±Vb^^Vc){a±b-^cT2Va^) _ 
a±b--c±2VcU> ^ (a±b'-c±2Vab){a±b-'CT2VcA) 

d(Va±Vll^Vc){a±b'^cT2Vab\ 



Beduce each of the following fractions to an equivalent one 
having a rational denominator: 

^- V5-.V2' ^^' 8 • 

2. r^+V;?. Ans. I±|^. 

3(3-2V2) ^ 
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6. ^ J^ . ^n». 5 (V9 + Ve + Vi). 



rr 



;— V^'—ii^ 



Ans. — ' . 



2; 



9. 7=* -4n«, ^. 

ya+ic— ya—a? ^ 

334. Utility of the Two Preceding Transforma- 
tions. — The two preceding transformations enable us, in many 
cases, to abridge the computation of the approximate value of a 
numerical fraction whose denominator is a surd. 

1ZZUSTBAT10N8. 

V5+ v^ _ Vio+ V24 _ 2(vIo+ Ve) __ \/io+a/6 

o 7V^ 7(\/55-Vi5) 248024 ^.^^ 
A —== ;= = 5 = 5 = o.iUUo. 

ViT+V3 8 8 

a/6 V^— a/is 2.2380 

8. J^ ,- = ^ ■ ^ = :^:^ = 0i»695. 

V7+V8 * * 

. 9+2V1O 2(9 +2^/10)* 242 + 72ViO -...- 
*• 18-4A/iO = 16* = i6i = ^^'- 

2^ _ aV3(V^— V30+V36) _ 
V5+V6~ 11 

a(V75-V90+Vi08) ^ gjyg^ 
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PROPOSITIONS RELATma TO IRRATIONAL QUANTITIES. 

325. An irrational quantity cannot he expressed by a rational 
fraction. 

This follows from the deiSnition of an irrational quantity 
(298). 

326. A simple quadratic surd cannot he equal to the sum of 
a rational quantity and a simple quadratic surd. 

For^ if possible, suppose 

Vn = a + Vm . . . (1), 

in which ^/n and ^/m are surds. 

Squaring both members of (I), 

n = a^ _|- 2fl ^/m + m ; 

- / — n — a^ — m ,^. 

whence, v w = s •••(*); 

that is, we have ^/niy an irrational quantity, equal to a rational 
fraction, which is impossible (325) ; hence (1) cannot be true. 

327. The product of two simple quadratic surds, which are 
not similar, and which cannot he made similar, is irrational 

Let Vm and Vn be two such surds; then, if possible, sup- 
pose 

Vwn = aTJ , . . (1). 

Squaring both members of (1), 

mn=2ahi^; 

whence, Vfn = aVn • • • (3); 

that is, Vm and Vn may be so reduced as to be similar. But 
this is contrary to the hypothesis; hence (1) cannot be trua 
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328. The quotient of two simple quadratic surds, which are 
not similar, and which cannot be made similar, is irrational. 

Let Vm and V^ be two Bach surds; then^ if possible, sup- 
pose __ 

\/^=zan . . . (1). 

Squaring both members of (1), 

— = a%'; 
n 

whence, Vm = anVn ... (2); 

that is, Vm and Vn may be made similar. Bnt this is con- 
trary to the hypothesis; hence (1) cannot be true. 

329. The sum or difference of two simple quadratic surds, 
which are not similar, and which cannot be made similar, cannot 
be equal to a simple quadratic surd. 

Let Vm and Vn be two such surds; then, if possible, 
suppose 

Vm ± Vn = Va • . . (1). 

Squaring both members of (1), 

m ±iVmn + h^a; 

whence, ± Vmn = ^ . . . (2). 

But Vmn is irrational (327) ; hence we have an irrational 
quantity equal to a rational fraction, which is impossible (325); 
hence (1) cannot be true. 

330. In an equatio7i, of which each member is the sum or 
difference of a rational quantity and a simple quadratic surd, the 
rational quantities of the two members are equcU, and also the 
irrational quantities. 

Suppose x±Vy==(i±Vb . . . (1)> 
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in which Vy and */b are irrational; then will x-^^a afid 
Vy = VJ. For suppose 

a; = a ± n . . . (2) ; 
then (1) becomes 

a ± w ± Vy = a ± VJ; 

whence, n ± Vy = ± V* • • . (3). 

Bnt (3) is impossible (326) ; hence (2) cannot be tme. 
Therefore a; = a, and consequently Vy = V J« 



831. If ya + V* = a? + Vy? *^ wAi<?A V? and Vy «ra 

irrational^ then jJ a — Vft = « — Vy. 

For since 

ya + V* = a? + Vy . . . (1), 

we have by squaring^ 

a + VJ = a?» + 2icVy + y . . . (2); 
.-. a = 0? + y . . , (3), and V* = 2a? Vy . . . (4) (880). 
Subtracting (4) from (3)^ 

a— Vi = ii^ — 2icVy + y • • • (^); 

whence, ya — V* = ic — Vy • • • (6). 



332. If y a + Vi = V^+ Vy, *» which, V?, V^ a»rf 
Vy are irrational, then ya — Vb = V^— Vy* 
For since 



y^a+Vb=:V^+Vy . . . (1), 



206 BADICAL QUAimriES. 

we have by equaxjOigy 

a + Vb = x + 2 Vxy + y . . . (2) ; 

.•. a = a; + y . . . (3), and Vb=2 Vxy . • . (4) (330). 
Subtracting (4) from (3), 

a — Vj = a; — 2 Vxy + y • • • (5) ; 



whence, ya — V* = Vx— Vy . • . (6). 

SIMPLIFICATION OP COMPLEX RADICAL QUANTTriBa 

333. A Complex Radical Quantity is an expres- 

don in which one radical sign includes one or more others. Thus, 

i/VS, i/9 + 3v^, and yoVjT^ are complex radical quan- 
tities. 

334. The complex radical quantity y a ± ^/b maybesiff^ 
plified ifbis a perfect square, or if a^ — b is a perfect sqtiare. 

1. Suppose that J is a perfect square; then ya^Vb may 
be reduced to Va±Cy in which c is the square root of b. Thus, 

^5±V9 = V5±3. 

2. Suppose that Vb is a surd, and that a^^b is a perfect 
square; then ya+Vb may be reduced to iy^Ltf-j. 

y/iEf, and i^a—'A mayberednced to ± |/^±£ T^/fE^ 
in which c is the square root of (fi — & 



Assume v^+Vy=>i/a+Vi . . . (1). 

In this equation one or both of the terms in the first member 
must be irrational, because the second member is a surd; 



« • 
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V?-.Vy=4/a-V* • . . (2) (331-332). 

Multiplying (1) by (2), 

a; — y= Va*— A . . . (3). 
Squaring both members of (1), 

x + 2 Vxy + y = a + VJ . . • (4). 

In this equation 2 Vxy is a surd (327) ; 

X + yz=a . . • (5). 
Combining (3) and (5), we find 



VS"= ± |/ a+ V^^3 , . , (8)^ 



«nd Vy = ± \/ a—Va'— b 

2 



(7). 



.^ ^/;:^^^V^T^^t/«:^v|El . . .(8), 

and |/;Z7*=±V^«±^tV^^=^...(9). 

But Vfl*— J = c by hypothesis; 
.-. |/a+V*=±4/^±>|/^ . • . (10), 



2 -^ ^ 2 



and |/a-v^==±>|/£±£q:|/^ . . . (11). 



SXAMJPZJE8. 



1. Simplify 1/3+2 \/2. 



1/3+2 V2= 1/3 + V8; 
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asrS^ }^8, and 6 = V9— 8 = 1. 
SnbstitutiDg in (10), 



|/3 + 2^^=±l/S±|/?El=±V2±L 



2. Simplify |/7--2VlO. 



a = 7, J = 40, and c= V49— 40 = 3. 
Snbstitating in (11), 

|/7-2 Vio = ± V^qp V2. 

Simplify each of the following expresdions : 



8. |/ll + 6V^. Am. ±3±V^ 



|/7_4V3. Jn«. ±2TV3. 



5. 1/94+42V5. ^iw. ±7±3\/6. 



6. j/ii+eVa + 1/7— 2Vi5. j^w. ±3±V6, 



(a+J)8— 4(a— i) VoJ. ^>m. ±(a— J)=FiiVai. 



335. 77i« compUz radical quantity yaVc± Vb, in which 
aVc and Vb are supposed to be surds, may be simplified^ if 
cfi — is a perfect square. 
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aVS±Vb = V^a ± \/^ ; 



• |/av^±^/ft = r Wa± j/|\= ^W ^±^\ (302), 
This expression may dotT be simplified by the method of Art 



334 when c? is a perfect sqnare. 



.. Simplify |/\/32 + V30. 



« • 



Vl2+ a/30= Va (4+ Vi6) ; 



Bat /4+vT5=±y^±y/|. 

Simplify each of the following expressions. 

2. ^V27 + Vi5. ^n5. V3( ± ;^ ± V^V 

3. 1/5V24-4V3. ^n«. V2(±V3±V2). 



4. |/8\/3— 3Vi5. -4;i^. V3(±V5TV3). 



336. Complex radical quantities of the form of y oA/h 
may be simplified by the rules of Art. 318. Thni^ 

14 
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337* Comply radical quantities of the form of 



iJ a\/h ± cVrf± etc., or of {he form of y a^^ ± cVrf± eta, 
may^ in some cases, be simplified by the method of Art. 319. Thns, 
a/V^ + ^ Vi5 + V3 = V5 + V3. 

IMAGINARY QUANTITIES. 

338. An Inuzginary Quantity i& one which, when in 
its Edmplest form, contains an indicated even root of a negative 

quantity. Thus, 2 V^^, 5 V— 10, and (a + b) V^^ are 
imaginary. 

339. The term Heal is applied to all quantities that are not 
imaginary. Thus, 5, — 3, VS, and V— 27 are real 

340. Imaginary quantities are classified in the same way as 
other surd quantities. Thus, 2 V— 3 is simple and of the second 

degree, y 3 + 2 V^ is complex, and 8 + 3 V^ + 5 V^^— 

7 V— 1^ considered as a single expression, is a compound or 
polynomial imaginary quantity. 

An imaginary quantity usually consists of a real and an imag' 

inary part. Thus, 2 + 3 V— 1 consists of the real part 2 and 

the imaginary part 3 V— 1. The whole expression is considered 
as an imaginary quantity on account of the presence of the imagi- 
nary part. 

COMBINATIONS OF SIMPLE IMAGINABT QITANTITIBS. 

341. To find the sum of simple imaginary qnan- 
tities. 

MXAMPZBS. / 

L Find the sum of V~-^ and V--16. 
V^39 + V^Zi6 = V9(— 1) + V16 (— 1) = 3 V^^ 
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2. Find the sum of 3 V— 81 and 2 V— 16. 

3 V^Zsi + 2 V^=16 = 3 VSI (— 1) + 2 Vl6 (- 1) = 
9 V^Zl + 4 V^Il = 13 V^=I. 

8. Find the sum of V— 50 and V— 18. ^W5. 8 V— 2. 



4. Find the sum of V~« and V — &. 

342. To find the difference of two simple imag- 
inary quantities. 

1. Subtract 2^/^^ from SV"^. 

9 v^Zi — 2 a/I^ = 9 a/^^ — 2 V4(— 1) = 9 'Z^— 

2. Subtract 2 V^^ from 9 V^%. 

9 VITa - 2 V^=^ = 9 V2 (—1) — 2 V3 (—1) = 
9 \/2 ^f^ — 2 V3 \/^^ = (9^/2 — 2 \/3) ^/^-l. 

a Subtract V^^^ from V^=^. ^iw. V^. 

4 Subtract V— J from V— a. 

-4w«. ( Vfl — Vj) V—l. 

343. To find the product of two simple imaginary 
quantities of the second degree. 



1. Find the product of b V— « and c V— -a. 

It is evident that I V— a x c V— a = Jc (— a) (314, Cob. 1) 
= — cAc, It is also evident that h V— fl x c V— a = fo V^; 
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for if this be not irae^ the role for the sigii of a jmsdoct is not 

general ; it therefore follows that, in this case, V^ = — a. 

But it may be said that V^ = ^^ and therefore a= — a. 

This reasoning is erroneous, for it is not tme that V^= + a 
and — a at the same time (74). 

We are enabled to remove the ambiguity with regard to the 

sign of Vc^ by knowing that a^ resulted firom the inyolntion of 
^ a. If we did not know in what way a' was produced, that is, 
whether a^ represented (+a)^ or (— a)^ then the sign of 

V^ would be ambiguous. 

2. Find the product of V — « and V — *• 

V— « = V«(— 1) = V« V— 1> 
and V^ir* = V*(— 1) = V*V^^; 

.'. V—a X V— * = Vfl V— 1 X V* V— i = V^^CV— l) 

= — Vab. 

The ambiguity with regard to the sign of the product may 
therefore be removed, if we reduce each of the imaginary &ctor8 

to the form of a V— 1, and remember that V— 1 x V— 1 or 
(V— l) is equal to — 1. 

3. Multiply 4 V^^ by 3 '/^H. uin«. — 12 a/5. 

4. Multiply — 6 V^^ by — 3 V^^. ^n«. — 15 VlO. 

6. Multiply \/^a^ by \/— **• -47W. — oJ. 

344. To find the quotient of two simple ImaglTiaTy 
quantities of the same degree. 

1. Divide V—a by V— *. 

V^^ __ Va V— 1 _ Vg _ yj 
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2. DiTide — V — a by — V— 4. 






A PiTide -v/^^ by — V— & 



=-v1- 



The ambiguity witii regard to the sign of ^e qnotient of two 
imaginary quantities is removed, thcarefore, by redadng each of 

themtoihefbrmof aV— 1, and observing that = L 

V — 1 

4. Divide 6 V^^ by 2*/=r4. Ans. |V3. 

, , 1 

5.^ Divide — v — 1 Py — 6v— 3. Ans. T~7g 

3dUS. To find all the powers of V— 1. 

(V:ri)»=_i, 

(ViTi)' = _ 1 v^zi = _ v=a, 

If we maltiply these powers, in their order, by the 4tb, we 
shall obtain the 5th, 6th, 7th, tmd 8th ; 

(\/3i)"=Viri, 
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Therefore all the powers of V— 1> arranged in order, be- 
ginning with the lowest^ form a repeating cycle of the following 

terms: V— 1> — 1> — V— 1> and 1. 



346. MISCELLANEOUS EXAMPLES IN IMAGINABY QUANTITIES. 

If the student will observe the dii'ections given in Articles 
343 and 344^ and remember that imaginary quantities are surds^ 
he will have no difficulty in solving the following problems: 

1. Multiply 4 + ^f^ by V^^. 

Ans. 4 V^ — Vi6. 



2. Multiply 3 + V^^ by 2 — ^f^. 

Ana. 6 + 3 V-^ — 3 V^^ + V8. 



3. Multiply 1 + \/^n by 1 — V— 1. Ana. 2. 

4. Multiply a + h V^ hj a — b V^^. Ans. o» + *». 

6. Divide (V^l)* by V^^. Ans. — V^^. 

6. Divide 4 + V^^ by 2 — V^. Ans. 1 + V^^. 

7. Beduce to an equivalent fraction having a ra- 

1 — V— 1 

tional denominator. Ans. V--^I. 



8. Simplify y^7 + 30 ^^2. ^««. ± 6 ± 3 V^^. 

9. Simplify |/31 + 12 V^ + |/— 1+4^^=^. 

m Simplify |/fla — 2a* + 2(a — *)V^=^. 

-4»«. ± (fl — A) ± i V— !• 
11. Find the 3d power of a V'—- 1. -4n«. — a»\/— 1 
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12. Find the 3d power of a — A V— 1. 

Ans. 0^ + S«\/^^ — 3aj(j + aV^^). 

13. Find the 4th power of a + V— J. 

^n5. a* — 6a2J + J^ + (4^8 _ 4^5^ VIT*. 

14. Find the values of x and y in the equation 

3 + y + ic V^=r6 = 5 + a; + 2^ V32. 

(a; = 2 + VlO, 
Ans, < 

(y = 6 + ViO. 
RADICAL EQUATIONS. 

347. A Mddical JEquation is one which involves one 
or more radical quantities. 

348. To free a Tadical equation from radical quan- 
tities. 

1. Free the equation 

Vi-V3=2 ... (1) 
from radical quantities. 

Transposing VS to the second member^ and squaring the re- 
sulting equation, 

a;=:4 + 4A/3 + 3 = 7 + 4\/3 . . . (2). 

Transposing 7 in (2) to the first member, and squaring the re- 
sulting equation, 

28 — 14a: + 49 = 48; 

whence, a^ — 14a? = — 1 . . . (3). 

2. Free the equation 



Va; + ll + Vx"^^ = 5 ... (1) 
from radical quantities, and find the value of x. 
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Transpodng V^ — ^ to the second mendner, ftnd aqnflriiig 
the resalting equation, 



a? -f 11 = 25 — 10 V^ — ^ + a; — 4 ; 

whence, V^c — 4 = 1 . . . (2). 

Squaring (2), a; — 4 = 1 ; whence, a? = 6. 

3. Free the equation 

VS — Vi» — 6 4a: — 36 



• • 



^4_ Va? — 5 5 

from radical quantities, and find the yahie of x. 

Vx — Va; — - 5 _ 2a; — 5 — 2 Va^ — 5a? 

\/5 + Va; — 5 ^ 

hoofoe (1) beoomes 

2X — 5 — 2 Va;* — 6a; = 4a; — 35; 



(1) 



{3«3); 



whence, \/^— 5a; = 15 — a; . . . (2). , 

Squaring (2), a;« — 6a; = 225 — 30a; + a;^; 
whence, a?=fl. 

4. Free the equation 

Vi+Vo a; — a Vx'-Va 
from radical quantities, and find the value of x. 
Multiplying both members of (1) by a; — a, 

c (\/i — Va) + m Va = m i^Vx + V«) ; 
whence, (c — fn)VS = cVa . . . (2). 

Squaring (2), {c — w)%; = ac^ j 
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Find the value of x in each of the following equations: 

5. Vx + 7 + v^ = 7. Ans. x = 9. 



C. x + d=: ^x^ — 4a: + 59. Ans. x = 5. 



7. yVx + 48 — Vx = yx. Ans. x = 16. 

8. |/a; + 2 ya + x = ya — va + x. Arts, x = — - — . 

Vx c ^ X \ /• 



in yi-a; . 1 + a; 3a: . 2 

10. — ==H — ;==——=. -dTW. a:=:-. 

Vl+a: Vl— a?» Vl — a?^ ^ 

11. Vc + a: = -V==- ^»«- a: = ^^r-^. 

Vc + a: 2c 

12. a; + ^^^ — 03:= -— =. ^««. a; = ^. 

V c^ — ax « 






14. *Ja — x = V«"+^. ^n& « = "~ . 

z 

lo. — :=== = . , -4ws. a; = --^. 

V4 + a: 13 



|/2-V^ 



16. Vs + a; + V5 — a; = VlO. ^««. a: = 5. 

17. Vg + Vg + a:=: .JL= . ^/w. a: = §. 

V a + a: £» 



la 



;. x + a=z ya^ + a; VS^ + a:*. Ana. x = 



y-4a« 
4a • 
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19. 



V^ — 2 4a/6^ — 9 



V6a; + 2 



4V6X + 6' 

4 + a; 



Ans, a: = 6. 



20. V64 + x2 — 8a; = i 



21. V5 + a; + V5 = 



V4 + :c' 
15 



VS H- a? 



^n£. a; = 3. 



uin«. a; = 4, 



i 



/ / 3 / ^ \ 25 

22. |/^+VS-|/^-^ = 2l^T\^/' ^^^•^=16- 



23. — -;= — 7^= "' 

yax + b 3 Vox + 55 

^. V4a? +1 + V4^ _ft 
V4a; + 1 — V 4a; 

3v^ — 4 3VS + 15 
25. 7= = 7= 

Vx + 2 V a; + 40 



X + Vx/ ^' "^ 16' 

96» 
Ans* x^=: — . 
a 



^.nS» X — — ^» 



^9i«. a; = 4. 



349. 




Definitionb 



SYNOPSIS FOR REVIEW. 



" Simple radical guantUy, 
Radical foustor and its coefficient. 
Degree of simple radical quantity. 
Similar radical qnaniities. 
Simplest form of radical guantUy, 
Rational quantity. 
Irrational quantity. 
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To reduce rational quantity to radieal qvnntUy oj 

n'* degree. Rule. 
To introduce coefficient of radical factor undei 

radical sign. Rule. 
To remove a factor from under the radical sign to 

the coefficient. Rule. 
To reduce the indicated root of a fraction to ar, 

equivalent expression in tDhich the qunntUif 

under the radical sign shall he entire- Rules 

CJop. 



BINOPSIS FOR REVIEW. 
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SYNOPSIS FOR BEVrnW-^Cantmusd. 



" Reduction-— (^(pnfcf. •< 



Combinations ....<< 



Involution op Rad- 
ical QUANTrriEB. 



Evolution of Rad- 
ical QUANTIXDSa. 



Reduction of frac- 
tions HAVING SURD 

denominators to 

BQUIVAIiBNT ONES 
HAVING RATIONAL 
DBN0MINAT0B8. 



To reduce nmpl& radical ^[uantUy to Hm" 

plcstform. Rules. __ 

To reduce radical quantUy of ike form. ^ \/a* 

to another cflovoer degree. Rule. 
To reduce simple radical quantiiy to another 

of higher or lower degree. Rule. Cor. 1, %, 
To reduce simple radical quantities having ur^ 

equal indices to equivalent ones having 

equal indices. Rule. 

To find the sum of simple radical quantities. 
Rules. 

To find the difference of two simple radical 
quantities. Rules. 

To find the product cf two or more simple rad- 
ical quantities. Roles. Cor. 1, 2. 

To find the product of polynomial radical 
quantities. 

To find the quotient of two simple radical 
quantities. Rules. Cor. 1, 2. 

To find the quotient of polynomial radical 
quantities. 

To raise the indicated n^ root of a quantity to 
any power. Rule. Cor. 1, 2, 3. 

To raise a simple radical quantity to any 
power. Rule. Cor. 

To raise a polynomial radical quantity to any 
power. 

To find any root of the indicated root of a 

quantity. Rules. Cor. 
To find any root of a simple radical qiuintity. 

Rules. Cor. 
To find the square root or cube root of a poly* 

nomial radical quantity. 

A simple surd, 

A polynomial surd. 

To reduce a fraction whose denominator is a 

simple surd to an equivalent one having a 

ratif/nal denominator. Rule. 
To reduce a fraction whose denominator is a 

binomial surd to an equivalent one having 

a rational denominator. Rules. Cor. 1,2. 
Utility qf preceding transformations. 
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SYNOPSIS FOR BEVmW—CanUnued. 



ft 

a 
J. 

■i 



Pbop. relatino 
TO Irrational -< 
Quantities. 



r 325. 

3d6. 

337. 

33§. 

339. 

330. 

331. 
^333. 



Simflifica'n of 
Complex Radi- •< 

CAL QUAN. 



I 



^ 
A 



A eompteoB radical quantity. 

ya± Vb. 



Todm^ify, 



yaVh. 

y a\rb ± cVd ± etc. 

ya^Vb ± c Vrf± etc. 



IlIAGINART 
QUANTITIBS. 



^ An imaginary quantity. 
A real quantity. 
(Ossification of imaginary quantities, 

^ , f To find the sum. 

Combinatum* of I ^^ ^ ^^^ diffewnce. 
tmag%naTy quan- < ^^ ^^^ ^^^ ^ 

"^'' (^ To find the quotient. 



^ To find aU the powers of V— 1* 



CHAPTER XIII. 

QUADRATIC EQUATIONS WITH ONE UNKNOWN QUANTTIT, 

QUADRATIC EXPRESSIONS. 



DEFINITIONS AND PRINCIPLES. 



350« Aq equation which contains only one unknown quan- 
tity as Q^ and whose members are entire and rational with i*efer- 
ence to a;, is of the Second Degree when it contains a^ and 
does not contain a higher power of x. Thus, 

7«2 = 3a; + 160 

is an equation of the second degree. 

351. A Quadratic Mquation is an equation of the 
second degree. 

352. An equation of .the second degree containing only one 
unknown quantity as x, when expressed in sach a form that its 
members are entire and rational with reference to x, cannot have 
more than three kinds of terms, namely : terms which contain the 
square of x, terms which contain its first power, and known terms, 
that is, terms independent of x. Therefore, by transposing and 
uniting terms, the eqaation can be made to take the form of 

as? + lxz=zc\ 

a, by and c being given quantities, which may be either positive or 
negative. For example, the equation 

% a? 2x^ 26aj 

can be transformed successively into the following equations : 
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bofi — 30a:» + 135ar + 78a: = 360 + 18, 
— 25a:» + 213a; = 378, 
26a;« - 213a; = — 378. 

We may consider a in the general equation as positive ; for, if 
it is negative, we may make it positive by changing the signs of 
all the terms of the equation, as in the preceding example. 

353. A Complete Equation of the Second Dc'^ 
gree is one which can be expressed in the form of 

in which neither h nor c is zero. Thn^ a:9 + 5a; = 24 and 
2a^ — 3a; = 2a; + 12 are complete equations of the second degree. 

The coefficient a caunot be zero ; for then the equation would 
cease to be of the second degree. 

A complete equation of the second degree ifi sometimes caUed 
an Affected Quadratic Equation. 

354. If & or c is zero, the equation takes one of the forms 

a^^=iCy aa? + fee =: 0. 

In either case the equation is said to be Incomplete. Thus, 
Zt^ = 27 and 2a;^ — 6a; = are incomplete equations of the 
second degree. 

An incomplete equation of the second degree of the form of 
00^ = c is sometimes called a Pure Quadratic Uqtiation. 

INCOMPLETE EQUATIONS OP THE SECOND DEGRER 

355* To solve an equation of the form of a3fi = c 

Dividing both members of the equation by a, and extracting 
the square root of both members of the resulting equation, we find 



a;s=±|/^. 
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BULE. 

Find the value of the square of the unknown quantity by the 
rule for solving a simple equation; the result will be an equation 
of the form of Q?:=zq; then extract the square root of both mem- 
bers of this equation. 

CoE.--The two roots of a pure quadratic equation have eqntl 
ahsolute yatnes, bat contrary signs. 

Solve the following equations : 

1. 3a^ + 5_a^ + 21^3^_g^ Ans.x^±^ 

2. ^ = 14 — Zt?. Ans. a; = ± 2. 

8. a? + 5 = ^-16. Am.x=±Z. 
4 (a; H- 2)3 = 4ic + 5. Ans. a; = ± 1. 

6, zr^ + T^ = 8- ^^- ^ = ± 9- 
1 + a; 1 — X A 

6 -- — - = -. Ans. a; = ± «• 

7. 8a; + - = ^. Ans.x^±%^ 

X 7 

8 V^^±5=». Ans.x=±'^^^. 

Vc^^ — x ^ ^Vbc 

9. a: + v^ + ^ = —, ' -4^- « = ± 



Va^+ a^ V2» — 1 
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The foUowicg equations have such a form that they may be 
solved by a method similar to that employed in the solution of 
equations of the form of a^-=.c\ 

_28^ _ 63 (a: + 18) 
•^^* a; + 18"" ^x • • • ^^^* 

Clearing of fractions, (1) becomes 

112a;2 = 63 (a: + 18)3 . . . (2). 
Dividing both members of (2) by 7, 

16a?» = 9 (a; + 18)2 . . . (3). 
Extracting the square root of both members of (3), 
4a;= db3(a; + 18) . . . (4); 
whence, a: = 54 or — 71^. 

12. {x — ay = J. Ans. x = a ± Vb. 

356. To solve an equation of the form of aa:? -f- &c = 0. 

This equation may be expressed thus : 

a: (oa; + J) = . . . (1). 

Now, in order that the product of x and ax -{- b may be equal 
to zero, we must have 

either a: = . . . (2), 

or ax + b = , . . (3). 

From (3), a;= . 

Hence, an equation of the form of aa? + fee = has twf 
roots, one of which is zero. 

Solve the following equations: 

19ic 
1. 2a^ ^ = Six. Ans. x = or 9. 



PBOBLEMS. 225 

3 5 

2. a^ — jiX^^x. Ans.x=zO or 4 

4. a? {2z + 5) =a;(3a; — 9). 

357, mOBIsMMB. 

1. Find two numbers, one of which is four times the other, 
and the sum of whose squares is 153. Ans. ± 3 and ± 12. 

2. Find two numbers, one of which is three times the other, 
and the difference of whose squares is 32. Ans. ±2 and ± 6. 

3. Find two numbers, one of which is three times as great as 
the other, and whose product is 75. Ans* ±b and ± 15. 

4. A merchant bought two pieces of cloth, which together 

measured 36 yards. Each piece cost as many dimes a yard as 

there were yards in the piece, and the entire cost of one piece was 

four times that of the other. How many yards were there in 

each piece ? 

Ana. 24 yd& in one, and 12 yds. in the other. 

The negative numbers are not given because they do not sat> 
isfy the question in its arithmetical sense. 

5. Two i>ersons, A and B, set out from different places to meet 
each other. They started at the same time, and traveled on the 
direct road between the two places. On meeting, it appeared that 
A had traveled 18 miles more than B ; and that A could have 
traveled B's distance in Ib^ days, but that B would. have been 28 
days in traveling A's distance. Find the distance between the 
two places. Ans. 126 miles. 

6. The product of the sum and difference of two numbers is 8, 
and the product of the sum of their squares and the difference of 
their squares is 80. What are the numbers ? 

Ans; ± 1 and ± 3. 
15 
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7t The prodnct of the sum and difTerence of two numbers is a, 
and the product of the sum of their squares and the difference of 
their squares is ma. What are the numbers ? 



Ans. ±y — s— and ±y — ~— 



8. Two workmen, A and B, were engaged to wort for a certain 
number of days at different wages. At the end of the time, A, 
who had been idle a of those days, Tecehred m dollars, and B, who 
had been idle b of those days, received n dollars. Now, if B had 
been idle a days, and A had been idle i days, they would have re- 
ceived eqpal amounts. For how many days were they engaged P 

Ans. y= ;=: dajB. 

COMPLETE EQI7ATI0NS OF THE EBCOND DEGBEE. ^ 

358. To solve a. complete equation of the seoond 
degree. 

Let us consider the complete equation 

aa? + bx = c . . . (1). 
Dividing both members of (1) by a, 

a? + -x = - . . . (2). 
a a ^ ' 

b c 

Let /> = -, and 5^:^=-; then (2) becomes 

tt^ + jp9? 2= 5 * • . (3). 

Adding ^ to ixfih membets of j^), 

0!^+px+^ = q+^ . . * (4). 

The first member of (4) is the square of fa; + gl; heaoOy ex- 
tracting fhB square iMt of both members. 
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Z+^=±i/q+^ . . . (5). 



Transposmg ^, 



X 



==-|±V?+f . . . (6). 



The giyen equation, therefore, has two roots, namely: 



2 



-l-tVT?- 



2 

The operation of transforming (3) into (4) is called Completing 
tJie Square. 

BULE. 

I. Beduce the given equation to the form of a^ +px:=q. 

IL Add to both members of this equation the square of lialf 
the coefficient ofx, 

in. Extract the square root of both members of the equation 
thus obtained; the result will be an equation of the form of 

T + -^ = ± m, from which the values of x m^y be found by trans* 

position. 

Solve the following equations : 

a — 3a?> + 36a; = 106. 

Diriding both membeiB by — 3, 

a:8 — 12a? = — 36. 

Completing the square, 

a:?— 12a;+36=— 35 + 36=L 
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ExtractiBg the square root of both membera^ 

x-'e= ±1; 

x = 6±li 

that iSy 2; = 7 or 5. 

Verification. — 3 x 7» + 36 x 7 = — 147 + 252 = 105; 

— 3 X 5» + 36 X 5 = — 75 + 180 = 105. 

2. a;' — 4a; + 3 = 0. Ans. x = l or 3. 

2 3 

3. 63^ — Idx = — 6. Ans. x=z~ or ^. 

O JO 

4 a:* — 5a; + 4 = 0. Ans. a; = 1 or 4. 

5. 3a^ — 7a; = 20. Ans. a; = 4 or — 5. 

6. 2a^ — 7a; + 3 = 0. -4iw. a; = 3 or -. 

7. 3a;3 — 53a; + 34 = 0. Ans. a; = 17 or |. 

o 

8. a;' + 10a; + 24 = 0. Ans. a; = — 4 or — 6. 

9. {x — 1) (a; — 2) = 6. Ans. a; = 4 or — 1. 

10. (3a; — 6) (2a; — 6) = (a; + 3) (a; — 1). 

7 
Ans. a; = 4 or -. 

D 

9 1 

11. (2a; — 3)3 = 8a;. Ans. x = - or -. 

_ 48 165 - . r, r 

^^- ?+l = ^TT0"^- ^^.a: = 5ior6. 

13. ^{2x + 7) + V(3« - 18) = ^(7a; + 1). 

Ans. a: = 9 or — 3J* 

c ± Via^c + 4gfe + (? 
2{a + b) 



14 


<a?—ae 


= ca? — fta^. 


^n^. a? = 


15. 


«» + »»- 


-2bx + a^ = 


' n^ • 






Anjt. v. — 


^ fi.^ 



»» — m^ 
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16. 3ar-a + 2ar^ = 1. Ans. ar = 3 or — 1, 

l*?- ^ "" ^1 = ^^' ^^- a; = 1 or — -, 

. 18. 3x + 2Vx=: 16. Ans. a; = 7^ or 4 

19. Vic + 5 = ^«a. a; = 4 or —21' 

Va: + 12 

20. V^ + v^Z:i = Vft. ^«*. a; = ^±.^^^M3 

21. Vic + m — Vz+n = V^. 

Ans. a: = — H+Jt j. - >v/2m^ + 2w* 

22. (a: ^ c) («»)*- i?Lzil = q. ^twj. a: = f or 1' 

23. 1 I 1 ^ 12a (fl^ + 0^)"* 

(a + a;)"* (a-a:)"* ^ 

-4w5. a: = -— or -=- 
o 5 



^. x—Vx+i 6 ^ 8 



359. When a complete equation of the second degree is pro- 
posed for solution, instead of going through the process of com- 
pleting the square, we may use the formula a; = — -| j-y g +^, 
For example, take the equation 

— 3a? + 36a? = 106. 

Dividing by — 3, a;* — 12a; = — 35. 

In this case, ^ = — 12, and y = — 35 ; hence, by the for- 
rnula^ 



X 



-12 ^ ./ «« . (-12)2 „ . 
= ^ ± y — 35 + ^ ^ ^ = 7 or & 
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.BolTe the fi^wmg equations by using the fonzmla 



' 1. 7?^6x:=il. ^«^. a; = 7 or — 1. 

2. a? + lAx = 95. Am. x = 6 or — 19. 

3. a? — 2a? = 8. Arts, a; = 4 or — 2. 

4. a;^ + 10a; = — - 9. Ans. a; r= — 1 or — 9. 
6* i^ — 14a; = 120. Ans. a; = 20 or — 6. 

6. a^ + 32a; = 320. Ans. a; = 8 or — 40. 

7. ix^ + 100a; = 1100. Ans. a; = 10 or — 110. 

3 1 

8. a:^ — a; = ^. Ans. a; = 1|- or — =. 

9. a« + ^x = 19. Ams. a; = 8 or — . 6^^ 

10. i»^ + ^ = 74. Ans. a; = 7| or — 10. 

6 

11. 2a; = 4 + -. Ans. a; = 8 or — 1. 

X 

12. a; 5-— -r = 2. -4wa. a; = 2 or -. 

a;3 + 6 2 

a? a; wi^ — 4o^ 



13. 



JBm — 2a 2 4a — Gm' 



^«5. a;=:m — 2a or ^m + a. 

a;— 3 a;+3 a^ 

15. ma;' a; = l. iluw. a:r=— or — — ^ 

wTi n wi* 

16- Q [i^ + « (« + 5)] + 3 *» = ^a; (20a + 75). 

jinc. a; =:^ or r| (a + 6). 
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360« Solving the equation aa? + ix=ic in liie hbubI waj^ 
we find 



a? = 



2a 



To solye an equation of the second degree by means of this 
formula, it is only necessary to reduce it to the form of aa:^+ te=:c, 
and then make the proper substitutions. For example, take the 
equation — 3a^+ 36a; = 105. In this example, a = — 3, S = 36, 
and c = 105 ; hence^ by the formuk, 

_ — 36 ± V36g + 4 (— 3)105 __ — 36 ± V1296 — 1260 _ 
^- =76 - —Q - 

~36±V36 _ -36± 6_ 

o = ■ " ■ n — = + 1 = 6 or 7- 

— — 6 

Let the student solve some of the equations of Articles 358 
and 359 in this way. 

361. To complete the sqtiare bj the Hindoo Method. 
Take the equation 

aafi + bx^e . . . (1). 

Multiplying both members by 4a, 

4aV + 4a5a? = 4ac . . . (2). 

Adding V to both membeiB of (2), 

4a%c8 + 4a te + J2 = 4e«c + *» . . . (3). 

Extracting the square root of both members of (3), 



2ar + ^=± V40C + 9 . . . (i); 



whence, « = =^=-^ -^- — • • • (5). 

Solye by this method the following equation: 

5a^— 3a;=]224. 
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Multiplying both members by 4 x 5, the given equation be- 
comes 

100a?» — 60a: = 4480. 

Adding 3^ to both members of this equation, 

100a:» — 60a; + 9 = 4489. 

Extracting the square root, 

10a; — 3= _G7; 

whence, x = TV = 7 or — 6|. 

Let the student solve some other equations in this way. 

36!3. To cause the term containing the first 'povret 
of the unknown quantity to disappear. 

If, in the equation 

ix?+pxz=zq, 

we substitute « — ^ for a;, we obtain 



(._|)V^(._|)=j, 



that is, 2;3— ^ = y; 



whence, «=±|/?+^; 



Solve by this method the following equation: 

a;3 — 11a; = — 18. 

11 
Substituting ^ + -^ for a;, this equation becomes 



whence, z^ — 

7 
and «=±2; 

11 7 
a5 = y±^ = 9or2. 
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363. ^jstoBi^EMa. 

1. Find a number, such that the square of one-tenth of it 
shall be equal to the remainder obtained by subtracting 24 from 
the number. 

Let X = the number ; 

then, by the problem, 

^ =a? — 24; 



100 
whence, a = 60 or 40* 

2. Divide the number 10 into two parts, such that their pro- 
duct shall be 24. 

Let 2; = one part; 

then will 10 — a? = the other part. 

Hence, by the problem, 

«(10 — a:) = 24; 
whence, a = 4 or 6 ; 

therefore 10 — a? = 6 or 4 

Here, although x may have either of two yalues, yet there is 
only one answer to the problem ; one part must be 4 and the 
other 6. 

3. A person bou^t a certain number of oxen for 1400. If he 
had bought 4 more for the same sum, each ox would hare cost 15 
less. How many did he buy ? 
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Let X = the ntunber of oxen ; 

then will = the cost of each in dollars. 

X 

If he had bought 4 more for the same sum, the cost of each 

400 



would have been 



X + 4:' 

400 400 ^ 



a: + 4 X 
whence, a: = 16 or — 20. 

Only the positive value of a; is admissible; hence, the number 
of oxen is 16. 

In solving problems by algebra, results wiU sometimes be ob- 
tained which do not apply tx> the question actually proposed. The 
reason is that the algebraic language is more general than ordi- 
nary language, and thus the equation, which is a proper expression 
of the conditions of the problem, is also applicable to other con- 
ditions. It is sometimes possible, by making suitable changes in 
the enunciation of the original problem, to form a new problem, 
corresponding to any result which was inapplicable to the original 

problem. K we change the sign of x in the equation j = 

X "J- 4 

400 ^ .^, 400 400 ^ 400 400 ^ 

5, it becomes -z = 6, or 7 = h 5. 

X 4 — X — X X — 4: X 

This equation is the algebraic statement of the following prob- 
lem : A person bought a certain number of oxen for $400. If he 
had bought 4 less for the same sum, each ox would have cost $5 
more. How many did he buy P 

a 1 • Ai, L' 400 400 . ^ ^ , 

Solving the equation -r = f- 6, we find a; = 20 or 

X — 4 X 

— 16. 

In ttis connection the student should review Art 216. 

4. Find two numbers whose difierence is 8 and whose prodncl 
is 240. , Ans. 12 and 2a 

5. Find two numbers whose difference is 2a and whose prodact 
is b. Ana. a ± Va^ + b and — a±, V(^+ & 
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6. l%e lemainder obtained by sabtracting a certain number 
from 10 is equal to the quotient obtained by dividing 25 by that 
number. What is the number? Ans. 5. 

7. Divide the number 40 into two such parts that their pro- 
duct fihall be equal to 15 times their difference. 

Ans. 60 and — 20, or 10 and 30. 

The numbers 60 and — 20 satisfy the prol)lem in the algebraic 
sense^ but not in the arithmetical sense. 

8. Divide a into two such parts that their product shall be 

equal to m times their difference. 

, a'-2m± Va^ -}- 4m« , a + 2mT Va^ 4- ^w* 
Ans. ==-^ ■ and ^ 

9. Divide 100 into two such parts that the sum of their square 
roots shall be 14. ^ Ans. 64 and 36. 

10. Divide a into two such parts that the sum of their square 
roots shall be s. 

a + V^a^'-s^ J « — V2<w* — ^ 
Ans. 5 and ^ . 

11. A and B start at the same time flrom different places and 
travel toward eadi other. At the end of 14 hours they meet, 
when it appears that A has traveled 10 miles more than B, and 
that their rates of travel are such that B requires half an hour 
more than A to travel 20 miles. Find B's rate of travel. 

Ans. 6 miles. 

The negative result is rejected, because it does not satisfy the 
problem in its arithmetical sense. 

12. A ftnd B start at the same time fh)m different places and 
travel toward each other. At the end of m hours they meet, 
when it appears that A has traveled a miles more than B, and 
that their rates of travel are such that B requires n hours more 
than A to travel b miles. Find B^ rate of travel. 



. a , ./cUf , a^ 



2m ^ mn 4m' 
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13. A started from C toward D, and trayeled at the rate of 10 
miles an honr. When he was 9 miles from G^ B started from D 
toward G, and went every hour one-twentieth of the distance from 
D to G. When B had traveled as many hours as he went miles in 
one honr, he met A. Find the distance from G to D. 

Ans. 180 miles or 20 miles. 

14. A went from C to D, traveling a miles an honr. When he 
was b miles from G^ B started from D toward G^ and went every 

honr - th of the distance from D to C. When B had traveled as 
n 

many hours as he went miles in one hour, he met A. Find the 
distance from G to D. fn — a , /~/n — a\^ T 

15. A and B were traveling on the same road, and at the same 
rate, from Golumbia to St Louis. At the 50th mile-stone from 
St Louis, A overtook a flock of geese which were traveling at the 
rate of three miles in two hours, and two hours afterward met a 
wagon which was moving at the rate of nine miles in four hours. 
B overtook the same flock of geese at the 45th mile-stone, and 
met the same wagon 40 minutes before he reached the 3l8t mile- 
stone. Where was B when A reached St Louis ? 

Ans. 25 miles from St Louis. 



THEOET OP QUADRATIC EQUATIONS WITH ONE UNKNOWN 

QUANTITY. 

364* Every equation of the second degree containing only one 
unknown quantity has two rootSy and only two. 

Every equation of the second degree containing only one un- 
known quantity can be reduced to the form of 

x^ +px:= q. 

Solving this equation, we find 
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Hence x has two values, namely: — "f + r ? + x ^^^ 

Denoting the first of these f alaes by x' and the second by x", 
we have 



The equation a?^ + px = q cannot haye more than two roots. 
If possible, let a, b, and c be three different roots of this equa- 
tion ; then will these roots satisfy the equation. 

a^+pa = q . . . (1), 

l^-^pb = q . . . (2), 

<? + pc:=zq . . . (3). 

Subtracting (2) from (1), 

^3 — J2+jt?(a — S) = . . . (4). 

Subtracting (3) from (1), 

o' — (^ + 1? (a — c) = . . • (5). 

Dividing both members of (4) by a — J, which is, by hypoth- 
esisy not zero, we obtain 

a + 6 + /? = . . . (6). 

Dividing both members of (5) by a — c, 

a + c + /? = . . . (7). 
Subtracting (7) from (6), 

whence, J = c ; 

that is, two of the supposed roots are equal to each other ; there- 
fore the equation a? +px=iq cannot have three different roots 
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365. The sum of {he roots of an equation of the form of 
sfi -^-px^zq is equal to the confident of the second term taken 
with the contrary sign. 

Solving the equation a^ +px=zqy we obtain 

^ = -l+v7^ ■ ■ • (1)' 

and x"=-^-yq+^ • • • (2)- 

whence, by addition, 

X' + X" = — J9. 

Thus, the roots of the equation a? — lOar = — 18 are 8 and 2 
and their sum is 10. 

366. The product of the roots of an equation of the form of 
a? -\- px^iiq is equal to the second member taken with the con' 
trary sign. 

From (1) and (2) of Art. 365 we obtain, by multiplication, 

v.=(-|./^)(-l-v7T|)=|-(,^D 

Thus, the roots of the equation a^— 10a: = — 16 are 8 and 2, 
and their product is 16. 

Gob* — The independent term q is divisible by each of the 
roots. 

367. Every equation of the second degree containing onlp one 
unknown qua^itity can he reduced to the form of 

{x - x') {x — x") = 0. 

Denoting the roots of the equation 

7^ + px:=zq . . . (1), 

by x' and x"y we have 

and 5^ = — x'x" ; 



xi 
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hence (1) becomes 

a^_(a?' + a;")a;= — icV . . . (2). 

By transposition and factoring, (2) becomes 

(x — a:') (a; — a:") = . . . (3). 

Cor. — Hence ofi +px^ q z= (x-—x') {x — x") ; therefore the 
first member of the equation x^+px — qz=z{i is divisible by 
z — x' and by » — x'\ 

368» JEXAMPZJES, 

1. Find the equation whose roots are 2 and 3. 

Ist /Stofe^^ion.— Substituting — (2 +3) for jt? (365), and —2x3 
for q (366), the general equation a?^ +px=zq becomes 

a? — bx^z. — 6. 

2d Solution, — Substituting 2 for x' and 3 for a?", (3) of Art 

367 becomes 

(a: — 2)(a; — 3)=0; 

that is, ic» — 5a; + 6 = 0. 

2. Resolve the first member of the equation i^f -J- 6a? + 8 = 
into two binomial factors. 

Solving this equation, v-^e find a:' = — 2, x" — — 4; hence 
the given equation may be wrtteo in the form 

[a:-(-2)][a:-(-4)]=: 0(367), 

that is, (a: + 2) (a; -f ^) = 0. 

3. Find the equation whose roots are 5 and 2. 

Ans. a? — 7x = - !0- 

4. Find the equation whose roots are 3 and 3. 

Ans. a^ — 6a? = — - 9. 

44 
6. Find the equation whose roots are* 10 and — — - 

-471*. a? + -5- a? = -5-. 
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6. Find the equation whose roots are — \r- — and — — 

^ ^ 13 3 

7 7 

7. Find the equation whose roots are 5 + V— 1 and 5 — V— 1. 

Ans. x^ — 10a; = — 26. 

8. Resolve the first member of the equation 3a;2_ioa:— 25=0 

into three factors. . ^ , ^. / o\ 

Ans. 3 (a; — 5) la; + -1 = 0. 

9. Eesolve the first member of the equation a^+73x+780z=0 
into two binomial factors. Ans. {x + 60) {x + 13) = 0. 

10. Eesolve the first member of the equation 23^+ x — 6=i0 

into three factors. . . , ^. / 3\ ^ 

Ans. 2 (a; + 2) (a; — -1 = 0. 

11. Resolve the first member of the equation a;^— 88a; -|- 1612=0 
into two binomial factors. Ans. {x — 62) (x — 26) = 0. 

12. Resolve the first member of the equation a:^ + a^ ;_ o jj^to 
two binomial factors. Ans. (a; — a V"^) (x+a V^=l) = 0. 



DISCUSSION OF THE EQUATION x'^ + px = q. 

369. The Discussion of an equation consists in making 
every possible supposition with regard to the arbitrary quantities 
contained in it, and interpreting the results. 

The arbitrary quantities in the equation afi +px=:q are p 
and q. 

370. We shall first make every possible supposition in rela- 
tion to the signs of p and q. 

Suppose, /r«^, that j^ and q are positive; second, that/? is neg- 
ative and q positive ; third, that p is positive and q negative ; 
fourthy that/? and q are negative. We shall thus have 
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The Four Forms. 



7? + px=^ q . , 


■ ■ (1), 


a? — px= q . . 


• (2), 


a>^ +j)x= — q . . 


• (3), 


a^—px —q., 


, . (4). 



371. In the first form one root is positive, the other negative, 
and tlie negative root is numerically the greater. 

Since q is positive, the product of the roots is negative (366) ; 
hence one root is positive and the other negative. Again, since 
p is positive, the sum of the roots is negative (365) ; hence the 
negative root is numerically the greater. 

Illustration, — The roots of the equation afi + x = 6 are 2 
and — 3. 

372. In the second form one root is positive, the otiier nega- 
tive, and the positive root is numerically the greater. 

Since q is positive, the product of the roots is negative ; hence 
one root is positive and the other negative. Again, since p is 
negative, the sum of the roots is positive ; hence the positive root 
is numerically the greater. 

Illustration. — The roots of the equation a^ — xz^ 210 are 15 
and — 14. 

373. In the third form both roots are negative. 

Since q is negative, the product of the roots is positive ; hence 
they have like signs ; and since p is positive, the sum of the roots 
is negative ; hence both roots are negative. 

Illustration. — The roots of the equation a^ + 7a; = — 12 are 
— 4 and — 3. 

374. In the fourth form both roots are positive. 

Since q and p are negative, the product and the sum of the 
roots are positive ; hence both roots are positive. 

Hlvstration. — The roots of the equation a^ — 7a: = — 12 are 
4 and 3. 

16 



242 QUADBATIO EQUATIONS. 

375. For convenient reference, the four forms and their cor- 
responding roots are here given. 



a?^+px = q ... (1); whence 



«.=_i+vvr|. 






o^^px:=iq ... (2); whence 



.'=|+v/,+f 



^"=|-i/7+|- 



a^+px=—q ... (3); whence 



V a/ 

X 



>"=-!-/?-?. 



a:»— ^a:=— g ... (4); whence 






376. Unequal Boots.— The roots of an equation of the 
first or of the second form are unequal, whatever the relative 
values of jp and q may be (371-373). 

The roots of an equation of the third or of the fourth form are 

unequal if ~ is greater or less than q. 



third or of the fourth form are equal if t ^ ®^^ ^ 9- 



377. Equal Boots.— The roots of an equation of the 

4 

lUustration.—^lymg the equation a:» + 6a: = — 9, we find 
a;' = — 3 and x" = — 3. Solving the equation q^--^x= —9, 
we find a;' = 3 and a?" = 3. 

378. Beal Boots.— The roots of an equation of the first 
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or of the second form are reaZ, whatever the relative values of p 

and q may be, for in these forms -^ + g is positive. 

The roots of an equation of the third or of the fourth form are 

real if V is not less than a. 
4 

Reicaice. — The quantities p and q are here sappoeed to be real, 

m 

379. Imaginary Moots* — The roots of an equation of 

the third or of the fourth form are imaginary if ^ is less than q; 

for the radical part of each of the roots, in this case, is the square 
root of a negative quantity. 

Illustration, — The roots of the equation ic^ + 6a: = — 10 are 
— 3 + V — 1 and — 3 — V— 1 ; and the roots of the equation 
aja — 6a:=:— 10 are 3 + V^^ and 3 — V^^. 

380. Imaginary roots indicate incompatible conditions. 

The demonstration depends upon the following 

Lemma. — The greatest product which can he obtained by sep» 
araiing a given number into two parts and multiplying one by 
the other is the square of half that number. 

Let p be the given number, and d the difference of the parts 
into which it is separated. 

f) d 
Then o + o = *^® greater part, 

D d 
and 2 "~ 2 ~ *^® ^^^ P^ (313, 4). 

Denoting the product of the parts by P, we have 

^~4-T' 

Now, since J9 is a given number, it is evident that P will in- 
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crease as d dimiDishes, oad will be the greatest possible when 
d=zO; that is, P, when greatest, is equal to (| j . 

Illustration. 8 = 1 + 7; 7x1= 7. 

8 = 2 + 6; 6x« = 12. 

8 = 3 + 5; 5x3 = 15, 

8 = 4 + 4; 4x4=16. 

In the first form the sum of the roots is —p (365)9 and their 
product is — g (366) ; hence (Lem.), in this form, — q can- 

not be greater than —■. 

In the second form the sum of the roots is py and their pro- 
duct is — 3^ ; hence, in this form, — y cannot be greater than ~. 

In the third form the sum of the roots is ^p, and their pro* 
duct is q] hence, in this form, q cannot be greater than ^» 

In the fourth form the sum of the roots i&p, and their produce 
is q ; hencje, in this form, q cannot be greater than "^. 

In the first and second forms q is positive; hence an equation 
in which — j is greater than -^ can never occur in either of 

these forms; for ~ being positive is greater than any negative 

quantity. But in the third and fourth forms an equation may 

occur in which + q i^ greater than ^, Thus, in the equations 

a^ + 6a: = — 10 and a^ — Ga? = — 10, the independent term, 
taken with the contrary sign, is greater than the square of half 
the coefficient of the second term ; therefore tise roots are imag- 
inary. 

Hence, if any problem furnishes an equation of the third or of 
the fourth form, in which the independent term, taken with the 
contnsry dgn, \a greater than the square of half tbe <^fficient of 
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the second t^tm, we infer that the ptoblem 6onteAnfi inc&mpatibU 
conditions. 

For example^ let it be required to find two nnmbers whose sum 
shall be 6 and product 10. 

Let X = one of the numbers ; 

then will 6 — • a? = the other. 

By the second condition of the problem, 

a:(6 — a?) = 10; 
that is, 6a; — 2?2 = 10, 

or, by changing signs, a^ — 6a: = — 10 ; 

whence, a: = 3 ± V— 1. 

The imaginary roots indicate that there are no real numbers 
whose sum is 6 and product 10. The greatest product which can 
be formed by separating 6 into two parts and multiplying one by 
the other is 9. 

PROBLEM OF THE LIGHTS. 

381. To findy on the straight line joining ttcO lights, the 
points which are equally illuminated hy those lights* 



I I [ ! r 

V" A P 5 F" 



Let A and B be the two lights. Denote the intenaty of the 
light A at a unit's distance by a, the intensity of the light B at a 
nnif s distance by i, and the distance between the lights by d. 

Let P be a point equally illuminated by the two lights, and let 
ar = AP; then will d — xz=iTS?. 

One of the laws of light is, that the intenflity of a light at any 
distance as a;, is equal to the quotient obtained by dividing its in- 
tensity at a unit's distance by a^\ hence 

— = the intensity of the light A at P, 
and . ^ .3 = the intensity rf the light B at P. 

yja "~~ Xj 
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But P is to be equally illnminated by the two lights; 

a h 



• • 



Clearing this equation of fractions^ 

a{d^xf=iho(? . . . (2). 

Extracting the sqnare root of both members of (2), 

{d--x)Va= ±xVb . . . (3); 



whence, x 



= 4-7^) 

Wa ± VbJ 



Separating the yalaes of x, 

\Va+ vJ/ 



and 



■■=4-7^) 



From the nature of the problem, a and b are positiye ; hence 
the values of x are real; therefore there are two points of equal 
illumination, and only two, on the line of the lights. 

Six different suppositious can be made upon the arbitrary 
quantities a, b, and d, namely : 

1. a > J and d>0, 4. a > J and d = 0. 

2. a = b and d> 0. 5. a = b and c7 = 0. 

3. a < i and d>0. 6. a < 6 and £2 = 0. 

1. a > S and (? > 0. 

In this case -—;= ;- is a proper fraction ; that is, it is less 

Vfl + Vb 

than 1 ; and since the denominator is less than twice the numera- 
tor, the fraction is greater than ^. 
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• • 






<rf and >j:d. 

4t 



The point P is therefore between the two lights and nearer the 
weaker one. 

The ftaction —jL^t— > i ; 



{v£-V>' 



The second point of equal illumination is, therefore, at some 
point P' on the right of B. 

2. a = 5 and d > 0. 

In this case a?' = 5 and x" = —j— = 00 (223, 1) ; that is^ 

the first point of equal illumination is at the middle point of AB, 
and the second is at an infinite distance to the right of A. The 
symbol oo indicates impossibility; that is, it shows that there is 
no second point of equal illumination. 

3. a < S and rf > 0. 

In this case — = 7= < ^ and — = — is negative; 

A/a + V A '^ V a — • yb 

.'<\a and ."<0. 

The first point of equal illumination is, therefore, between the 
lights and nearer to A, and the second point is at some point P" 
on the left of A. 

4. a > J and d = 0. 

In this case x' z=0 and x" = 0. 

How are these results to be interpreted ? They seem to indi- 
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cate that the point at which the lights are placed is equally illu- 
minated by them ; but this is not true, as we shall see by consid- 
ering equation (1). Under the hypothesis that d = 0, (1) becomes 

But this is not an equation in feet, for a > J, and the de- 
nominators are equal. It would not be an equation if a; = 0, foi 

then — and -^ become unequal infinities. 

There is, then, in this case, no eqtmtion, and hence no point 
of equal illumination. 

6. a=:b and d = 0. 

In this case a:' = and x" = -. 

The first value of x indicates that the point at which the two 
equal lights are placed is equally illuminated by them, and the 
second value of x indicates that any point on the line of the 
lights is equally illuminated by them (222, 4). As the lights 
are now at the same point, the line of the lights may be drawn in 
any direction in space ; hence, in this case, any point in space 
will be equally illuminated by the two lights. 

6. a < S and rf = 0. 

In this case x' = and x" = 0. 

But under this hypothesis, as in case 4, equation (1) becomes 
impossible; hence no point in space is equally illuminated by the 
two lights. 

QUADRATIC EXPRESSIONS. 

382. A Quadratic Expression is a trinomial of the 

form of 

ax^ + hx + c\ 

in which a, (, and c represent given numbers, positive or negative, 
and in which x may have any value. Thus, 



5a;^ — 3a: + 6 

is a quadratic expression. 

A qaadratic expresBion is sometimed called a IHnomidl of the 
Second Degree. 

383. Distinction between a Quadratic Hqua- 
tion and a Quadratic JExpression. — ^In the quadratic 
equation aa? + ^a: + c = 0, x has one of two definite values 
(364) ; but in the quadratic expression ax^ + bx + c, x may 
have any value. 

384. To resolve the quadratic expression aa^+hx+c 
into its factors. 

Assume ca^ + fee + c = ; 

— ■-- — - - 



whence^ a;'= 



and :t"= 



2a ' 

2a 



aa?+ix+c^a\x 



=T 25 /r ^a r 



BULE. 



Assume the given quadratic expression to be eqtt-al to zero, and 
resolve the first member of the equatiwi thus obtained into its fac^ 
tors (367). 

Besolve each of the following expveMttOnt iatd iti ptiiM &dMa : 

1. a? + 2a? — 120. 6. a:^ + 9a? — 90. 

2. a« — da? + 14. t a? + lix — 45. 

3. a» + 8a? + 16. 8. 18a^ — 9a? — 2. 

4. 8a:^ — 2fl? — 3. 9. 8a?» — 6a? + 1. 

6. 6a? + a? — 1. 10. a? — (2a — c) a? — 2ac- 
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385. 



BTNOPBIB FOR REVIEW. 












EqUATIOKB OF THE SbCOKD DbGREB WITH OShY Oms UNKKOWir 
QUAJmTY. 

Gensral fobm of Equation of Secoitd Deobee with only 
ONE Unknown Quantity. 

QuADBATic Equations. 

Ck)MFLETE And Incomplete Equations. 

SOLXTTION OF INCOMPLETE EQUATION AND RULE. COF. 
SOLXTTION OF COMPLETE EQUATION AND RULE. 



Application of the fobmula x 






a? = 



2a 



< 



OQ 

I 

I 
I 



Hindoo method of completing the squabe 



Method of causing the tebm containing the Fnur foweb 

OF THE UNKNOWN QUANTITY TO DISAPPEAB. 

.^^ ( Number of roots. 

Propositions belating to i „ ^ \ 
^^_ _ < Sum of roots. 

QUADBATIC EQUATIOKB. | p^^ ^^. Cor. 

^ Signs of the arUtrarjf ^antUies. 

The four forms and correspond- 

ing roots. 

Unequal roots. 

Equal roots. 

Seal roots, 

. Imaginary roots. 
Pboblbh Of the Lxohtb. 

(Difference leheeen quadratic ex- 
pj^n and tuudratic egua. 
twn. 
To resoke into factors. 



DiSCXTBSION OF THE EQUATION 

afl +px= q. 



CHAPTER XIY. 
HIGHER EQTIATIO]!^S 

WITH ONE UNKNOWN QUANTITT. 



386. There are many equations which, though not really of the 
second degree, may be solved by processes similar to those given in 
the preceding chapter. To this class belong : 1st. All equations 
of the higher degrees which contain only one power of the un- 
known quantity ; 2d. All equations of the higher degrees which 
contain two, and only two, powers of the unknown quantity, and 
in which the exponent of one of these powers is double that of the 
other. Such equations may be reduced to one or the other of the 

forms 

OT^ =zc , , , (1), 

ax^ + i2^ = c . . . (2). 

Equation (1) is called a pure equation of the n^ degree. 
Equation (2) is said to have the form of a complete equation of 
the second degree. 

1. Solve the equation aa;" = c. 

Dividing both members by a, and extracting the n^ root of 
both members of the resulting equation, we find 

a? = V -• 

2. Solve the equation as?^ + Sa:» = c. 

b c 
By division, a^ + -a?* = - ; 
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by completing the square, 

by extracting the sqnare root, 

^ 2« "" ^ 2a ' 

by transposition, a^ = --^±V4gg+g 

2a ' 

by extracting the h^ root, 

2a 

3. Solve the equation x^ — 9x^ = ^20. 
Completing the square, 

^-^-^(l) = -^^ + ? = i; 
whence, a«-?=±|; 

and « = ± \/5 or ± 2. 

4. Solve the equation a:^ — 7a: + Va;^— 7a; + 18 = 24. 
Adding 18 to both members, 

a:* — 7a: + 18 + Va:2~7a?+18 = 42. 

Assuming Va:® — 7a; + 18 = y, this equation becomes 

y2 + y=:42; 
whence, y = 6 or — 7. 

We have now the two equations 



V^^--7S + 18 = 6, 

Va^>— 7a; + 18= —7, 
from the first of which we find a? = 9 or — 2, and from th^ aeo- 
ond, x=zi(7± \/l73). 



ONE vixsxoynx quantity. 25d 

5. Solve the eqnatioii 

0^-^60^ + 80q^ + 21dx — 2128 = . . . (1). 

We seek to transform (1) into another equation such that its 
first three terms shall be the square of a binomial, and the remain- 
ing terms shall contain the first power of that binomial We see 
that a^ + Oa^ contains two terms of the square of a;^ + 3a;, and 
that we only need to add 9a^ to it to complete the square. 
Separating the term 80a^ into the two parts, 9a;* and 71a^, (1) may 
be written thus, 

a4 + 6x8 + 9a;8 + 71a? + 2i3aj = 2128, 

or, (3? + dxy + '71{x^ + Sz)==212S . . . (2). 

Assuming a;* + 3a; = y, (2) becomes 

ya + 71y = 2128 . . . (3); 

^^^ .,_ -yi±Vl3553 
whence, y = 5 , 

We haye now the two equations 

— 71 + VI3553 



a^ + 3a?=r 



a? + 3x=: 



2 

— 71 - Vi3553 



2 
which are easily solred. 

In the answers to some c4 the foUowing examples some of the 
roots are omitted. 

6. Solve 3a;» + 42a;* = 3321. Am. a; = 9 or (— 41)*. 

7. Solve a;« + 81a^ = 32. An^. a; = l 0t —1 

8. Solve of — 36a;* + 216 = 0. Arts, a; = 2 or 3. 

1 1 

9. Solve a;" — af» + 2 = 0. Arts. a; = 2'» of (—1)". 

i 1 

10. Sblye «" — 13a?* = 14. Am. a; = 14*» or (— 1)*». 



254 HIOHEB EQUATIONS. 



11. Solve xi + -?-= Sf An8.x = S or ^. 

2x* 6^ 

12. Solye aj* — Uofi + 40 = 0. Ans. a? = ± 2 or ±Vl6. 

( ^ -A 1 

13. Solve 2\xf* + x 7 = 5. Ans. ar = 2» or — . 

14. Solve (^)V(^) = n(^-l). 

^^•^=±VV5 or ±)/~\. 

15. Solve a;^ + 5a? + 4 = 5 Var^ + 5a; + 28. 

5 1 I 

^7W. a? = 4 or —9, or — ^±W— 51. 

387* moBZEMs. 

1. A vintner draws a certain quantity of wine out of a fall 
cask that holds 256 gallons, and then, filling the cask with water, 
draws out the same quantity of liquor as before, and so on for four 
draughts, when there were only 81 gallons of wine left. Supposing 
the water and wine to become thoroughly mixed every time the 
cask is filled, how much wine did he draw off the first time ? 

Ans. 64 gallons. 

2. A number a is diminished by the afi^ part of itself; the re- 
mainder thus obtained is diminished by the x^ part of itself ; and 
so on to the fourth remainder, which is equal to b. Find the 

value of X. \/^ 

Ans. X = 



Va — v^ 



3. Find two numbers whose sum is 8> and the sum of whose 
fourth powers is 706. Ans. 3 and 5. 

4. Find two numbers whose sum is 2a, and the sum of whose 
fourth powers is %h 

Ans* a + |A/8a* + d — Za^ and a — y^V8a*+ J — 8a^. 



OHAPTEE XY. 
SIMULTANEOUS EQUATIOKS. 



DEFINITIONS. 

388. The particular case in which all the equations of a 
group are of the first degree has been considered in Chapter VII. 
We propose, in the present chapter, to consider groups, each of 
which contains at least one equation of a higher degree than the 
first. 

A group containing only two equations is sometimes called a 
Pair. 

389. When the members of an equation are entire and ror 
tional with reference to its unknown quantities, the Degree of 
the equation is the sum of the exponents of the unknown quanti- 
ties in the term where this sum is the greatest. Thus, 

ixy — 3a; = 2 — oy 
is an equation of the second degree. 

390. If an equation of the second degree involving only two 
unknown quantities, x and y, contains all the kinds of terms of 
which it is susceptible, it can be reduced to the form of 

Ki? + Bxtj + Cy» + Da? + Ey + F = 0. 

PAIRS OP EQUATIONS ONE OF WHICH IS OF THE FIRST AND 

THE OTHER OP THE SECOND DEGREE. 

391. BXAMBZJE8. 

1. Solve the equations 

x + y = 6 . . . (1), 
a^ + 3a?y + y» = 44 . . . (2). 
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Prom (1), y = 6 — a;, 

Sabstituting this value for y in (2), 

a:a + 3a; (6 — «) + (6 — xf = 44; 
whence, « = 4 or 2. 

Substituting these values for x in the eq^uation 

y = 6 — «, 
we find y = 2 or 4. 

2. Solve the equations 

ax + tyi=ic . . . (1), 
Aa;* + Ba?y + Cy» + Da; + Ey + F = - . . (2). 

From(l), y^ill^. 

Substituting this value for y in (2), 

Clearing thia equation of fractions and collecting similar terms, 

(AJ« - BaJ + Ca2) vfi + (BSc - 2Cac + DJ* - Eai)a? + Cc> + 

ESc + F5* = . . . (3). 

Bepresenting each of the coefficients iA this equation by a 
single letter, it may be written thus : 

fwa^ + ??a? + |i = . . . (4). 
This equation will furnish two values for x\ then substituting 

therein the equation y=: — ? — , we shall hare the correspond- 
ing values of y. 

3. Solve the equations 

ic + y=ra . . . (1), 
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From (2), y = 



X 



Substituting this value for y in (1)^ 



a? + - = « • • • (3); 



whence, x = — = — . 

Substituting these values for x in (1), we find 



y= 3 

^no^A&r Solution. — The values of x and y are the roots of thp. 
equation 

i8»-az=-J3 (365-366); 

a: or y = ?L±.^^^^^. 

2 

4. Solve the equations 

x^y:sza . - . (1), 

xyz=zV^ . . . (2). 

Eliminating y, 

X = a . . . (3); 

X ^ ^ 

a ± V^ + 452 
whence, ar = ^ . 

The corresponding values of y are 

— g ± Vg^ + 4g> 
2 

Another Solution. — Put y = — t; ; then (1) anr (2) become 

re + v = a, 
a;v = — J*. 
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HeDoe the values of x and v are the roots of the equation 

«» — «« = V; 



• • 



X or V =z 



that is^ x = 



2 



2 



y- -2 


• 


5. Solve the equations 




X + y =za . . . 


(1), 


arJ + y3 = J2 . . . 


(2). 


Squaring both members of (1), 




a^ + 2xy + f=:a^ . 


• . (3). 


Subtracting (2) from (3), 




2a:y = a8 — S3 . . 


• (4). 


Subtracting (4) from (2), 




a^ — 2a:y + y2 = 2S3 — a» 


. . . (5); 


whence, « — y = ± V2^ — a' 


. . . (6). 


Gombining (1) and (6), we find 




a ± V2S3 - 


o» 



X=z 



y = 



2 

a qp V2V — a* 



Solve the following pairs of equations : 

(a?-2y» = 7ir . (a;= 67 or 13, 

^' \ x + y = 20S ^"'•tjr=-47or 7. 



MrJ:^-"'"i^h ^-^ 



a; = 5 or — J-, 

- 13 

y = 3 or -y. 
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a 



\ 



9. 



xy 
X y 



100) 
2400) 

4 
1 



10 i«+ y= 7) 

(a:» + 2tf» = 34j 



11. K-y =;n. 

( a;8 + y« = 74 ) 



12. 



a;— — = 4 

2 

r' a; + 2 



>• 



13. I 



3a; — 5y = 



«y 



:n 



14. 



r x V 
a 

V a: «/ ^ 



( — 

15. ia-i- 
i X4- 



+ 



le. 



+ X b + 

+ y =a + 



-1+^-34 



17. < 






14 2 

-- 4- — =— 4- 11 



^n^. 



^^5. H 



j a; = 60 or 40, 
jy = 40 or 60. 



^^^•|y = 2! 

a; = y or 4, 
5 « 



= a4-* ) 



>• 



5 or —7. 






^n4. 



^na. ■< 



, (« = 


5 or 2, 


'•|y = 3 or 6. 


» = g or — 1, 


3 
y = 5 or -1. 




1^ = 2- 


^n^. . 




iX = 


a or 5, 



^n«. 



a: = 5 or 3, 
3 or 5. 



cx = 

\y = 



Ans. 



a: = 2 or —46, 
3 or 15. 



{;= 



260 amiTLTAVIOUB EQUAIIOirS. 

3 



18. ^ , , 16 \. Ans. 



19. 5%+y)-H3(.-y)-=^(. ^^. 



^a; = 5 or jy 

5 
y=r3 or ^-r. 



ra:=2or — , 



i 3 

a^ + 2a; — y = 4) I y=l or — — 



PARTICULAR SYSTEMS. 

39S« If one of the given equations is of a higher degree than 
the seeond^ or if both are of a higher degree than the first, the 
elimination of one of the unknown quantities usually leads to an 
equation of a higher degree than the second. 

lUtistrationa. — If we eliminate y from the equations 

j ax + by=ic) 

\afi + Q?y + xy + y=z d) 

we obtain 

(J — «)«* + (c — fl) a^ + (c — o) a: = W — c; 

and if we eliminate y from the equations 



\x + xy + y:=i\l) 



we obtain 

a;* + 2a< — llaj8 — 48a; := — lOa 

Since we have thus far had no general method for the solution 
of equations of a higher degree than the second, it follows that 
we cannot now give a general rule for the solution of pairs of 
simultaneous equations where ono of them is of a higher degree 
than the second, or where both are of a higher degree than the 
firstr We, however, frequently meet with pairs of this kind that 
can be solved by the aid of special artifices. 
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1. Solve the equations 

a:? + y»=:25 • . . (1), 
a;y==12 . . . (2). 
Multiplying (2) by 2 and adding the result to (1), 

whence, « + y = ± 7 • • • (3). 

Subtracting the equation 2xy = 24 from (1), 

whence, a; — y = ± 1 . . . (4). 

We have now four groups to consider, namely : 

U-y = lP (a;-y=-ir' 

(a; + y=-'r) . (a; + y=:-7) 

(a;-y= iP U-y=— 1) 

Solving these four ^x)ups, we obtain 



u=±3) ,, j^=±n 

ty=±4) <y=±3) 



2. Solve the equations 

a^ + y3 = a« . . . (1), 
xy=:l^ . . . (2). 
Multiplying (2) by 2 and adding the result to (1), 

(a; + y)3 = a2 + 2J2; 

whence, x + y= ± V«* + ^^ • • • (3)« 

Subtracting the equation 2xy = 2J* from (1), 

whence, » — y = ± Va' — ^i^ . • • (4^). 
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Adding (3) and (4), 



whence, a; = ± J Va^ + 2i» ± i Va^ — ai«. 

Subtracting (4) from (3), 

2y = ± V^T^^ =F Va2 — 2i«; 



whence, y = ±iVa* + 2J»T i Va* — ^W 

8. Solve the equations 

a?-ya = a» . . . (1), 
xy = l^ . . . (2). 

Adding four times the square of (2) to the square of (1)^ 
a;* + 2iiV + »*=:»* + 4&* ... (3); 

whence, a? + f=z± Va^ + 4J* . . . (4). 

Adding (1) to (4), 

2a^ = fl? ± Va* + 4J*; 



whence, x=± |/Z±V^^. 

Subtracting (1) from (4), 

2y3 = — a* ± Va* + 4J*; 



= I y ^— ^' ± V^* + 4y ^ 



whence, y=± - ^ 

4. Solve the equations 

y» — ic^ = 16 . . . (1), 
2y3~4a^ + 3aj8=17 . . . (2). 
Assume y = vz; then (1) and (2) become 

«Ai«-a:« = 16 . . . (3), 
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2»aj? 


— ivsfi +3a? = n . . 


. (4). 


From (3), 








and from (4), 




::•- ^"^ • 




•^-2v» — iv + Z' 




• 




17 16 


(5). 


• • 


2v*- 


_4t,+ 3-t;3_l * • • 



Glearing (5) of fractions, transposing, and reducing, 

15t;8 «. 64t; = — 65 . . • (6); 

5 13 
whence, ^ ~ 3 ^' "s" 

R 1ft 

Substituting ^ for v in the two equations ofl = -^ — =- and 

5 
y=:vxy we have a? = 9, and y^-a:; 

a; = ± 3 and y = ± 5. 

13 
Substituting -^ for v in the same equations, we find 

^5 , ^13 

ar=±g and y=±^. 

The artifice here used may be adopted whenever all the un- 
known terms in both equations are of the second degree with ref- 
erence to the unknown quantities. 

5. Solve the equations 

a? + a:y-6y3=i24 . . . (1), 
a^ + 3a;y — 10y» = 32 . . . (2). 

Assuming y = vxy (1) and (2) become 

a?+ va?— 6tAr^ = 24 . . . (3), 
a^ +3va? --lOtAx? = 32 . . . (4). 
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From (8), 


:^- ^ 






l + « — 6»»' 




and firom (4), 


:c»- ^^ 






•^ - 1 + 3t; — lOt;*' 




24 


32 


. (5); 




1 + v- 


6»» ~ 1 + 3» — 10t;» ' " 




whence, 


1 1 

" = 2 ""^ 3- 






R-nViofifnfinar _ 


fnr 9t in fViA ijurn Anna.firkna 


oi — 


24 



+ 

and y = vx, we have a^ = oo , and y = -a;; 

a;=:±<» and y=±<». 

Sabstituting ^ for v in the same equationa^ 

a; = ± 5 and y = ± 2. 

6. Solve the equations 

a? + 2xy + y® + aa; + ay = i . . . (I), 
xy + y^ = c . . . (2). 

The first equation may be written thus: 

{x + yY + a(x + y) =b; 

whence, x + y = ^ • • • v^r 

From (2), x + y = - . . . (4). 

if 

Combining (3) and (4), we find 



_ a^+2b — 2c T g Va^+ 4ft 
~ — a ± Va^+4tb 

2c 
y = . 
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7. Solve the equations 

a?--2a:y + y2 — aic + ajr = * . . . (1), 
xy-^y^z=zc . . . (2). 

Equation (1) may be written thus: 

whence, a: — y = — = — - — - — • • • \yh 

From (2), a; — y = - . . . (4). 

Combining (3) and (4), we find 

a^ + 2h + 2c±a Va^ + 4J 
« = f 

a ± wa^ + 4d 
2c 



a ± Va2 + 45 

8. Solve the equations 

arJy + iry2 = 30 . . . (1), 

i + y=6 ' • • ^^)- 

Equation (1) may be reduced to the form 

a;y(a? + y)=30 . . . (3), 

and (2) may be reduced to the form 

6(« + y)=5a:y . . . (4). 

Dividing (3) by (4), 

zy _ 30 . 





6 "" bxy 


whence, 


5a?y^ = 180, 


or, 


ay = 36; 


whenoQ, 


xy=:±6 



(6). 
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Combining (3) and (5), 

3^ + y=±5 . . . (6). 

Combining (5) and (6), we find 

z = 3, 2, 1, or —6, 
y = 2, 3, —6, or L 

9. Solve the equations 

X -^jf =za . . . (1), 
Qfi + f=zVi . . . (2). 

Dividing (2) by (1), 

a;* — a;ay + try — iry8 + y*= -^ 
which may be placed under the form 

Squaring (1) and transposing the term 2xy, 

a?* + 2/3 =a2 — 2a:y . . . (4). 
Squaring (4), 

x^ + 2xY + y*z=a*'-^^y + 4^y^ . . . (5); 
whence, a;* + y* = a* — 4£fixy + 2a^y^ , . . (6). 

Equation (3) may therefore be placed under the form 

ft* 
a^-'^ahiy + "Hx^y^ — xy {a^ — %xy) + 7^y^=-\ 

thatis, ba?y^ — ba^xy:=z-^a*' . . . (7); 



a^±y' 



4S» + o» 



whence, ajy = . . • (8). 

The values of x and y may now be found by combining (1) 
ftnd (8). 
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Solve the following pairs of equations: 



10. i^+y^=65L 



jj j a?+ zy + 2f = 74:) 



Ig j jE» + 3a;y= 54) 
I ay + V =115) 



± 4 or ±7. 






Ans. 






ic = ± 3 or T 8, 
±5. 



a;=±3 or ±36, 

^'««- -^ , « ^23 

y=±5 or Ty. 



13. ia? + ^y = i5) 

( a;t/ — V* = 2 ) 



Ans. 



14. J ^+^y + V= 6) ^^ 

( 3a;8 + 8t/a = 14 ) 



a; = ± 3 or ± 



y = ± 2 or ± 



V2 
1 

V2 



y = ±|orT2|/|. 



15 (a:»+a:y = 12) 
(a:i/ — 2v3= 1) 



^n«. 



a?=±3 or ±-T=y 

a/6 



y = ± 1 or ± 



a/6 



( v* --2arv + 15 = 0) 



ic= ±4 or ±3 a/3, 
y = ± 5 or ± a/3. 



( a:y + 2y8 = 3 ) 



18. 



a; y 5 
a;y = 180 



Ans. ' 



X=z± 



15 

A/2r 

3 



[y=±vii 



or ± 00, 



or Too. 



Ans. -I^"" 



= 30 or 6, 
6 or 30. 



M8 
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19. 



21. 



(a? + y» = 45 ^ 



^«».'*=±«' 



±3 or T8. 



(3y — a! = y») 



Ans. 



x=z0,2, or ± a/2, 
y = 0, 2, or 2T V2. 



a* + y»= Hity 



a;-y =ja:y 



Ans. i» = 0,4,or-2, 
ty = 0,2, or- 



'•{ 



22. ^^ + !/' + ^ + y 

xy 



= 18) 
= 6) 



Ans. 



a; = 3, 2, or 
y = 2, 3, or 



3±V3, 
3 TVs. 



23. fa:» + y«-^-y = 32) 
\x '\-ii A-xy =29) 



^n«. 



a; = 6, 4, or — 5 ± V— 14, 
y = 4, 5, or — 5 T V— 14. 



{x +y = 5) 
• ] a^ + y» = 65 r 



u4n^. 



j a; = 4 



a; = 4 or 1, 
or 4. 



»• j:.:!^:^}- 



^-, ja: = 2or 0, 
^"'- ly = 0or-2. 



In some of the following answers the roots are not all given : 

Am. i^ = 3 0' J 
]y = 2 or 3. 

3, 1, or 2±5'v/^, 
1, 3, or 2=F5V^. 



(a;y(a;+y)=30) 
\3? + ifi =35) 



27. 



la:*+M* = 82J Li- 



ar; 

y 



28. i«'-y = 3093) 
Kx — y = 3 ) 



An*. i« = 6or-8, 
(v=s3 or — fi. 
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29. \^-^t/^+f=m. ^^ . 

Kx — 3y +y = 4) 



33. 



34. 



36 



'« = j(9±a/73), 
y=-J(9TV73). 



= ± 3 or ±2, 
± 2 or ±3. 



30. K- ^+3^= n. ^ 

la:* + aY + y* = 133' 

31. 1^ + 3^+ a;y=49) ^ 
( «* + y* + «y = 931 ) 

32. i«^-^ + y*-»» = 84) ^^ J-:r=±3or±2, 
(a?+ a?y» + y» = 49) ly=±2or±3. 



<y= 



= ± 5 or ± 3, 

±3 or ±5. 






Ans. \ ^=^ ^^ ^' 
( y=3 or 9. 



^n^. •< 






» = 






j a; = 4 or 2, 
* ( y = 2 or 4 



^7wJ^ = 
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EXAMPLBS. 



1. Solve the equations 

V^ + Vy = 5 . . . (1), 

a; + y = 13 . . . (2). 

Squaring (1) and subtracting (2) from the result^ 

2v^ = 12; 
whence, 4a;y = 144 . . . (3). 
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Squaring (2) and subtracting (3) from the result, 

o^^2xy + f = 2b) 
whence, a; — y == ± 5 . . . (4). 

Combining (2) and (4), we find ] ^ ~ 4 ^^ 9' 
2. Solve the equations 



a? + y» = 34 . . . (2), 
"From (1), by tranqrasition and reduction. 



^-y^-^^=-i/^^ ... (8). 

x+y ^ x+y 

Dividing the denominators of (3) by Vx+~yy 

a4 — 1/2 — 20 J 

/ =-Va;~y; 

V^ + y 



whence, a« - y^ — 20 = — Va?^ — f; 

or, a:3-y3+ V^"=^ = 20 . . . (4). 



Assuming Va^ — y' = «* W becomes 

«a + 2; = 20 . . . (5); 
whence, « = 4: or —5; 

that is, a? — y» = 16 or 25 . . . (6). 



Combining (2) and (6), we find 



a? = ± 5 or ± 




59 
2' 



3 



y=±3 or ±-— . 

V2 
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3. Solve the equations 














tr* + y* = 


= 35 


• 


• • 


(1), 






aj^ + y^ = 


= 6 


• 


• • 


(2). 




AHHuming 


«* — t; and 


»*= 


= 2?, 


(1) 


and (2) 


become 




v^ + s^ = 


:35 


• 


• • 


(3), 






V + z = 


:5 


• 


• • 


(*)• 





These equations may now be solved as Ex. 24^ Art 39S» 
4 Solve the equations 

^i^/i-^^^ ■ ■ ■ «' 

Va^ + V^ = 78 • . . (2). 
Clearing (1) effractions^ it becomes 

x + t/=z61 + Vxy . . . (3). 
Equation (2) may be written 

V^(VS+Vy) = 78 . . . (4). 
Assume x + y=zv . . . (5), 

and V^ = z . . . (6). 

Multiplying (6) by 2 and adding the result to (5), 

X + 2Vxy + yzzzv + 2z; 

whence, Vx + Vy = ± Vv + 2z . . . (7). 
Hence (3) and (4) become 

v:=61 + z . . . (8), 

Vz{± Vv + 2z) == 78 . . . (9). 

The values of v and z are easily found from (8) and (9), and 
then (5) and (6) will fumish the values of x and y. 
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Solve the following pairs of equations: 

U +y +V^= 7) 
' ia^ + !/» + x2/ =21) 

i a:* + y» + ary = 84 ) 



Ans. 






4 or 1, 
1 or 4. 



(y = 2 or 8. 



r. j^ + ^ 

(« — y 



V^^^ = 8) 



:? 



^n«. 



a; = 13 or 5, 
12 or 4. 






& -^ 



a; + y = 10 
^ y^ ' x~% 






2 or 8. 



jV5— Vy = 2V5y) 
' \ « + y = 20 r 



a; = 10±4V6 or 10 T |Vl5, 
y = 10T4V6 or 10 ± ^-y/is. 



10. ^ 



x — yz=i 




X = 



a\: — 2(? ± ac V^--4 



y=± 



c 



Vfl^ — 4 



a;y — (a: + y) = 64 ^ 



IL 



12 or —9. 



12. 






Xz=: 



17 
4 
y» + 2 



^n^. 






6 or 3, 
2 or 1. 
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13. 



a;* + y* = 13 



14 



ia^ + y^ = 189 ) 

\x + y + Vx + y = 12 ) 



15. 



Vy — Vy — a?= V« — « 
2 Vy — a; = 3\/a — ic 



16. < 



X +y 
La« + y3 



^ a: — y 



6 



( ar = 81 or 16, 



a? — y 
= 41 



^n«. •( 



8 or 27. 



^»^* 



( a; = 6 



J 



or 4, 
or 6. 



AnB. 



5 



2 = 



9 = 



±5 or ±3t/|, 
± 4 or ± 4/^. 
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1 Solve the equations 



X!XAJ£PI,BB. 



a? + «y + y* = 37 . . 
a? + a;« + «» = 28 . . 

»» + y« + 2» = 19 . . 



(1), 

(2), 
(3). 



Subtracting (2) from (1), 

(y — «)aj + y» — «^=l9;. 
whence by factoring, 

(y — «)(a; + y + 5;) = 9 . .. . (4). 

Subtracting (3) from (2) and factoring the result, 

(»^y)(x + y + 4=9 (5)* 

18 
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Combining (4) and (5), 

y — « = » — y; 

whence, x + z = 2y , . . (6). 

Combining (5) and (6), 

(a; — y)3y = 9; 

whence, a; = - + y . . . (7). 

Combining (1) and (7), 

(^ + y)'+3 + j^ + y» = 37; 

whence, y = ± 3 or ±5 V3. 

Substituting these values in (7), 

10 r- 
a;=±4 or ±yV3. 

Substituting for x and y their values, we find from (6) 

«=±2 or =f|V3. 

2. Solve the equations 

x+y+zr=za . . . (1), 

a?+f+z^=i¥ . . . (2), 

xy=cz . . . (3). 

Transposing z in (1), 

x + ffz=za — z; 

whence, a^ + 2xy + tf^=za^—'2az + s? . . . (4). 

Transposing 2^ in (2), 

a? + y» = }a — «^ . . . (6). 

Subtracting (5) fix>m (4), 

2iry = a» + 2«'— 2a« — i* . . . (6). 
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Combining (3) and (6), 

2c2; = a2 + 2;22_2a;2 — 52 ... (7); 






whence. 

Substituting these yaJues for z in (1) and (3), 



. . a + ciVTo + cp— 2(a2— ^) 

«+y + — — —^ ^ ^ = ^ 



• ■ • 



(8), 



«y= 



2 



. . . (9). 



From (8) and (9) the yalues of x and y may be found. 



Solve the following groups of equations: 



3. i 



xf^ = 4725 ") 

y^ __ 45 
X "" 7 
z 3 



^ x^y ■" 245 



ar -f y + 2; = 13 
a?^ + y* + 2;2 = 61 
%yz :=:x{z + y) 



a; = 7, 

Ans. ^y=:5, 
;? =3• 



a? = 9 or 4, 
Ans. ^ y = 2 ± V— 14 or 3, 
[ ;? = 2 qp V— 14 or 6. 



6. \ 



1 
1 }•. 



& 



-+- 
a c 

y_b 

Vc z 



X y z 

a: y 

8a? + 3y = 5 



a; r= or 2a, 
z = c or — (?. 



r 


1 




5 


a? 


a 


or 


26' 




1 




15 


y 


~3 


or 


13' 




1 




15 


2; 


— — 


or 




k 


4 




44 



• ■ * 



Ans. < y z=z - ox -—, 



876 



8ihulta:e^eous £quatio:k^s. 



7. 



8. 



y+ «: 

Z +Xz 



n 

X 

1 

y 
1 

Z J 



Am. 



. a? = y = «= ±r o 



^ + ^y + ^x 
xy + y^ + yz 

xz + yz + s^ 




9. ^ 



y 

z 



V = 

L bx'. 



z 

X 
V 

y 

a 

X 

:vy 



Ans. 



10. ^ 



xyz 
xyv 
xzv 
lyzv 



8 

12 
24 



C2r = ± 4. 



± Va 



« = ± Va, 




r ic = 1, 


2[n«. • 


«=3, 




» = 4 
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1. The sum of two numbers is equal to nine times their differ- 
ence ; and if the greater be subtracced from their product, the re- 
mainder will be equal to twelve times the quotient obtained by 
dividing the greater by the less: find the numbers. 

Ans* 5 and 4^ 

2. The sum of two numbers is equal to a times their differ- 
ence ; and if the greater be subtracted from their product, the re- 
mainder will be equal to b times the quotient obtained by dividing 
the greater by the less: find the numbers. 
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3. Find two numbers whose difference is eqnal to two-ninths 
of the greater, and the difference of whose squares is 128. 

Arts. 18 and 14 

4. Find two numbers whose difference is equal to - of the 
greater, and the difference of whose squares is cu 



5. The sum of two numbers is 16, and the quotient obtained 
by dividing the greater by the less is 2 {• times the quotient ob- 
tained by dividing the less by the greater : find the numbers. 

Arts. 10 and 6. 

6. The sum of two numbers is a, and the quotient obtained by 
dividing the greater by the less is i times the quotient obtained 
by dividing the less by the greater : find the numbers. 

Ans. i^±# and "f ±/^). 

— 1 — 1 

7. The difference of two numbers is 15, and half their product 
is equal to the cube of the smaller number : find the numbers. 

Ans. 18 and 3. 

8. The difference of two numbers is d, and half their product 
is equal to the cube of the smaller number: find the numbers. 



^,,^^ l + 4^±y8rf+l ^^ 1±V8J+T. 



9. The product of two numbers is 24, and the product of theii 
sum and their difference is 20 : find the numbers. 

Ans. 6 and 4. 

10. The product of two numbers is a^ and the product of 
iheir sum and their difference is t : find the numbers. 



Ans. ± ^h±^/W^ and ± i/^A±-^L±^ 

2 2 
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11. The product of two numbers is 18 times their difference^ 
and the sum of their squares is 117 : find the numbers. 

Ans. 9 and 6. 

12. The product of two numbers is m times their difference, 
and the sum of their squares is a : find the numbers. 

Ai%8. c ± Vc (2w + c) and — c ± Vc{^jrr+~c)y 

where c = ^=^ ' . 

13. Tw^o persons, A and B, bought a farm containing 600 acres, 
for which they paid $600, each paying $300. A paid 75 cents 
more per acre than B in order to be permitted to take his share 
from the best land. How many acres did each get, and at what 
price per acre ? Ans. A 200 acres at $1.60, B 400 acres at $0.75. 

14. A certain number of workmen in 8 hours carried a pile of 
stones from one place to another. Had there been 8 more work- 
men, and had each carried each time 5 pounds less, the pile would 
have been removed in 7 hours ; but if there had been 8 workmen 
less, and had each carried each time 11 pounds more, it would 
have required 9 hours to remove the pile. How many workmen 
were employed, and how many pounds did each carry at a time ? 

Ans. 28 workmen, and each carried 45 pounds ; 
or 36 workmen, and each carried 77 pounds. 

15. The fore- wheel of a carriage makes 6 revolutions more than 
the hind-wheel in going 120 yards ; but if the circumference of 
each wheel be increased one yard, the fore-wheel will make only 4 
revolutions more than the hind-wheel in going the same distance. 
What is the circumference of each ? 

Ans. Fore-wheel, 4 yds. ; hind-wheel, 5 yds. 

16. What number is that, which being divided by the product 
of its two digits gives 2 for the quotient, and if 27 be added to it 
the order of the digits will be inverted ? Ans. 36. 

17. A sets off from London to York, and B at the same time 
from York to London, each traveling at a uniform rate. A reaches 
York 16 hours, and B reaches London 36 hours after they have 
met on the road. Find in what time each has performed the 
journey. Ans. A in 40 hours, B in 60 hours. 
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18. A man had $1300, which he divided into two parts, and 
placed at interest at Buch rates that the incomes from them were 
equal. If he had put out the first part at the same rate as the 
second, he would have drawn for this part 136 interest ; and if he 
had put out the second part at the same rate as the first, he would 
have drawn for it $49 interest. Find the rates of interest. 

Ans. 6 per cent, for the larger part, and 
7 per cent for the smaller. 

19. A and B engage to reap a field for $24; and as A alone 
could reap it in 9 days they promise to complete it in 5 days. 
They found, however, that they were obliged to call in C to assist 
them 2 days in order to complete the work in the stipulated time, 
in consequence of which B received $1 less than he would have 
done if he and A, without the assistance of C, had continued until 
they completed the work. In what time could B or C alone reap 
the field ? Ans. B in 15 days, C in 18 days. 

20. A number consists of three digits. The sum of the squares 
of the digits is 104; the square of the middle digit exceeds twice 
the product of the other two by 4 ; and if 694 be subtracted from 
the number the order of the digits will be inverted: find the 
number. Ans. 862. 
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'^ Groups and pairs. 
Degree of abt equation. 

General fobm of an equation of the second degree in- 
volving two unknown quantities. 

Pairs consisting of one equation of the first degree 
and one of the second degbee. 

Pabticulab systems. 

Pairs of equations involving radicals. 

Groups involving more than two unknown quantities 

AND ONE OR MORS EQUATIONS OF A HIGHEB DEGBEE THAN 
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CHAPTER XYL 



RATIO, PROPORTIOJS", AND VARIATION, 



RATIO. 



397. The Ratio of two quantities is the quotient arising 
from dividing the first by the second. Tha% the ratio of 6 to 3 

is 2, and the ratio of a to J is t.* 



398. Tfie Sign of ratio is the colon. Thni^ a : 8 is 
read the ratio of a to h. 

399* The Terms of a ratio are the quantities com- 
pared. Thus, in the expression a : hy the tenns of the ratio are 
a and b. 

400. The Antecedent of a ratio is its first t^m, and 
the Consequent of a ratio is its second term. 

The antecedent and consequent of a. ratio together fi>mi a 
Couplet. 

401. A Simple Ratio is one whose terms are entire. 
Thus, a : i is a simple ratio. 

* Ratio as thus defined ifl flometimeB called geomeMtal ratio or ratio Sjf 
quotient, to distinguish it from arithmetical ratio or ratio by difference. The 
arithmetieal ratio of a to 5 is a — b. The sign of arithmetical ratio ia •• . 
Thus, a •• & is read tTie arithmetical ratio of a to b. 

When the word ratio is nsed without modification it ia understood to 
mean geometrical rcuio. 
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402. A Complex Ratio is one in which at least one of 

n. ft h 

the terms involves a fraction. Thus, - : b and - : - are complex 

c c d 

ratios. 

403* A Compound Matio is the ratio of the products 
of the corresponding terms of two or more ratios. Thus, the ratio 
compounded of a:b and c:d is acibd. 

A compound ratio does not differ in its nature from any other 
ratio. The term is used to denote the origin of the ratio. 

404. The Duplicate Ratio of two quantities is the 
ratio of their squares. Thus, a^:l^ is the duplicate ratio of a to b. 

405. The Triplicate Ratio of two quantities is the 
ratio of their cubes. Thus, a^ : J^ is the triplicate ratio of a to J. 

406. The Subduplicate Ratio of two quantities is the 

ratio of their square roots. Thus^ Va : Vb is the subduplicate 
ratio of a to d. 

407. T/ie Subtriplicate Ratio of two quantities is 

the ratio of their cube rootSi Thus, Va : V^ is the subtriplicate 
ratio of a to & 

408. The Direct Ratio of two quantities is the quo- 
tient arising from dividing the antecedent by the consequent. 

Thus, the direct ratio of a to ft is ?• 

409. The Inverse or Reciprocal Ratio of two 

quantities is the direct ratio of their reciprocalsy or the quotient 
arising from dividing the consequent by the antecedent. Thus, 

the inverse ratio of a to S is - : v or -. 

a a 

410. A ratio is called a ratio of Greater^ Inequality, 
of Less Inequality, or of Equality, according as the 
antecedent is greater than, less than, or equal to, the consequent 
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PROPOBTIOK. 



411. 



JBXAHIBIsBa. 



1. Find the ratio of a« — J^ to a + J. 

a% J2 

a + 

2. Find the inverse ratio of a^ — J^ to a + b. Arts, 



a — b 



3. Find the ratio which is compounded of 3 : 5 and 7 : 9. 

Ans» 3-=-- 
15 

4. Find the subduplicate ratio of 100 to 144. Ans, -. 

6. Show that a : J is the duplicate oi a + c\b + c if c^=zab. 



PROPORTION. 



412. A ^Proportion is an equation in which each member 
is a ratio, both terms of which are expressed.* 

The equality of the two ratios may be indicated either by the 
sign =, or by the double colon : :. Thus, we may indicate that 
the ratio of 8 to 4 is equal to that of 6 to 3 in any of the following 



ways : 



f 8:4 = 6:3 
8:4::6:3 



< 8 
4 



6 
3 



8-^4=:6-v-3^ 



This proportion, in any of its forms, is read the ratio of 8 to ^ 
is equal to the ratio of 6 to S, or, 8 is to 4 as 6 is to 3. 

* A geometrical proportion is one in which the ratios are geometrical. 

An arithmetical proportion is one in which the ratios are arithmetical. 
Thus, 6 • • 5 = 9 • • 8 is an arithmetical proportion. 

When the word proportion is used without modification, it is understood 
to mean geometrical proportion. 
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413. The Terms of a proportion are the four quantities 
which are compared. The first and second tenns form the first 
couplet ; the third and fourth, the second couplet. 

414. The Antecedents in a proportion are the first and 
third terms. 

415. The Consequents in a proportion are the second 
and fourth terms. 

416. OThe Extremes in a proportion are the first and 
fourth terms. 

417. The Means in a proportion are the second and third 
terms. 

418. If four quantities a, by c, and d are so related that 

a:b:=c:d, 
d is said to be a Fourth Proportional to a, b, and c 

419. If three quantities a, b, and ^ are so related that 

a:b=zb:Cf 
c is said to be » Third Proportional to a and J. 

4S0. If three quantities a, b, and c are so related that 

J is said to be a Mean Proportional between a and c. 

421. -4. Continued Proportion is a continued equa- 
tion in which each member is a ratio, both terms of which are 
expressed. Thus, a\b -=> c\ d -=. e\f ^=. g \h is a' continued pro- 
portion. 

42!3« K four quantities a, b^ c, and e? are so related that 

a : 6 = - : :7i 
c a 

they are said to be Inversely or JReciprocaUy Propor-^ 
tional. 
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423. XJquimultiples of two or more qtiantities are the 
products obtained by multiplying each of them by the same quan- 
tity. Thus, ma and mb are equimultiples of a and b. 

424. A proportion is taken by Alternation when the 
means or the extremes are made to exchange places. Thus, if 
a : h:=-c : d, we have by alternation, either a : c= J id^or di b=c:a. 

425. A proportion is taken by Inversion when the terms 
of each couplet are made to exchange places. Thus, if a : J = 
c : d, we have by inversion, J : a = rf : <?. 

426. A proportion is taken by Composition when the 
sum of the terms of each couplet is compared with either term of 
that couplet, the same order being observed in the two couplets. 
Thus, if a : S = c : rf, we have by composition, either a + 5 : a = 
c + d:c, or a + b:b=:c + did. 

427. A proportion is taken by Division when the differ- 
ence of the terms of each couplet is compared with either term of 
that couplet, the same order being observed in the two couplets. 
Thus, if fl : S = c : d, we have by division, either a — b : a=zc — d : c, 
or a — b:b = c — did. 

428. In every proportion the product of the extremes is equal 
to the product of the means. 

Let aib = cid; 

then 1 = 1 (418) ; 

whence, ad=:bc. 

Gob. — If the means are equal, as in the praportion a:t = b:cy 

we have V^ = ac, whence b = Vac; that is, a mean propor^ 
tional between two quantities is equal to the square root of their 
product. 

429. If the product of two quantities is equal to the product 
of two others, eitlisr two may be made the extremes, and the otiier 
two the means, of a proportion. 
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• • • 



Let ad = 5c 

then, dividing both members by cd. 



(1); 



ah , , 

- = -7, or a\C'=z Ola • . . 

c d 

In like manner it may be shown that 

a:b :=:c \d . . . (3), 



(8). 



and so on. 



c :az= d:b 
c :d=i aib 
d:b = c:a 



(4), 
(5), 
(6), 



Cob. 1. — ^Any one of these proportions may be inferred fix)m 
any other. Thus, from (2), 

ad=ibCf 

from which any one of the proportions may be derived. 

Cob. 2. — Since (3) may be derived from (2), it follows that 

If four quantities are in proportion, they wiU be in proportion 
by alternaiion. 

Cob. 3. — Since (4) may be derived from (2), it follows that 

If four quantities are in proportion, they will be in proportion 
by inversion. 

430. Equimultiples of two quantities are in the same ratio 
as the quantities themselves. 



CoE.— If 



we have 
that is. 





ma a 






mb~r 






ma:mb = a:b. 






m = l±|, 




a 


±|«:J±|j = « 
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If two quantities he increased or diminished by like parts 
of eacAf the results will be in the same ratio as the quantities 
themselves. 

431. Any equimultiples of one couplet of a proportion are in 
the same ratio as any equimultiples of the other couplet. 

Let a:b = c:d; 

then 

whence. 





a 
b^ 


c 

^ • 

'd' 






ma 

mb ' 


nc 
"nd' 




ma 


:mb 


^nc: 


nd. 



Cob. — ^K w = 1 ± — and w = 1 ± =^, we have 

a±^a:b±^b = c±^c:d±^d; 
9 9 9 9 

that is, 

If the terms of the first couplet of a proportion be increased or 
diminished by like parts of each, and if the terms of the second 
couplet be increased or diminished by any other like parts of each, 
the results will be in proportion. 

432. Any equimultiples of the antecedents of a proportion 
are in the same ratio as any equimultiples of tlie consequents. 

Let a\b=^c\d . . . (1) ; 

then ? = | . . • (2). 



Multiplying (2) by -, 



ma mc 
nb "" nd' 



whence, ma :nb = mc: 9id, 

which by alternation becomes 

ma :mc = nb: nd* 
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433. Axiom. — Ratios that are equal to the same or equal 
ratios are equal to each other. 

Thus, if fl : J = c : rf, 

e\f—g\hy 

and a : 5 = e :/; 

then c : dz=ig\h, 

434. If the ratio of the antecedents of one proportion is equal 
to the ratio of the antecedents of another proportion, the ratio of 
the consequents of the one will he equal to the ratio of the conse- 
quents of the other, and conversely. 

Let a : 5 == c : df . . . (1), 

eifzngih . . . (2), 

and a: c =e : g , . . (3) ; 

then will b : d =f : h. 

For, from (1), a:c=:b:d (429, Cob. 2), 

and from (2), e : g =/: h ; 

b:d=f:h (433). 
In Uke manner it may be shown that, if 

a:b = c:d, 

e:f = g:h, 
and b:d=f:h; 

then will a: c =ze: g. 

435. If four quantities are in proportion, they will be in 
proportion by composition or division. 

Let aib^^cid . . . (1), 

then ^ = ^ . . . (2) ; * 

whence, ^±1 = ^±1, 
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o±i _e±d ,„. 

or, -j--—^ . . . [A), 

whence, a±b:b = e±d:d . . . (4), 

Dinding (3) by (2), 

a±i^c±d ^ 

a c ^ ' 

Whence* adtb:a=zc±d:e . . . (8)> 

Cob. — Separating (6), 

a + b: a=:c + diCy 

and a'—b:a=^C'-'d:c; 

a + b:a'-'b = c + d: c — d(434); 

that is, 

If four quantities are in proportion, the sum of the first and 
second is to their difference as the sum of the third and fourth is 
to their difference, 

436. The sum of any number of the an teoedents of a continued 
proportion is to the sum of t/ie corresponding consequents as any 
antecedent is to its consequent 

Let a\b'=c\d:=ze\f'=Lg\h'=i &a, 

and let r denote the ratio ; then 

whence, a'=.br, c = rfr, e ^=^fry g ^zhr, &o,; 
whence, by addition, 

a + c + e+g + Soc^ib-h d +f+h+ &c.)r; 
whence ^ + g + g + <y + &c. _^__a_^__ 
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437. The products of the corresponding terms of two or more 
proportions are in proportion. 

Let u\o 2=2 c :d, 

e:f=^^:h, 

and m:n = p:q} 

V. a c 



and 



whebt«^ >y mttltiplieation, 



e 

f 


_9 
-A' 


m 

m 

n 


-P. 


aem 


_cgp 


ifn 


~dkq' 



aem : bfn = cgp : ^hq. 

438. The quotients of ihe corresponding terms of twoprqpor* 
tions are in proportion. 

Let 
and 

then 



and 



whence. 



or. 






ttiC' ^= 


■ tjid. 


e:f.^ 


\r-h; 


a 


V 


e 


.9. 


he~ 


ch 
dg' 


a d 
e^ h~ 


c 3. 
9 f* 


a b 

7'f- 


c d 

• 

9 A 



19 
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439. Like powers or like roots of the terms of a proportion 
are in proportion. 

Let a:h = c\d . . . (1), 

then 1 = 1 .. . (2). 

Raising (2) to the n^ power, / 











• 
• • 




a« : *» : 


= c*:*». 


Extracting 


the 


w<* root of (2), 








Va 


.VF. 



Vb Vd 

440. JPBOBZEMS. 

1. Find two nnmbers, the greater of which shall be to the less 
as their sum is to 21, and as their difference is to 3. 

Let X = the greater number, and y = the less ; then by the 
conditions of the problem, 

{x:y = x + y:21 . . . 0-) \, 
(xijf^x — y: 3 . . . (2) P 

^har.na \ 21x = Xy + y^ ... (3) ) 

whence, | Sx^xy^f . . . (4) ) 

Adding (3) and (4), 

2ix=z2xy . . . (5)} 

whence, y = 12. 

Substituting 12 for y in (4) we find 

ic = 16. 
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2. Divide the number 14 into two such parts that the quotient 
arising from dividing the greater by the less shall be to the quo- 
tient arising from dividing the less by the greater as 16 is to 9. 

Let X = the greater number, then will 14 — a? = the less. 

By the conditions of the problem, 

:nr^— :^^-^^ = 16:9 . . . (1). 
l^ — xx ^ ' 

Multiplying the terms of the first couplet by (14 ^x)Xf 

a:2:(14-a:)8 = 16:9 ... (2) (430); 

whence, a::14 — a; = 4:3 ... (3) (439). 

From this proportion we find 

a; = 8 and 14 — a; = 6. 

3. The product of two numbers is 112, and the difference of 
their cubes is to the cube of their difference as 31 is to 3. What 
are the numbers ? 

Let X = the greater number, and y = the less ; then by the 
conditions of the problem, 

j a;y = 112 . . . (1)1 

(aj* — J^:(a? — y)» = 31:3 . . . (2) J 

From (2), 

a:» + a:y + y»:a^-2a:y + y* = 31:3 . . . (3) (430); 
whence, 3a:y: (re — y)8 = 28:3 . . . (4). 

Combining (1) and (4), 

336:(2? — y)2 = 28:3 . . . (6); 
whence, a:— y=6 . . . (6). 

Combining (1) and (6), we find 

a? = 14, y = 8. 
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4. What two nambers are those whose difEerence is to their 
Bum aa 2 is to 9^ and whose sum is to their product as 18 is to 77 ? 

Let X = the greater number, and y = the less; then by the 
conditions of the problem^ 

{x^y:x + yz= 2: 9 . . . (1)) 
ix + y:xy =18:77 . . . (2)) 

From (1), 

2a::2y = ll:7 . . . (3) (435, OoB.); 

whence, ^ ~ TT ' ' * ^*^' 

Combining (2) and (4), 

^:^ = 18:77 . . . (5); 

whence, x = 11. 

Substituting in (4), we find 

y = 7. 

5. Two numbers have such a relation that if 4 be added to 
each, the results will be in the ratio of 3 to 4; and if 4 be sub- 
tracted from each, the results will be in the ratio of 1 to 4. What 
are the numbers? Ans. 5 and 8. 

6. Diyide the number 27 into two such parts that their pro- 
duct shall be to the sum of their squares as 20 is to 41. 

Ans. 12 and 15. 

7. Two numbers are in the ratio of 3 to 2. K 6 be added to 
the greater and subtracted from the less, the results will be in the 
ratio of 3 to 1. What ai'e the numbers ? Ans. 24 and 16. 

8. The number 20 is divided into two parts which are to each 
other in the duplicate ratio of 3 to 1. Find the mean propor- 
tional between these parts. Ans. 6. 

9. The sum of the cubes of two numbers is to the difference 
of their cubes as 559 is to 127, and the product obtained by mnl- 
tiplying the less by the square of the greater is equal to 294. 
What are the numbers? Ans. 7 and 6. 
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10. The cabe of the first of two nambera is to the square of the 
second as 8 is to 1^ and the cube of the second is to the square of 
the first as 96 is to 1. What are the numbers ? 

Am. 12 and 24. 

IL Giren w + «:!! + «=^ + 3c:gr + a? to find «. 



Ans, 



np — fng 



VARIATION. 

441. One quantity varies directly as another when the two 
quantities have such a relation that one increases or decreases in 
the same ratio as the other. Thus, in uniform motion, the space 
described varies directly as the time. 

Sometimes, for brevity, we omit the word dir^ctlyj and say 
simply that one quantity varies as anothei*. 

442. The Sign of variation is the symbol tx . Thns^ the 
expression ^ x ^ is read 8 varies as t 

443. A Variation consists of two expresaaons connected 
by the sign oc . 

When a variation immediately follows the word let, the sign oc is equiv- 
alent to the word varj/, 

444. One quantity varies inversely as another when the first 
varies as the reciprocal of the second. Thus, in uniform motion, 
if the space (s) is constant, the time {t) varies inversely as the ve^ 

locity (v) ; that is, tec-. 

445. One quantity varies as two others jointly when the first 
varies as the product of the others. Thus, in uniform motion, 
the space (s) varies as the time (t) and velocity (v) jointly; that 
iSfSacvt. 

446. One quantity varies directly as a second quantity and 
inversely as a tiiird, when tlie first varies as the quotient obtained 
by dividing the second by the third. Thus, in uniform motion, 
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the time (t) yaries directly as the space (s) and inversely as the 

g 
velocity (v) ; that is, t cc-, 

447. If one quantity varies as another, either of them is equal 
to the product obtained by multiplying the other by some constant 
qtuxntity. 

Let ^ oc y, 

and suppose y = b when a; = a ; then 

x:a=y:b (441) ; 

whence, rr = -y = my, 

where m is equal to the constant t* 

448. If one variable quantity is eqtuil to the product obtained 
by multiplying another by a constant, the first varies as the second 

Let X = my, 

and suppose y = ft when a; = a; then 

a = m J ; 

a;:a = y:J; 

that is, X cK,y. 

449. If one quantity varies as a second, and the second as a 
third, the first varies as the third. 



Let 






whence, x==mnz; 

xoiz (448). 

450. If each of two quantities varies as a third, their sum^ 
their difference, or their msan proportional varies as the third. 



Let 
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iXiXZ) 

then ix = mz^ 

whence, 

X + y=z {m + n)Zy x — yz=(m"^n)z, and Vxy ^zV^nn; 

X + y Qc Zy x — yocjZf, and ^^xyccz. 

451. If one quantity varies as two others jointlyy either of the 
loiter varies directly as the first and inversely as the other. 

Let xo:yz\ 

then x^=zfiiiyz\ 

, 1 rr , 1 a? 

whence, y = — .-, and i?? =— .-; 

^ m z my 

X Qj 

y cx -, and js « -. 
^ ^ y 

4t52. If one quantity varies as another, either varies as any 
multiple of the other, . 

Let xccy; 

then x = my = '—.ny; 

xccny. 
Again, smce x = my, 

1 1 

^ m mn 






y ccnx. 



453. If both m£miers of a variation he multiplied or divided 
ty the same quantity , the results mil vary as each other. 

Let X ccy . . . (1) ; 

then z=zmy . , . (2). 
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MultiplTing (2) by Zy 

xz=imzy; 

xz cczy. 
Dividing (2) by «, 

z z 



5o:y 

z z 



• m 



Cor.— Hence a variation may be cleared of fractions in the 
same way as an equation. 

454. The product of the first members of two or more varia- 
tions varies as the product of their second members. 

X ccy 
Let •{ t <xz 

wccv 

X =r wy ) 
then ^ t =nz > ; 

w = dv ) 

whence, xtw = amnvyz; 

xtwccvyz. 

455* The quotient of the first mefribers of two variations varies 
as the quotient of their second members. 



Let 



then 



izazt r 

{x=z my ) 
lz=nt P 



X my 
whence, -- = --.J; 

z n t 



.•. -OCv. 



X y 
z t 
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456. lAhe ptmers or like roots (tf ihB msmi^rs of a vaHation 
vary as each other. 



Let 
tiien 
whence, 



a:ccy; 

^ziifn^j and v^^VwVy; 
^ ccif^, and V^ « Vy« 



457. 



PnOlRI^BMB, 



1. If y oc ^ and y = 3 when a; = 1^ what is tiie valne of 
y when iu = 3? -4n«. 9. 

2^ If X o:y and a? = 15 when y = 3, what is the value of 
y in terms of a?? 



X 



3, If zee xy and a? :s= 1 when x = 
of z when a; = y = 2? 



^W5. y = ^. 
y = 1, what is the yalire 



4. If zccpx + y, and if « = 3 when a; = l and y=:2, 
and z= 6 when a; = 2 and y = 3, what is the value of ^ ? 

Ans. 1. 

6. If a^ccy^ and a? = 2 when y = 3, what is the value of 

y in terms of a; ? s /^ 

Ans. y =zdy -^ 

ycct + v^ 

t QC X 

> , «nd, if sr^4 when xts 1, and y=6 



6. If 



1 

r*i J 



when a? = 2, what is th^'Vldfie of y in terms of a; ? 



Arts, y = 2a; + -. 



a; 



7. If a: QC y when z is constant, and if a; oc 2; when y is con- 
stant, how does a; vary When both y and z are variable ? 

win5. xccyz. 
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CHAPTER XYII. 
MATHEMATICAL IKDUCTIOR 



459. Mathematical Induction or Demonatra' 
tive Induction may be thus described : We prove that if a 
theorem is true in one case, whatever that case may be, it is true 
in another case which we may call the next case ; we prove by 
trial that the theorem is true in a certain case ; hence it is true 
in the next case, and hence in the next to that, and so on ; hence 
it must be true in every case after that with which we began. 
This method of reasoning is exemplified in the demonstration of 
the following theorems : 

460. The sum of n consecutive integers beginning with 1 is 
n{n + 1) 

2 • 
We see that this theorem is true in some cases ; for example, 

l + 2 = ?^^^ti), 1 + 2 + 3 = ^^^^"^^^ we wish, however, 

to show that the theorem is true universally. 

Suppose the theorem were known to be true for a certain 
value of n ; that is, suppose for this value of n that 

1 + 2 + 3 + 4+. •..+n= ^ ^ . . . (1). 

Adding n + 1 to both members of (1), 

1 + 2 + 3 + 4+.. . +w + n + l = ^ ^^^ ^ + n + 1 = 



2 



(„ + j)[(i±^] . . . (2). 
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Therefore, if the sam of n consecutiTe integers beginning with 
1 i3 Mn+J)^ ^^^ sum of n + 1 snch numbers will be 

(n + 1)\ - — ^ . In other words, if the theorem is true 

when n is a certain number, wfaateyer that number may be, it is 
true when we increase that number by 1. But we have seen by 
trial that the theorem is true when n = 3 ; it is therefore true 
when w = 4 ; it is therefore true when » = 5 ; and so on. Hence 
the theorem must be universally true. 

461. Tlie difference between the like powers of any two quan- 
tities is divisible by the difference between the quantities. 

Let a and b denote any two quantities, and let n be any posi- 
tive integer ; then will a" — J** be divisible by a — b. 

^=i(^^ + b^ J— ^ ... (1); 

a — b a — b ^ '^ 

Aence a* — J*» is divisible by a — S, if a*^* — J**"* is divisible 
by it Now a — J is divisible by a — b\ therefore fl? — J* is 
divisible by a — J ; therefore, again, c^-^V \% divisible by a— by 
and so on ; hence a" — 5** is divisible by a — b, if n is a posi- 
tive integer. 

Performing the division indicated in (1), we obtain 

^21 " = a»*-*+ 0^3* +««-»$«+ +«%«-«+ fl6^+J*"^. (2). • 

Cob. 1. — The number of terms in the quotient is n. 

Gob. 2. — If i == a, each term of the quotient becomes equal 
to ^~^; hence, 

OoB. 3. — Sabstitating c> for a and d^ for I in (2), we have 
J-^^ = c»»-«+(^-*d»+. . . . + c«*'-^+<?— ». . .(4); 
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hence, 

The difference between the like even powers of any two quan- 
tities is divisible by the difference between tJie squares of the 
quantities. 

Cob. 4. — ^Multiplying both members of (4) by c — (Z, we 
obtain 

hence, 

The difference between the like even powers of any two quan- 
tities is divisible by the sum of the quantities. 

Cob. 6. — Substituting ^ for a and d« for b in (2), we have 

-35— = (fm-m ^ ^Mm-2m^ + . . . . +d»»~"»; 

hence, 

The difference between the like powers of any two quantities is 
divisible by the difference between any other like powers of the two 
quantities^ ifths exponent in the first set of powers is divisible by 
th(U in the second set. 

Cob. 6. — ^When n is odd, we have 

a — (— 6) ~" a + b ' 

ITow by the theorem, c^ — (— J)* is divisible by g — (— J) • 
hence a» + S* is divisible by a + b when n is odd ; that is, 

The sum of the like odd powers of any tioo quantities is divisible 
by the »um of the quantities. 

Parforming the division indioated, we obtain 
a •{- 

463. SYNOPSIS FOR REVIEW. 

CHAPTER XVn. ( (460. 

ICATHEMATIOAL IHDUGTIOH. ( ^™^™'*- ]4«1. O^r. 1, 3, 8,4, 6,ft 
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PERMUTATIONS. 



463. The Permutations of n things^ taken r at a time, 
fsre the results obtained by arranging the things in every possible 
order in groups of r each. Thus, the permutations of the letters 
a, hy c, taken two at a time, are 

abf idy aCy ca, be, ch* 

The permutations of the same letters taken all at a time, are 

abcy achy b(zc, bcoy cab, cba. 
It is evident that r cannot be greater than n. 

464. To find the ntunber of permutatiozis of n things, 
taken r at a time. 

Suppose the n things to be n letters, a^byCyd , . , , 

The number of permutations of n letters, taken one at a time, 

is n. 

In order to form all the permutations of n letters, taken two at 
a time, we must annex to each letter each of the n — 1 other 
letters. We thus obtain » (» — 1) permutations. 

In order to form all the permutations of n letters, taken three 
at a time, we must annex to each of the permutations, taken two 
at a time, each of the n — 2 other letters. We thus obtain 
n (n — 1) (n — 2) permutations. 
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In the same manner it may be shown that the nnmber of per- 
mutations of n letters, taken 4 at a time, is n {n—1) {n—2) (n— 3). 

From these cases it might be conjectured that the number of 
permutations of n letters, taken r at a time, is 

n (» — 1) (w — 2) (71 — 3) . . . . (w — r + 1). 

To show that this is true, we employ the method of mathemaU 
teal induction. 

Denote the number of permutations of n letters, taken r at a 
time, by P,, and suppose for a certain yalue of r that 

P^ = n (» — 1) (» — 2) (» — 3) . . . . (w — r + 1) . . . (A). 

Now, in order to form all the permutations of n letters, taken 
r + 1 &t a time, we must annex to each of the P^ permutations 
each of the n — r other letters. We thus form 

n(w — 1) (» — 2) (ti — 3) . . . . (» — r + 1) (» — r) 

permutations. Hence, denoting the number of permutations of n 
letters, taken r + 1 at a time, by P^+i, we have 

P,.^.! = n (71 — 1) (» — 2) (w — 3) . . . . {n — r + l){n — r\ 

which may be written 

P,.+i = n (w— 1) (»— 2) (w— 3) .... (»-.r+l)[7i— (r+l)+l]. 

This equation is of the same form as (A) ; that is, it may be 
derived from (A) by simply substituting r + 1 for r. 

If then (A) is true when r is a certain number, it is tinie when 
we increase that number by one. But (A) has been shown to be 
true when r = 3 ; it is therefore true when r = 4 ; it is there- 
fore true when r = 5 ; and so on. Hence the formula must be 
universally true. 

Cob. — If r = », (A) becomes 

P^ = » (n — 1) (7* — 2) (7* — 3) . . . . 1 . . . (B). 

That is, 

The number of permutations of n things, tahen not a time, is 
equal to the product of the consecutive numbers from Iton tVi- 
dusive. 
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For brerity, n (n — 1) (« — 2) (n — 3) . . . . 1 is often de- 
noted by the symbol jw, which k read, /«c^ona?w. 

465. To find the number of permutations of n 
things, taken n at a time, when some of the things are 
IdenticaL 

Suppose the n thingis to be w letters ; and suppose p of them 
to be a, g of them to be d, r of them to be c, and the others to be 
unlike. 

Denote the required number of permutations by N. If in any 
one of these N permutations the j? letters a were changed into p 
new letters different from each other, and also different from all, 
the other letters contained in the permutation, then, without 
changing the situation of the other letters, we could from the 
single permutation form [£^ different permutations; therefore 
the whole number of permutations would be N x [£. In like 
manner, if the q letters b were changed into q new letters differ- 
ent from each other, and also different from aU the other letters 
contained in the N x [£ permutations, we could form N x |j7 

X [£ permutations; and if the r letters c were also changed i\\ 
the same way, the number of permutations wbuld be N x ]/ 

X |£ X |r. But this number must be equal to the number d 
permutations of n dissimilar things, taken ^ at a time; hence. 

Nx[£x|£x|r=:j«; 



whence, ir = T t= — r • • • (0)» 

|£X j£ x\r ^ ' 



466. rBOBLBMS. 

1. How many different permutations may l)e formed of 6 let- 
ters, taken 5 at a time ? ArSB. 6720. 

2. How many different permutations may be formed of aU the 
letters of the alphabet, taken 4 at a time ? Ans. 358800. 

3. How many difbront pdrtnatationB may be made of 6 things, 
taken 6 at a time ? Atis. 790. 
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4. How many different numbers may be formed with the five 
figures, 5, 4, 3, % 1, each figuie ocGairing once, and only once, in 
each number? Ans. 120l 

5. How many diflB^rent peimntations may be made of the letters 
in the word Longitude^ taken all together ? Ans. 362880. 

6. How many different permutations may be made of the let- 
ters in the word (hraccas, taken all together ? Ans. 1120. 

7. How many different permutations may be made of the let- 
ters in the word HdicpoliSy taken all together ? Ans. 453600. 

8. How many different permutations may be made of the let- 
ters in the word Ecclesiastical^ taken all together ? 

Ans. 454053600. 

9. What Talue must n have in order that the number of per- 
mutations of n things, taken 4 at a time, may be equal to 12 
times the number of permutations of n things, tsiken 2 at a time ? 

Ans. n = 6. 

COMBINATIONS. 

467. Uie Combinations of n things, taken r at a time, 
are the results obtained by arranging the things in as many differ- 
ent groups of r each as possible, without regarding the order in 
which the things are placed. Thus, the combinations of the let- 
ters a, by Cy taken two at a time, are 

aty aCy tc. 

It will be observed that if the letters be regarded as factorSy 
the combinations which may be formed by taking r at a time 
will constitute all the different products of the r** degree, of which 
the letters are capable. 

468. To find the number of combinations of n things, 
taken r at a time. 

Denote the number of combinations of n things, taken r at a 
time, by G^ and the number of permutations of n things, taken r 
at a time, by P^ 
20 
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It is eyident that all of the P^ permutations can be fonned hj 
finbjecting the r betters of each of the G^ combinations to all the 
permutations of which these letters are susceptible^ when taken r 
at a time. Now, the number of permutations of r letters^ taken 
r at a time, is \r (464, Gob.) ; therefore the number of permuta- 
tions of n letters, taken r at a time, is G,. |r ; hence, 

G, xlr = P,; 

p 

whence, G^ = -j-^. 

Ir 

But P^=«(»— l)(w— 2)(n— 3) .... (n—r+l) (464); 
. Q ^ n(;i-l)(n~2)(n-3) (n-r+1) ^. 

469. The number of combinations of n things, taken r at a 
time, is equal to the number of combinations ofn things, taken 
n — r at a time. 

Denote the number of combinations of n things, taken n — r 
at a time, by G„_,.; then by (D), 

p _ w(n— l)(n— 2)(n— 3) .... [n->(n—r)+l] 

\n — r 



_ n{n^l){n-2){n-^d) (r+1) ^ . 



Multiplying both terms of the second member of (1) by [r, 



\n 
C«^ = l = . . . (2). 



[r X 



n — r 



Multiplying both terms of the second member of (D) by 

_ \n 
^'-\rx\n-r ' * * ^^^ ^ 

0^ = G^ . . . (4). 
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470. 



jpbobzx:m8. 



1. Find the number of different products that can be formed 
with the numbers 1, 2, d, 4:, 6, taken 2 at a time. Ans. 10. 

2. What yalue must n have in order that the number of per- 
mutations of n things, taken 5 at a time, may be equal to 120 times 
the number of combinations of n things, taken 3 at a time ? 

Afis. 8. 

3. When n is eyen, what yalue must r have, in order that Of 
may be the greatest possible ? j _ ^ 

2 

4. When n is odd, what yalue must r haye, in order that C^ 



may be the greatest possible ? 



Ans. r = 






5. Prom a company of soldiers numbering 96 men a picket of 
10 is to be selected ; in how many ways can it be done so as always 
to include a particular man ? . 195 

6. From a company of soldiers numbering 96 men, a picket of 
10 is to be selected ; in how many ways can it be done so as always 
to exclude a particular man ? |95 

^'^^ tl0x|85 
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{x + a) {x + b) =sfi + a 

+ i 



{x + d) {x + 1) {x + c) =:a? + a 

+ h 
+ c 

(^ \a){x + h){x + c){x-\'d):=i7^ + a 

+ i 
+ c 



x + db. 

a? + ab 
+ ac 
+ be 

a^+ db 
+ ac 
+ ad 
+ be 
+ bd 
+ cd 



X + abc. 



0?+ abc 
+ abd 
+ acd 
+ bed 



X + abciu 
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In each of these identities we observe the following laws: 

1. The number of terms in the second member is one greater 
than the number of binomial factors in tJie first member. 

2. TTie exponent of x in the first term of the second member is 
equal to the number of binomial factors^ and in each of tJie suc- 
ceeding terms the exponent of x is one less than in tlie preceding 
term, 

3. The coefficient ofthefir^ term of the second member is unity, 
the coefficient of the second term is the sum of the second terms of 
the binomial factors j the coefficient of the third term is the sum 
of all the products of the second terms of the binomial factors^ taken 
two at a time; the coefficient of the fourth term is the sum of aU 
the products of the second terms of the binomial factors, taken three 
at a time ; and so on : the last term is tlie product of all the second 
terms of the binomial factors. 

472. That the laws stated in the preceding Article are gen- 
eral may be shown as follows: 

Suppose the laws to be true in the case of n binomials, x + 0, 
x -{- b, X + c . . . . X + k'y that is, suppose 

ix+a){x+b){x+c) .... (ir+*)=a^+Pia^*+P2a^"*+P8a^' 

• • • • "1 ^n ... \^)y 

in which P^ = the sum of the terms afb9C....k, 

Pg = the sum of the products of these terms, taken two 
at a time, 

p, = the sum of the products of these term% taken 
three at a time, 



P„ = the product of all these terms. 

Multiplying both members of (1) by x + 1^ 
{x+a){X'{-b)(x+ c) . . . . {x+h){x + T)^ 



a^^^ + Pj 
+ 1 



a:« + P« 

+ Pi^ 



^-^ + Ps 
+ P«? 



2J^ . • ■ • ^X||* • • • y^i* 
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Now F^+l:=za + b + c....+k + l 

= the sum of ^11 the terms ayb^c, , . , ,i, I; 
F^+F^lz='P^ + {a + b + c . . . .+k)l 

= the sum of the products of all the terms 
afb,^y....k, I, taken two at a time ; 

V^ + Ff^l ^P^ + {ab + ad + ac + be -{- bd + cd . . . .)l 

= the sum of the products of all the terms 
a,b,c,....k^ I, taken three at a time • 



PJ = the product of all the terms ayb, c, .... kyl 

The law of the exponents in (2) is also the same as in (1). 

Hence, if the laws are true when n factors are used, they will 
be true when n + l factors are used. But they have been shown 
to be true when w = 4 ; therefore they are true when w = 6 ; 
and so on. Hence the laws must be true universally. 

473* The number of terms in P^ is obviously n; the number 
of terms in P, is equal to the number of combinations of n things, 

taken two at a time, that is, — ^-f^ — - (468) ; the number of 

If 
terms in P, is equal to the number of combinations of n things, 

taken three at a time, that is, — ^ ~ \ and so on. 

Now suppose a = J = (j= . . . . *; then P^z^na^ 
P,=^Ill)a», P. = ^(!irii^i!L=A)a., and so on. 
Under this hypothesis, (1) of Art. 473 becomes 

ll 12 

If 

This is the 3lnoniial Formula. The second member 
of this formula is called the JExpansion or Development 
of {x + a)**, and when we put this expansion or development in 
the place of {z + d)^ we are said to expand or develop {z + a)^ 



/ 
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474* The coelScient of the product of the powers of a and x 
in any term of the expansion of {x + a)** is called the coefficient 
of that term. Thus, the coefficient of the third term of the 

n (» — 1) 



expansion of (a? + a)" is 



12 



475. The first letter in an expression of the form of {x + a)* 
is called the leading letter. 

476. Another J^roof of tlie Binomial Formula.— 

We can verify the Binomial Formula by trial for small values of 
n as 2^ 3^ 4 
Assume 

(a: + a)'»=aJ" + waar""i ^ — L.^ — 'a^^-^ H — ^^ ^-^-^^ — '- cM*"^ 

If 12 

+ . . . . +«** . . . (1). 
Multiplying both members of (1) by a; + a and reducing, 

^ (n+l)n{n-l) ^^^^ .... +«-^t . . . (2); 

that is, the expansion of {x + a)'*"'"^ is of the same form as that 
of {x + ay. Hence, if the Binomial Formula is true for any ex- 
ponent, it is true when the exponent is increased by unity. Bnt 
the formula is true when n = 4; it is therefore true when w==5; 
it is therefore true when n = 6 ; and so on. Hence the Bino- 
mial Formula is true for any positive integral exponent 

CoR. 1. — If we multiply the coefficient of any term in the ex^ 
pansion of {x -f «)" by the exponent of x in that term, and di- 
vide the product by the number obtained by adding 1 to the expo- 
nent of a in the same term, the quotient will be the coefficient of 
the succeeding term. 

Cob. 2. — The sum of the exponents of a and x in any term of 
the expansion of (x ^ a)" is equal to n. 
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477. To find the stun of the ooeffieients in the ex- 
pansion of {x + a)^ 

The formula 
/ . \« ^ . .-«^i . w{w— 1) «..,^o . w(7i— l)(w— 2) , ^ , 

+ . . . . +flf» 

is true for all yalnes of x and a, and the coefficients are indepen- 
dent of X and a. Suppose x=za = l; we then have 

That iSy the sum of the coefficients in the expansion of (x+a)^ 
is2». 

478. To find the r^ term of the expansion of 
(x + a)\ 

The exponent of a in any term of the expansion of {x + «)*» is 
one less than the number of that term ; hence the exponent of a 
in the r^ term is r — 1. The sum of the exponents of a and x 
in any term is n ; hence the exponent of x in the r^ term is 
w — r + 1. The coefficient of the second term is equal to the 
number of combinations of n things^ taken one at a time ; the co- 
efficient of the third term is equal to the number of combinations 
of n things^ taken two at a time ; and so on ; hence the coefficient 
of the r^ term is equal to the number of combinations of n things 
taken r — 1 at a time ; that is, 



Therefore, denoting the r^ term by T„ we have 



^ _ n(w— l)(n— 2)(n— 3) .... (n—r+2) 



a»^V' ''-^y 



It should be observed that r cannot be greater than n + 1. 
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470. In the expansion of (z + a)** the coefficient of the r* 
term from the beginning is equal to the coefficient of the r* term 
from the end. 

The coefficient of the r^ term fipom the beginning is 

n{n — l ) (w — 2) (y^ — 3) . . . . (yi — r + 2) .^^^. 

Multiplying both numerator and denominator by \n — r 4 1, 

this becomes 

[n 



r — 1 X |» — r-fl' 



The r** term from the end is the {n — r + 2)* term from 
the beginnings and its coefficient is 

n(?^-l)(n-2)(n~3) .... [n— (y2-r+2)+2] ^ 



which becomes by reduction 

w(n— l)(n— 2)(n— 3) . . . . r 
n^r-^1 

Multiplying both numerator and denominator by |r — 1 , this 
becomes 



r — 1 X l/i — r-fl' 



480. To obtain the JExpanaian of {x — a)*, it is suffi- 
cient to put — a in the place of + a in the expansion of 
{x -f a)\ The terms which contain the odd powers of — a will 
be negative, and the terms which contain the even powers of — a 
will be positive. Hence, 

/ \« -^ -^ 1 . '^(n — 1) o « • n{n — l)(w — 2) « _ ^ 
(a;— a)«=a^— wfla^-^H — ^-rr — ^aV»-» ^^ ^ 'hAxT^ 

n(n-l)(n-2)in-3) ^^ .... 

1* 
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481* exjljuples, 

1. Expand {a + J)*. 

First Solution. — In the expansion of (a + 5)*^ the powers of a are 

a\ c^y a\ a\ a\ cfi; 
the powers of J are J®, b\ V, &*, J*, V^; 

and the coefficients are 1, 5, 10, 10, 5, 1 (476, Gob.1). 

(a + J)« = a5 + 6a*b + lOa^b^ + lOa^b^ + 6ab^ + b^. 

Second Solution. — The hteral parts of the terms of the expan- 
sion of {a + by are 

a^, a% a^l^y aWy a¥, J*, 

and the coefficients are 1, 5, 10, 10, 5, 1 ; 

(a + by = a* + 6a*b + lOa^ja + lOa^J^ + 6aJ* + J«. 

Third Solution, — Substituting a for x, b for a, and 6 for n, m 
the Binomial Formula, we have 

{a+by = a« + 5a*b + lOa^ff^ + lOa^W^ + 6ab* + V. 

2. Expand {2x — Say. 

Powers of 2Xy 16ic*, Sa^, ia?, 2x, {2xy; 

Powers of —3a, (— Say, — Sa, 9a^, — 27a«, 81a*; 
Coefficients, 1, 4, 6, 4, 1; 

.-. {2x — 3a)* = 16a:* — 96aix^ + 216a^:r^ — 2iea^x + 81a*. 

3. Expand {a + b + c + dy. 

Put x=:a + b and y = c + d; then 

{a + b + c + dy= {x + yy = ofi + Sa?y + Sxy^ + y». 

Substituting for x and y their values, 

(a+5+c+d)8=(a + 8)8+3(a+J)2(c + e?)+3(a + J)(c+t?)3 + ((?+rf)» 

=a8 + 3a2J + 3aJ2 + &» + Sa^c + Qabc + SV^c + SaH 
+ 6aid + 3J2d + 3ac3 + 6acrf+3a(P+3Sc»+6J{jrf 
+ 3S(P + c8 + 3c2d + SccP -f flP. 
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4. Find the 5th term of the expansion of {a + J)^. 
Substituting a for x, h for a, 15 for n, and 5 for r in the 
formula of Art. 478, we have 

T, = 15 X 14 X 13 X 12 ^^^ ^ 1365^11. 
^ 1x2x3x4 

6. Expand {a — J)^. 

Ans. a* — 6M + lOaW - lOfl^Js + s^jd _ js. 

6. Expand (1 + c)\ 

Ans, 1 + 6c + 15c2 + 20c» + 15c* + Bc^ + c«. 

7. Expand {x + y^, 

Ans. x^ + Wy -f %lQ^f + 35a:*ys + 35aV + 21icV + Ya?^ + y\ 

8. Expand (a^ — 1)8. 

Ans. ai6-8ai*-f28a«— 56«io+Wa8— 56a«+28a*— 8a2-fl. 

9. Expand {a — cf. 

Ans. a» — 9a«c + 36flV — 84a«c3+ 126a5c*— 126aV+ 84a8c« 
— 36a2c7 + 9ac8 — A 

10. Expand (1 -^-axy. 

Ans. l+bax + lOa^^c^ _^ iQah? + 5a*a;* + a5j:5, 

11. Expand (3a4-2c)5. 

^ 715. 243^5 + 810a*c + lOSOa^c^ + 720a2t^ + 240ac* + 32^5. 

12. Expand (o — |) • 

^;j5. 15b^o-.dl^aa:-f ^^ ^54 ^432 1296^ 46656' 

13. Expand {a^ — aS + l^y. 

Ans. a^ — ^a*b + 10a«^>2 _ leasjs + I9a4j4 _ ig^s^s + 10^2^,8 

14. Find the middle term of the expansion of (a + xy\ 

Ans. 252aV. 

(3a 4r\* 
-T-+ g-j. 

16. Find the 2001«< term of the expansion of \(i^ + x^J' 

Ans. 2003001aA2«>. 
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THE n^ ROOT OF QUANTITIES. 

483. To find the nf^ root of a pol3rnomial. 

Find the n^ i-oot of g»+nflg»-^+ ^^^' 7" \ h^^ .... + o^. 

If 
„ /„ -I \ 

a^ + naaf^-'^ H — —^ — - dhf^ .... + c^ x + a 

If 

41 /n -L l\ 
(a? + «)«=: aJ» + waaf»-i + -^,r — ^ aV^« .... + a^ 

If 

Arrange the tenns according to the descending powers of x. 
The n^ root of the first term, a;", is x, which is the first term of the 
required root The second term of the root may be foand by 
dividing the second term of the given polynomial by fiTf^''^ 

If there were more terms in the root^ we should proceed with 
X +a as we did with x. 

MULE. 

I. Arrange the given polynomial according to the powers of one 
of its letters. 

n. Extract the n^ root of the first term; the result will be the 
first term of the required root. Subtract the «** power of this 
term from the given polynomial 

III. Divide the first term of the remainder by n times the 
{n — l)^poti}er of the first term of the root j the quotient will be 
the second term of the root. Subtract the n^ power of the sum of 
the first and second terms of the root from the given polynomial. 

TV. Take n times the (n — 1)^ power of the sum of the first 
and second terms of the root for a second divisor. Divide the first 
term of the second remainder by the first term of the second divisor; 
the quotient will be the third term of the root. Subtract the n^ 
power of the sum of the firsts second^ and third terms of the root 
from the given polynomial. 

y. Proceed in this manner until aU the terms of the root have 
been found. 
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Coil — ^If the root contains only two terms, it may be obtained 
by extracting the n^ root of the extreme terms of the arranged 
polynomial, and placing the proper sign between the results. 
Thus, the cube root of a» + Sa^i + SaJ^ + J8 is a + ly and the 
cube root of a? — Sa^J + ^dt^ — S^ is a — & 

1. Find the fourth root of 16a* — 96a^ + 21^ah? + 81- 
— 216a^. Ans. 2a — dx. 

2. Pmd the fifth root of 80a» + 32a« — 80a* — 40a^ + 10a— 1. 

Ans. 2a — 1. 

3. Find the fourth root of 336a» + Sla^ — 216a7 — 66a* + 16 
— 224a«+ 64a. An^. 3a» — 2a — 2. 

4. Find the fourth root of a* — 4uz^b + ^aW — ^l^ + ¥. 

Ans. a — J. 

5. Find the fifth root of a^+5c^b+10(fii^+10a^I^+5ab^+V. 

Ans. a + i. 

6. Find the sixth root of a«— 6a«+15a*— 20a«+15a2— 6a+l. 

Ans. a — 1. 

7. Fmd the seventh root of a7+7a«+21a«+35a*+35a'+21a> 
+ 7a+l. Ans. a + 1. 

8. Find the eighth root of ic^— 8a;'+28iB^— 56:?H70dr* — 56a;» 
+ 28a?J— 8a; + 1. Ans. x — l. 

483. To find the n^ root of a ntunber. 

For a reason similar to that given in Art 271, we separate 
the given number into periods of n figures each, beginning Avith 
units. The n^ root of the greatest n^ power contained in the 
period on the left will be the first figure of the root. If we sub- 
tract the n^ power of the first figure from the given number, and 
divide the remainder by n times the {n — 1)^ power of that 
figure, regarding its local value, the quotient will be the second 
figure of the root, or a figure too large. The result maybe tested 
by subtracting the »«* power of the number represented by the 
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first and second figures of the root from the given number. If 
there are additional figures in the root, they may be found in the 
same manner. 

1. Find the fifth root of 33554432. 



305 = 



335,54432(30 + 2 = 32 
243 00000 



6 X 30* = 4060000) 92 64432 
32« = 33554432 

2. Find the fourth root of 79502005521. 

3. Find the fourth root of 75450765.3376. 

4. Find the fourth root of 2526.88187761. 
6. Find the fifth root of 418227202051. 

6. Find the seventh root of 34359738368. 



Ans. 531. 
Ans. 93.2. 
Ana. 7.09. 
Ans. 211. 
Ans. 32. 



484. 
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FEBMUTATIOirS . 



• • • 



FAHOira 



BUrOMIAL FOSMITLA. \ 



EXTRAOTION OF 
HIQEBB BOOTS. 



1 



n THINGS TAKEN r AT A TIME. 
n THINGS TAKEN 71 AT A TIME. 
n THINGS TAKEN 71 AT A TIME, WHEN 

BOMB ARE IDENTICAL. 

THINGS TAKEN r AT A TIME. 
INTEBPRET the EQUATION C^ = ^nr-r* 

( Product op n binomials whose first 
terms are identical and whose 
second terms are different. 

General laws. 1, 2, 8. 

Binomial Formula. 

Coefficient of a term of the ex- 
pansion OF (aj+a)". 

Leading letter. 

Another proof of Binomial For- 
mula. Cot, i, 2, 

To FIND THE SUM OF COEFFICIENTS IN 

THE EXPANSION OF {x + «)**• 
To FIND THE r** TERM OF THE EXPAN- 
SION OF {x + (i)\ 

^ Expansion of {x — a)". 

To FIND THE n<* ROOT OP A FOLYNO 

MiAL. B,vl6. Cor. 

To FIND THE n^ ROOT OF A NUMBER. 



CHAPTEE XIX. 
IDEl^TIOAL EQUATIONS, 



PROPERTIES OP IDENTICAL EQUATIONS. 

485. If the equation 

K+Bx+Cji^-\''D^+ eta = A'-^-B'x+Q'a^+T)'^-^ etc, 

in which A, B, C, D, etc., A', B', C, D', etc., are finite quantities 
independent of x, is an identity y the coefficients of the Hike powers 
of X are equal to each other. 

Since this equation is true for every value that may be assigned 
to X (178), it must be true when ic = 0. But when a; = 0, all 
the terms disappear except A and A', and the equation becomes 

A = A'. 

Dropping A from one member of the given equation, and A' 
from the other, 

Ba? + Caj2 + Da;« + etc. = B'a; + G'x^ + Va^ + etc 
Dividing both members of this equation by Xy 

B + Ca? + Da:^ + etc. = B' -f- G'x + D'«» + etc 
Making a; = 0, as before, this equation becomes 

B=:B'. 

In like manner it may be shown that 

= 0', 
D = D', etc 
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486. If the equation 

is an identity, each of the coefficients A, B, C, D, etc., is equal to 
zero. 

Since this equation is tme for every value that may be assigned 

to X, it must be true when a: = 0. But when a; = 0, the given 

equation becomes 

A = 0. 

Dropping A from the giVen equation, and dividing the result 

bya^ 

B + Ca; + Da;2 ^ etc. = 0. 

Making x = 0, as before, this equation becomes 

B = 0. 
In like manner it may be shown that 

= 0, 

D = 0, etc. 

487. Undetermined Coefficients are such as are un- 
known in an assumed identity. Thus, if we assume {x + a)^ = 
Aa^ + Ba^ -f Ca; + D to be identically true, A, B, 0, and D are 
undetermined coefficients. 

DECOMPOSITION OF RATIONAL FRACTIONS. 

488. To Decompose a national Fraction is to 

separate it into fractions whose sum is equal to the given fraction 
and the product of whose denominators is equal to the given de- 
nominator. The parts into which the given fraction is separated 
are called Partial Fractions. 

EXAMPI^ES, 

g/p ^"Y 

1. Separate -^ — ^ ^^ into partial fractions. 

The factors of the denominator are a? — 5 and a? — 2 ; hence 
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the denominator of one of the partial fractions is x — 5, and 
that of the other is x — 2. 

Since the first- member is the sum of the two fractions in the 
second member, this equation is an identity. 

Clearing (1) of fractions and uniting simDar terms, 

8x— 31=(A+B)a;— (2A + 5B) . . . (2). 



\ ^+ ^= n (485); 
(2A4-5B = 31) ^ ^' 



2A + 5B 

whence, A = 3 and B = 6. 

Substituting 3 for A and 6 for B in (1), 

8a; — 31 3 5 



2. {Separate ■; :rr^ irr into partial fractiona 

^ {x + 1) {2x — 1) ^ 

. 7a« + ir A B 

Assume ^^ ^ ^^^^^__ = —^ + ^—^ . . . (1). 

Clearing of fractions and uniting similar terms, 

7aj8 + a^=(2A + B)a: + B — A . . . (2). 

The coeflBcient of a^ in the second member of (2) is ; 

7 = (485), 

which is absurd. Hence the given fraction cannot be separated 
into partial fractions having numerators independent of x. 

. 7x^ + x Afl? , Bx ,„ 

Assume "7 TT-n tt = r + i^ t • • • W, 

(a? -h 1) (2a; — 1) a; + 1 ^ 2a: — 1 ^ ^ 

Clearing of fractions and uniting similar terms, 

7ic' + ii? = (2A + B)a:«-i-(B — A)aj . . . (4). 
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Equating the coefficients of like powers of x in (4), 

(2A + B = 7) 
t B-A = l)' 

whence, ' A = 2 and B = 3. 

Sabstitnting 2 for A and 3 for B in (3), 

Ha^ + x _ 2x dx 

{x + 1) (2a; — 1) "■ F+T "^ 2a;— 1* 

From this example we learn that if we assume an impossible 
form for the partial fractions, the fact will be made apparent by 
some absurdity in the equations of condition (179). 

Separate each of the following fractions into its partial fractions : 
Q _J^--24 . 5 . 9 

O. -5 ;r -7. AnS. s + 



a^a - 9a; + 14' "*'•"• a; — 7 ^ a; — 2* 

20a; + 2 ^8 6 

Ans. ^ 4- 



2a?» + 3a; — 20* 2a; — 5^ a; + 4* 

6ar» — 22a; + 18 . 1 . 2 . ^ 
o. 7 rrTia e — r~n\' Ans* 7 H jr + 



(a?-l)(a«-5a; + 6)" x — l~a; — 2^a;~3' 

1 3 

6. -= . Ans, — -^r H . 

a; + la; — la; 

1111 
„ ^^ . 2 2 3 , 3 



a;»- 


• 

-X 

10 




a;*- 


-13a:» + 36' 


3a;» + 6a;2 - 


-2x 



x + 2 a; — 2 a; + 3 a? — 3 

O. ^-5 :; . Ans. + 



x^^l • ^'•"•a;-l^a; + r 
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TJndbtebmined Coefficients. 

Dboomfosition of Rational Fractionb. Partial FnAcnoNa 
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OHAPTEE XX. 
SERIES. 



GENERAL DEFINITIONS. 

490. A Series is a succession of quantities, each of which, 
except the first, or a certain number of the first, may be derived 
from the preceding one, or a certain number of the preceding 
ones, by a fixed law called the Law of the Series. Thus, 

1, 2, 3, 4, 6, 6, 7, 8, 9, 

is a series, the law of which is that each quantity, except the first, 
is derived from the preceding one by adding unity to it 

491. The Terms of a series are the quantities of which the 
series consists. 

492. A Finite Series is one which, by its law of forma- 
tion, can have only a, finite number of terms. Such a series is said 
to terminate. Thus, the expansion of {x + a)», when w is a pos- 
itive integer, is a finite series. 

493. An Infinite Series is one which, by its law of 
formation, may have an infinite number of terms. Such a series 

is said not to terminate. Thus, 

1 1 1 ^ J- i. i- 
' 2' 4* 8' 16' 32' 64' 



is an infinite series. 

494. A Converging Series is an infinite serie% the sum 
of the first n terms of which cannot numerically exceed some finite 
quantity, however great n may be. Thus, 
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1 1 1 1 JL 
^' 2' 4:' 8' 16^ 



IS a converging aeries^ for the sum of its first n terms cannot 
exceed 2, however great n may be. 

495. A Diverging Series is an infinite series, the snm of 
the first n terms of which can be made numerically greater than 
any finite quantity by taking n sufficiently great. Thus, 



1, 2, 3, 4, 5, 6, 7, 8, 
is a diverging series. 



ARITHMETICAL PROGRESSION. 

496. An Arithmetical Progression^ or a Pro- 
gression by Difference, is a series in which the difference 
between the first and second terms is equal to the difference 
between any othef two consecutive terms. Thus, 1, 3, 5, 7, 9 is 
an arithmetical progression. 

An arithmetical progression is sometimes called an Arith' 
meticaZ Series. 

For brevity we shall sometimes use A. P. for the phrase 
arithmetical progression. 

497. The Extremes of an A. P. are the first term and the 
last term ; the other terms are the Jfeans. 

498. The Common Difference of an A. P. is the 

remainder obtained by subtracting any term from the one which 
follows it. Thus, in the progression 1, 3, 6, 7, 9, the common 
difference is 2. 

499. An Increasing A. JP. is one in which the com- 
mon difference is positive. Thus, 1, 2, 3, 4, 5 is an increasing 
A. P. 

500. A Decreasing A. P. is one in which the common 
difference is negative. Thus, 9, 7, 5, 3, 1 is a decreasing A. P. 
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501. Notation. — ^In treating arithmetical progressions we shall 
nse the following notation : 

a = the first term of the progression, 
I = the last or n^ term, 
d = the common difTerence, 
n = the number of terms, 
s = the sum of all the terms. 

Thus, in the A. P. 1, 3, 6, 7, 9, 

a = l, 1=9, d = 2, n = 5, 5 = 25. 

502. To find I when a, d, and n axe given. 

The first term is a, the second term ia a + d, the third term is 
a + 2d, the fourth term is a + dd, and so on ; hence the n^ 
term is a + (n — 1) d; that is, 

Z = o + {n — l)d 

503. To find s when a, l, and n are given. 

8 = a + {a+d) + {a+2d)+{a+Sd)+ . . . . +1 . . . (1). 
Inverting the order of terms in the second member of (1), 

8=zl+{l^d) + {l'-2d) + {lSd)+ , . . . +a . . . (2). 
Adding (1) and (2), 
2s=:{a + l) + {a+l) + {a+l)+ +{a+t)=n{a+l) . . . (3): 

whence, « = ^ (a + Z) . . . (4). 

504* In an A. P. the sum of any two terms equidistant from 
the extremes is equal to the sum of the extremes. 

Let X denote a term which has m terms before it, and y a term 
which has m terms after it ; then 

whence^ a? + y = a -f- 1 
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505. To insert any number of aritlimetical means 
between two given quantities. 

Let a and b be the given quantities, and let it be required to 
insert m arithmetical means between them; that is, let it be 
required to form an A. P. whose extremes are a and J and the 
number of whose terms is m + 2. 

Substituting b for I and w + 2 for » in the formula of 
Art 502, we have 

i = a + (m + 1) rf; 

whence, d = — ^^ . 

m+ 1 

By adding the common difference to a we obtain the second 
term ; by adding it to the second term we obtain the third ; and 
80 on. 

Example. — ^Inlsert 10 arithmetical means between 5 and 38. 

38-:^_ 
"^-10 + 1-^^ 

hence the required progression is 

6, 8, 11, 14, 17, 20, 23, 26, 29, 32, 36, 38. 

506. To find any two of the quantities o, ?, J, », 
and 8y when the three others are given. 

n = a + (w — 1) rf 
The group \ n , , ^ 

contains the fire quantities a, Z, d, n, and«; hence any two of 
them may be found when the three others are giyen. 

The ten cases are given in the following table as an exercise 
for the student. 

Each case is an example of two simultaneous equations with 
two unknown quantities. 
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SERIES. 



vo. 



3. 



4. 
5. 
6. 

7. 
8. 

9. 
10. 



GIYEir. 



Uy df I 



a, dy 8 



a, fly s 

a, I, 8 

dy fly I 

dy n, 8 

dy ly 8 

I, Uy 8 



TO Fun>. 



ly 8 



n, 8 



fly I 



d, 8 

dy I 

dy fl 

Uy 8 

Uy I 

ay fl 

tty d 



BBSXTLTIXa TOBMTJhM. 



fl 



l=a+{fi'^i)dy 5=^[2a+(n— l)d]. 



n = 



d ' "' "- 


■M 


d — 2a±V(!'ia- 


- d)» + 8<fo 


U 


i 



, I — a ^/ , n 

, 2 (« — afC) , 25 

^=-ztz — Tk' ^ = ir — ^ 

fiyji — 1) n 



rf = 



25 — fl — ? 



n = 



n 



25 



a + r 



a=Z— (m— 1)(?, 5=^[2Z— (»— l)d]. 



2 

_ 25— y^(n— l)rf y_ 25 + n(w--l)e? 
''" 2^^ ^ ^"" 2n ^- 

'^—\\d± V(2 Z -f- flg)^ — "8rfi], 
_ 27 + d ± V(2Z + <^)^ — 8cb 
~" 2rf 

25 - , 2(Zn — 5) 
71 n\n — 1) 



n 



607. 



BBOBZEMS. 



1. The first term of an A. P. is 6, the common difference is 3, 
and the number of terms is 24. Find the last term and the sun 
of all the terms. 

We have given a = 5, rf = 3, n = 24 ; 

Z = 6 + (24 — 1)3 = 74, 

04 
and « = y [10 + (24 - 1) 3] = 948 (506, 1). 



± 1/2 (- 2) 60 + (15 - ^-)'= 5 or -3, 
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After finding the value of 2, we might have found the value of 
8 from the formula « = ^ (a + 0* Thus, 

s = y(o + 74) = 948. 

2. Given a = 15, <f = — 2, and s = 60, to find I and «. 

and 

Both values of 7i are possible ; for there are two progressions 
which satisfy the given conditions, one having 6 terms, the other 
10 ; these progressions are 

16, 13, 11, 9, 7, 6, 
and 16, 13, 11, 9, 7, 6, 3, 1, —1, —3. 

Another Solution^ — Substituting the given values in the group 

l = a + {n'^l)d 

we obtain the group 

Z= 16 -.2(^ — 1) 
60 = |(16 + 

whence, Z = 5 or — 3, and w = 6 or 10, 

3. Given a = 276, 2 = 6, and n = 46, to find d and s. 

Ana. i "~ ' .. 
( 8= 6440. 

4i Oiven ds=6, nz=:6y and s = 166, to find a and I 

6. Fonn an A. P. of 6 terms whose extremes shall be 7 and 37. 

Ans. 7, 13, 19, 25, 31, 87. 
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6. Giyen a = 3, n = 60, and « = 3720, to find d and I 

Ana 1^= ^' 
^"^^ \l = 121. 

7. What is the stim of the terms of an A. P. formed by insert- 
ing 9 arithmetical means between 9 and 109 ? Ans. 649. 

8. Find the snm of the first n terms of the progression 1, 2, 3, 

Am. 5 = - (1 + n). 

9. Find the snm of the first n terms of the progression 
1, 3y 5, 7, 9, . . . . Arts. 8 = n*. 

10. Sum to 30 terms the progression 116, 108, 100, .... 

Ans. 5 = 0. 

11. Sum to n terms the progression 9, 11, 13, 15, ... . 

Ana. « = n(8 -H w). 

12. Are the squares of a:^ — 2a; — 1, a^ + 1, and «* + 2a; — . 1 
in A. P.? 

13. A sets out from a place and travels 1 mile the first day, 
2 the second, 3 the third, and so on. Five days later B sets out 
from the same place and travels 12 miles a day in the same direc- 
tion as A. How long will A travel before he is overtaken by B ? 

Ans. 8 or 15 days. 

14. A sets out from a place and travels 1 mile the first day, 

2 the second, 3 the third, and so on. B sets out a days later from 
the same place and travels J> miles a day in the same direction as A. 
How long will A travel before he is overtaken by B ? 

2 J - 1 ± V(2J - 1)2 - 8aJ J 
Ans. == — ~ days. 

Show that B will never overtake A if o > - — q, ' . 

15. A sets out from a place and travels 1 mile the first day, 

3 the second, 5 the third, and so on. B sets out three days later 
from the same place and in the same direction as A, and travels 
12 miles the first day, 13 the second, 14 the third, and so on. 
How long will A travel before he is overtaken by B ? 

Ans. 5 or 12 days. 
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16. The distance from P to Q is 165 miles. A sets oat from 
P toward Q and travels 1 mile the first day, 2 the second, 3 the 
third, and so on. At the same time B sets oat from Q toward P, 
and travels 20 miles the first day, 18 the second, 16 the third, and 
BO on. When will they meet "i 

Ans. At the end of 10 or 33 days. 

Do A and B meet twice ? 

ABITHMETICAL MEAK. 

508, 2%6 Arithmetical Mean of two or more quan- 
tities is the qaotient obtained by dividing their sum by their 

number. Thus, the arithmetical mean of a and b is — ^^, and 

the arithmetical mean of 1, 7, 11, and 5 is 6. 



509. To find the axithmetical mean of the terms 
of an A. P. 

Denoting the arithmetical mean by M, we have, by definition, 



But 



M = ^. 
n 



M = 



a-f / 



510. To find a and I when M, d, and n are given. 

" ^8 (tI — 1) rf ^ 



n 



2 



8 



Substituting M for -, we have 



n 



1 = M + (JL=.M 



> • 



830 
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mOBLBMS. 



1. Find five numbers in A. P. whose sum is 25, and whose con- 
tinued product is 945. 

Denote the arithmetical mean by M and the common differ- 
ence by X ; then 



-.-■ 25 

M = y = o; 



and 



)■ (510) ; 



" the first term = 5 — 2a; '^ 
the second term = 5 — x 
the third term = 5 
the fourth term = 5 + x 
the fifth term z=zb +2x ^ 

•. (5 — %x) (5 — a;)5 (5 + x) (5 + 2a:) = 3125 — 625a? + 2ar« 

= 945; 

whence, a? = ± 2 or ± « V109. 

The required numbers are therefore 1, 3, 5, 7, 9, 

or 5 — >/l09, 5 — |vT09, 5, 5+|a/109, 5 + \/i09. 

2. Find four numbers in A. P. whose sum is 32, and the sum 
of whose squares is 276. Ans. 5, 7, 9, 11. 

3. Find three numbers in A. P., the sum of whose squares is 
1232, and the square of whose arithmetical mean exceeds the 
product of the extremes by 16. * Arts. 16, 20, 24. 

4. Find four numbers in A. P. whose sum is 28, and whose 
continued product is 585." Arts, 1, 5, 9, 13. 

5. The sum of the squares of the first and last of four numbers 
in A. P. is 200, and the sum of the squares of the second and third 
is 136 : find the numbers. Arts. 2, 6, 10, 14. 

6. Find the first term and the common difference in an A. P. 
of eighteen terms, in which the sum of any two terras equidistant 
from the extremes is 31^^, and the product of the extremes is 85^. 
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GEOMETRICAL PROGRESSION. 

512. A Geometrical JProgression, or a JPro- 
gression by Quotient, is a series in which the quotient 
obtained by dividing the second term by the first is equal to the 
quotient obtained by dividing any other term by the preceding 
one. Thus, 1, 3, 9, 27, 81 is a geometrical progression. 

A geometrical progression is sometimes called a Geoinetri' 
cat Series* 

For brevity we shall sometimes use G. P. for the phrase 
geometrical progression. 

513. The Extremes of a 6. P. are the first term and the 
last term ; the other terms are the Means* 

514. Tlie Ratio of a G. P. is the quotient obtained by 
dividing any term by the one which precedes it. Thus, in the 
progression 1, 3, 9, 27, 81 the ratio is 3. 

515. An Increasing G. JP» is one in which the ratio is 
greater than 1. Thus, 1, 2, 4, 8, 16 is an increasing G. P. 

516. A Decreasing G. JP. is one in which the ratio is 
less than 1. Thus, 64, 16, 4, 1, J is a decreasing G. P. 

517. An Infinite Decreasing G. JP. is one in which 
the ratio is less than 1, and the number of terms is infinite. 

518. Notation. In treating geometrical progressions we 
shall use the following notation : 

a = the first term of the progression, 

I = the last or n^ term, 

r = the ratio, 

n = the number of terms, 

8 = the sum of all the terms. 

Thus, in the G. P. 1, 3, 9, 27, 81, 

o = l, ?=:81, r = 3, .n = 6, « = 121. 

519. To find I when a, r, and n axe given. 

The first term is a, the second term is ar, the third term is at*. 
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the fonrUi tenn is ar^, and so on ; hence the n* term is ar^^ ; 
that is, 

r 
Cos. — ^If w = 00 and r < 1 ; then Z = - x = 0; that is. 

The last term of an infinite decreasing G. P. is 0. 
520. To find s when a^ l, and r are given. 
« = a + flr + ar* + ar* 4- . . . . + ar^"^ . . . (!)• 
Multiplying (1) by r, 

rs=:ar + ar^ + ar^ + ar* + . . . . + ar* . . . (2). 
Subtracting (1) from (2), 

rs — s =: ar^ — a . . . (3) ; 

whence, s = zr- . . . (4), 

Substituting Ir for at^ (519), (4) becomes 

_lr — a ,^. 

s — r- • • • (O). 

r — 1 ' 

Cob.— If n = 00 and r < 1 ; then Z = (519, Cob.), and 
(6) becomes s = :j— — . . . (6) ; that is, 

The sum of the terms of an infinite decreasing G. P. is equal 
to the quotient obtained by dividing the first term by 1 minus the 
ratio. 

521* In a G, P. the product of any two terms equidistant 
from the extremes is equal to the product of the extremes. 

Let X denote a term which has m terms before it, and y a term 
which has m terms after it ; then 



(619) J 




whence, xy = ah 



nnia '.£»«•»■ ;-! 



xulL ^BJBBsssEamm:. Stt 



523. To iTWiHn Kii^' luimlwr nf 
1)etwee3i two ^ttsoi x^uanntniflK. 

Let ff £Dd Z fe iht ^vmi gnmnrafiK, jmfl Ifitt it 1* TRcririi^ ^ 
insert m g&amfmciLl "mftgrw: ij^t^wi^ii i^iem: ^ist 3& If^ it be 
requiied to furm ji GL P. "vdioBe ia.Lrt!nifif idt i7 jmE 7 imd xbf nimh- 
ber of whose terns s « -r ^ 

Safasdtniniir i far 7 m£l is -{- ^ iur « in xbe ioaaniLk rf 
Art 519, we tAvt 

whence, r=: | -- 

By mnltipSriiig « br iB>£ zsiiD we c^biasn like s0COB)d ttsrmx br 
multdpljing the axsas^ term Ijt iBue laaadiiv obtain the thiid tefm; 
and 80 on. 

Example* — Inssft three geaasketaifaJ means betv^een 7 and \\% 



bence the required progresEion is 7, 14^ 28, 56, US. 

533. To find the oontiimed product of the terms of 
a a-. P. 

Denoting the reqoired product bj P, we have 

P = fl X ar X flf* X flf* X . . - ./ . . • (1). 

Inverting the order of the Dsu^rs in the second member of (1)» 
we have 

P = Z X • . . • ar* X ar* X ar X a • • . (2). 

Multiplying (1) by (2), 

pa = ((rf) (aO (oZ) (fl/) = (aO* .... (3) (521); 



whence, P = V(a/)** . . . (4). 

524. To find any two of the quantities a, /, r, fi, 
and s when the three others are given. 

The group { ir^a 
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contains the five quantities a^ ly r, n, and s ; hence any two of 
them may be found when the three others are given. 

The ten cases are given in the following table as an exercise 
for the student. The value of n in the last four cases cannot be 
found without a knowledge of the properties of logarithms. This 
part of the work must therefore be deferred untU Chapter XXI 
shall have been read. 



vo. 


eiVBH 


TO FIND 


1 


ayr,n 


ly 8 


2 


h r,n 


UyS 


3 


n, r, 8 


ay I 


4 


tty ly n 


r, s 


5 


a, Uy 8 


Tyl 


6 


ly fly S 


a, r 


7 


OyVy I 


Sy n 


8 


a, ly s 


r, n 


9 


tty Ty 8 


ly n 


10 


h Ty 3 


Uy n 
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I = ar""S 8 = 



ar" — a 



a = 



I / (rn — 1) 

— 8=:— 



M»n — 1* ««w^_-y»'* — 1 



a 



_^8{r — l) , (r — 1) sr^^ 
~* I-** — 1 * "" r" — 1 



/l\n-t /'»-i — a"~^ 

ar'* — r5 = a — «, I (s— Z)'^i= «(s— a)"""^ 
a{s — a)«-* =zl{8 — 0"-^ (5— 7)r»— 5r^* 



8 



Ir — a _ log I — log a ^ 

^8 — a _ log Z — log a 



n = 



I 



s—V" log(5— a)— log(5— Z) 

r ' 

log [fl + g(r--l)]~loga. 
log r 

a = Zr — « (r — 1), 

logZ-log [Zr-g(r--l)] 
log r 



+ 1. 
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525. rnoBZBMs, 

1. The first tenn of a G. P. is 3, the ratio is 2, and the number 
of terms is 12. Find the last term and the sum of the terms. 
We have given a = 3, r = 2, w = 12 ; 

; = 3 X 211 = 6144, 



• • 



and « = ^ _^ = 12285 (534, 1). 

2. Given s = 1820, n = 6, and r = 3, to find a and I. 

1820(3-1) _ 
''- 3«-l -^' 

- , 1820 (3^1)35 ,o,.,-o>i ox 
and 7 = qgHY"^ — = 1^^^ (524, 3). 

After finding the value of «, we might have found the value 
of I from the formula I = ar^i. 

3. Find the sum of an infinite decreasing G. P. of which the 
first term is 1, and the ratio -. 

8 = -^ = 2 (520, Cob.). 

4. Given o = 1, ? = 512, and s = 1023, to find r. 

^«5. r = 2. 

6. Insert two geometrical means between 24 and 192. 

Ans. 24, 48, 96, 192. 

6. Multiply l + 4 + jg + g4+ ••••*<> infinity ty - — 

25 + 125"* 625+ * ' ' " ^^^^^^' ^^^' 3- 

7. Find the value of x in the equation 

l + x + a^ + a^ + as^ + 3fi+ ....to infinity = 2. 

Ans. x = gr. 
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8. Find the ratio of an infinite decreasing G. P. of which the 

first term is 1, and the sum of the terms -. Ans. r = -. 

4 o 

9. Find the first term of an infinite decreasing G. P. of which 
the ratio is —, and the sum of the terms -. Ans. a = l. 

10. Find the sum of the first n terms of the G. P. whose m*^ 
tem i8 (- D-o-. ^^ ^ ^ _^^^(_ ^^.^ _ j^ 

11. Find the ratio of an infinite decreasing G. P., in which 
each term is ten times the sum of all the terms which follow it. 

Ans. r = — . 

12. Find the sum of the first n terms of a G. P. whose first 
term is a, and third term c. Ac^ 

Ans» 8 = 



a'»-2 



VI- 
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526. Tlie Geometrical Mean of n quantities is the 
n^ root of their product Thus, the geometrical mean of a and b 

is ^/aby and the geometrical mean of 1, 3, 6, and 72 is 6. 

527. To find the geometrical mean of the terms of 
a Or. P. 

Denoting the geometrical mean by M, and the product of the 
terms by P, we have, by definition, 

m = Vp. 

But F=V(^(623); 



• • 



M = ^al 
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528* To find a and I when M, r, and n are given. 



__ / al 



^-1 ^yn-l 



I = ar^"^ 



I 



(519). 



Substituting M^ for al, we have 



a = 



I = 






whence^ 



I 



a = 



M 



yj^r-l 



I =Mvr^, 



^ • 



^ Cob. 1. — If M = V^ and r = ar^y, all the terms of the 
progression are of the first degree and rational if w is even. 

The sum of the exponents in the ratio ar^y is ; hence all 
the terms are of the same degree. The ratio or^y is rational; 
hence the terms are either all rational or all irrational. It is 
sufficient, therefore, to show that the first term is of the first degree 
and rational 



which is of the first degree and rational when n is even. 

Cob. 2. — ^If M = ary and r = ar^, all the terms of the pro- 
gression are of the second degree and rational if n is odd. 



M xy 



Vi 



»«— 1 






y^^ly)n-l ^Q^-nyjn 



w-fl 3— n 

a; 2 *# a - 



y - =a?8 y « , 



which is of the second degree and rational when n is odd. 
22 
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529. FnoBZBMs. 

1. Find the first term of a G. P. of three terms whose geo- 
metrical mean is xy and ratio -. 

Substituting 3 for w, xy for M, and ^ for r in the formula 

M , ^y ^y ^ 

a = , , we have a = — -^ — = -^=10^. 

2. Write a G. P. of three terms whose geometrical mean is xy 
and ratio K Ans. a;*, xy^ y*. 

3. Write a G. P. of four terms whose geometrical mean is 

^xy and ratio -. Ans, —, x, y, ^, 

X y X 

4. Write a G. P. of five terms whose geometrical mean is xy 

and ratio -• Ans. —, o^, xv, yK ^. 

X y ^ ' ^' x 

5. Write a G. P. of six terms whose geometrical mean is VSy 
and ratio ^. Ans. -^ •—, x, y, ^, ^. 

X y y X X* 

6. The sum of three numbers in G. P. is 26, and the sum of 
their squares is 364. What are the numbers ? 

Denote the geometrical mean by xy and the ratio by ^ ; then 

X 

by the conditions of the problem, 

s^ + xy +y^:= 26 . . . (1), 

and ic* + tr»y« + y* = 364 . . . (2). 

Transposing xy in (1) and squaring the result, 

a:* + 2«8y3^^--676 — 62a?y + zy . . . (3) ; 
whence, «< + a^ + y* = 676 — 52ay . . . (4). 
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Since the first members of (2) and (4) are identical, 

364 = 676 — 62iry ... (5); 

whence, y = - . . . (6). 

Substituting this value of y in (1) and solving the resulting 
equation, we find o^ = 18 or 2. 

Squaring (6) and substituting for a^ its value, we find 

y«=2 or 18. 

From (6) zy = 6. 

Hence the numbers are 18, 6, and 2. 

7. The sum of four numbers in G. P. is 15, and the sum of 
their squares is 85. What are the numbers ? 

Denote the geometrical mean by Vxy and the ratio by - ; then 
by the conditions of the problem, 

^ + ^ +y +^ = 15 . . . (1), 

and K + a^ + y^ + ^=^S5 . . . (2). 

Assume x + y := z, and xy = j? ; then 

cfi + y^z=i^^2py and a:» + y» = «;»— 3zp. 
Substituting « for x + y in (1) and «^ — 2/? for a^ + y^ in 

|+« + -J = 15 . . . (3), 

and ^ + «»_2p + g = 85 . . . (4). 

Transposing z in (3) and ifi — 2p in (4), 

- + •^ = 15 — « . . . (6), 
y X 

and ^ + ^ = 85-«» + 2p . . . (6). 
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Squaring (5) and transposbg 2xtf or 2p, 

^ + g = (16-^)«-2p . . . (7). 

Since the first members of (6) and (7) are identical, 
(15-.-J)'— 2/? = 85 — 2;3^.2p . . . (8); 
whence, 2«8 — 302? — 4p = — 140 . . • (9). 

Clearing (5) of fractions, 

afi + t^z={l5 '-z)xi/=:15p^pz • . . (lO), 
Substituting sfi — 3zp for ofi + ^, (10) becomes 
«■ — 3zp = 15p— ^z . . . (11); 

whence, p = ——— . . . (12), 

Substituting this yalue o{ p in (9), clearing of fractions^ tzanft- 
posing and reducing, we obtain 

16z* + 85is = 1050 . . . (13); 

35 
whence, « = 6 or — ^. 

o 

Substituting 6 for js in (12), we find 

We then have the equations 

a? + y = 6 . . . (14), 

and xy=id . . . (15) ; 

whence, re = 4 or 2, and y = 2 or 4. 

The required numbers are therefore 1, 2, 4, 8. 
The second value of z leads to imaginary results. 
In the solution of such problems as this and the preceding one, 
the terms of the progression may be represented by 

«, a:y, xy^y xfy xy^y . . . . 

but the notation we have used is generally preferable. 
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8. The snm of three nnmhers in G. P. is 210, and the laet ex- 
ceeds the first by 90. What are the numbers ? 

Ans. 30, 60, 120. 

9. The contimied product of three numbers in G. P. is 216, 
and the snm of the squares of the extremes is 328. What are 
the numbers? Ans, 2, 6, 18. 

10. The continued product of three numbers in G. P. is 64, 
and the sum of their cubes is 684. What are the numbers ? 

Ans. 2, 4, 8. 

11* The sum of 120 dollars was divided among four persons in 
such a manner that the shares were in A. P. If the second and 
third had each received 12 dollars less, and the fourth 24 dollars 
more, the shares would have been in G. P. Find the shares. 

Ans. t3, $21, $39, $57. 

12. The sum of six numbers in G. P. is 189, and ihe sum of 
the third and fourth is 36. What are the numbers ? 

Ans. 3, 6, 12, 24, 48, 96. 

TREATMENT OP SERIES BY THE DIFFERENTIAL METHOD. 

530. The First Order of Differences of a series 
is the series obtained by subtracting each term of the given series 
from the following term ; the Second Order of Differ^ 

ences is the series obtained by subtracting each term of the 
first order of differences from the following term ; tJie Third 
Order of Differences is obtained from the second in the 
same way as the second is from the first; and so on. Thus, 

K the given series be 1, 4» 9, 16, 25, . . * . 

The Ist order of differences is 3, 5, 7, 9, . . , . 

The 2d order of differences is 2, 2, 2, ... « 

The 3d order of differences is 0, 0, . • . . 

631. Tlie Differential Method is the process of find- 
ing any term of a series, or the sum of any number of its terms, 
by means of the successive orders of differences. 
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532. To fli^d the n^ term of a series. 

Let a, b, Cy d, e, . . . . be the proposed series. 

The 1st order of differences is J— a, <?— J, (?— c, c— rf, • • • • 
The 2d order of differencesis c— 2J+a, d—2c+by e—2d+c, .... 
The3d orderof differencesis rf— 3<?+3J— a, e—dd+dc—i, . . . 
The 4th order of differencesis e— -4d-f 6c— 4J4-a, 



Denote the first term of the first order of differences by rf„ the 
first term of the second order of differences by rfj, the first term 
of the third order of differences by rfa> and so on ; then 



^ di = d — a 
di=zc — 2b + a 
dt = d^3c + db 
^4 = e — 4d + 6c 



a 

4:b + a 



(1): 



whence, -< 



(b 
c 
d 
e 



a + di 

a + 2di + df 

a + ddi + ddi + dt 

a + 4di + 6rf, + 4rf, + d4 



(2). 



The coefficients in the value of c, the third term of the pro- 
posed series, are 1, 2, 1, which are the coefficients of the expan- 
sion of {x + aY; the coefficients in the value of rf, the fourth 
term, are 1, 3, 3, 1, which are the coefficients of the expansion of 
(x + aY; the coefficients in the value of c, the fifth term, are 
1, 4, 6, 4, 1, which are the coefficients of the expansion of («+«)*; 
and so on. Hence the coefficients in the value of the n*^ term are 
the coefficients of the expansion of (x + fl)*^^ Therefore, denot- 
ing the n^ term of the series by T^ 
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1. Find the 12th tenn of the series 1, 4, 9, 16, 25, ... . 

In this example a = 1, (Z, = 3, d, = 2, dz = 0, and n = 12. 
Substituting these yalues in (A), we obtain 

T.. = 1 + 11X3 + "^^Q^^ = 144. 

2. Find the 9th term of the series 1, 4, 8, 13, 19, ... . 

Atis. 53. 

3. Find the 15th term of the series 1, 4, 10, 20, 35, ... . 

Arts. 680. 

4. Fmd the 8th term of the series 1, 6, 21, 56, 126, 251, . 

Am. 771. 

6. Find the 20th term of the series 1, 8, 27, 64, 125, 

Ana. 8000. 

6. Find the n^ term of the series 1, 3, 6, 10, 15, 21, ... . 

Ans. ^1^. 
Is » (w + 1) divisible by 2 ? Why ? 

7. Find the n^ tenn of the series 1, 4, 10, 20, 35, ... . 

Ans. ^(n + l){n + %) 

Is n (n + 1) {n + 2) divisible by 6 ? Why ? 

8. Find the vf^ term of the series 1, 5, 15, 35, 70, 126, .... 

24 
Is «(n + 1) (w + 2){n + 3) divisible by 24? Why? 

533. To find the sum of n terms of a series. 

Let a, d, c, e7, e, . . . (1) 

06 the proposed series, and denote the snm of n terms of it by S^ 
Let us assume the series 

O^a^a + b, a + b + c, a + b + c + d, . . . (2). 
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Now it is evident that the sum of n terms of (1) is eqnal to 
the (n + 1)<* term of (2). 

Denoting the (n + 1)«* term of (2) by T,+„ the firet term of 
the first order of difierences of (2) by D„ the first term of the sec- 
ond order of differences by D^, and so on, we have by (A), 

T^.=0+.D.+^D.+ "<"-|"-% .+ (3) 

But T,+,=:S,„ D,=a, Dj=S — fl = d„ D,= (?— 2J + fl=:rf5, 
and so on. Hence, by snbstitntion, (3) becomes 

Q . ^i^—^ )^ . n{n—l){n'-2)^ 

8,=«aH r^ — rfiH r^ Hh+ (B). 

1. Find the sum of 10 terms of the series 1, 4, 9, 16, 26, ... . 
In this example a = 1, d, = 3, dt = 2, (Z, = 0, and n = 10. 
Substituting these values in (B), we obtain 

S, = 10 + ^-1^ + lOiilfiiSi = 385. 

2. Find the sum of 20 terms of the series 1, 3, 6, 10, 15, 21, ... . 

Ans. 1540. 

3. Knd the sum of 12 terms of the series 1, 5, 14, 30, 55, 91, 

Ans. 2366. 

4. Find the sum of 10 terms of the series 1, 4, 13, 37, 85, 166, 

Ans, 2755. 

5. Find the sum of n terms of the series 1, 3, 6, 10, 15, 21, ... . 

Ans. » (» + 1) (» + 2) 

6 

INTERPOLATION. 

534. Interpolation is the process of inserting between 
two consecutive terms of a given series a term or terms which 
shall conform to the law of that series. 

636. The Formula for Interpolation is that giyen 
for finding the n^ term of a series by the differential method. 
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GiTen 



I V25 



2.758924 
2.802039 
2.843867 
2.884499 
2.924018 J 



to find the cube root of any in- 
^ termediate number by the differ- 
ential metliod. 



1. Find the cube root of 21.75. 

The operation of finding the orders of differences may be con- 
veniently arranged as follows; 



no. 
21 


OUBB BOOTS. 


d. 


d. 


d» 


d. 


2.758934 










22 


2.802039 


+.043115 








23 


.2.843867 


+.041828 


—.00128? 






24 


2.884499 


+.040632 


—.001196 


+.000091 




25 


2.924018 


+.039519 


—.001113 


+.000083 


—.000008 



The distance between any two consecutive terms of the given 
series is 1 ; hence the value of n which corresponds to the required 
term is If ; that is, the required term is } of the way from the 
first to the second term. SubstitutiDg in (A) 1} for n, 2.758924 
for a, .043115 for rf^, — .001287 for rfg, .000001 for rf„ — .000008 

for d^y and reducing, we find Ti| = V21.75 = 2.791385. 



2. Find the cube root of 21.325. 

3. Find the cube root of 21.875. 
4 Find the cube root of 21.4568. 

5. Find the cube root of 22.25. . 

6. Find the cube root of 22.684 

7. Find the cube root of 22f 



AnA 2.773083. 
Ana. 2.796722. 
Arts. 2.778785. 
Ans. 2.812613. 
Ana. 2.830783. 
Ans. 2.833525. 
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DEVELOPMENT OF EXPRESSIONS INTO SERIES. 

536. To Develop or Expand an expression is to con- 
Vert it into a series. 

S13!i. To develop a fraction into a series by division. 



1. Convert :; into an infinite series. 

1 —a 



1 



l—a? 



l+a: + a:» + a^ + etc. 



a? 

a^ — a^ 

= l+a: + a^ + a;» + a;* + etc.to infinity . . . (1). 



1—x 



If a? = 2* (1) becomes 2 = l+^ + j + g + etc. . . . (2). 

If a? = 1, (1) becomes oo = l + l + l + l+etc.. . . (3). 
If a; = 2, (1) becomes — 1 = 1 + 2 + 4 + 8 + etc. . . . (4). 

How is this resalt to be explained? 

Conyert each of the following fractions into an infinite series: 



2. 



^ Ana l-.?4.^-^ 4-~ — 



a 4- a: 



a — X a a* (Xr a^ 

4. T-^. Ans. l+2jr+2a:«+2a:»+2a:*+ . . . . 
1 — aj 

c? ->rx^ a «•• a* a^ a* 
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538. To develop an expression of the form of 
^m ± n by extracting the indicated root. 

1. Convert Vl + x into an infinite series. 



»+3 



X 



2 + .-f) 



4 

Q? a? a^ 



x^ (x^\ 



a? re* 

"8 ""64 

ic® a:* ^ ofi 

+ T^ — cT + 



8 ' 16 64 ' 256 
5a;* a:* a;* 



"T Cii o 






64 ' 64 256 

/=— — - . a? Q? ^ a^ 5a;* , 
^^ + ^=^ + 2"¥ + 16"l28+ •••• 



Convert each of the following expressions into an infinite 
series: 



2. Va —a;. 

J */i ^ g^ 3a;« 3 '5a;* \ 

Ans. a \,l-2S^2^1^"2-4-6a«"2-4-6-8a*^ 1 

3. Va' + J?. 



. , ja J* . 3y 3'5y . 

^^- ^ + 25 "■ 2^» "^ 2^F&? " 2-4-6-8a7 "^ 

A 1 5 ^ g' 5a;* 7x^ ^ 
2"" 8 16 128 256 



• • • 



• • 
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539. To develop an expression by means of imde- 
termined ooefflcients. 
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1. Convert ^ ^ into an infinite series. 
1 — 6x 

1 4- 22; 
Assume yZI^x = -^ + ^ic + Oa;» + Dai' + Ea;* + . . . (1). 



Multiplying (1) by 1 — 3a;, we obtain 



l + 2a; = A+ B 
-3A 



x+ C 
-3B 



x^+ D 
-3C 



Q^+ E 

-3D 



ic* + . . . (2). 



Equating the coefficients of like powers of a; in the two mem- 
bers of (2), 

A = ll 

B — 3A = 2 
-3B=0 
D - 30 = 
E — 3D = 



>y 



whence, A = 1, 8 = 5, C = 15, D = 45, E = 135, . 

Substituting these yalues in (1), 
l + 2a; 



• • 



1 — 3a; 



1 + 5a; + 15x» + 45a;' + 135a;* + 



• • 



2. Convert 



3a; — a;' 



into an infinite series. 



Assume 3-3^ = A + Ba^+Ca;^ + D«' + Eaj* + .. . (1), 



Multiplying (1) by 3a; — a?^ we obtain 



1 = 3Aa; + 3B 

- A 



a;» + 3C 
- B 



a;» + 3D 
- 



a;* + . . , (2)a 



whence, 1 = 0, which is absurd ; hence the second member of 
(1) is not of the proper form. 
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Assume g— ~^ = Aa?-HBaJ®+0:??+Dir»+Ea;»+ . . . (3). 



Multiplying (3) by dx — a^, 



1 = 3A + 3B 

- A 



a; + 30| 
- B 



x^ + SD 
- C 



a;8 + . . . (4). 



Equating the coefficients of like powers of x in the two mem- 
bers of (4), 

3A = 1 
3B— A = 

30 — B = ^ ; 

3D — C = 



• • 



• • 



whence, A=:g, B = g, 0=^, J)z=—,. 

Substituting these yalues in (3)^ 

1 ar^ aP X cfi 

32; — a^"~ 3 ^ 9 ^27^ 81^* 

_ 1 1 X a^ 
"" 3i "^ 9 ■^27'^8l''"' 



The proper form of the second member of the assumed identity 
may be determined in each case by observing what the given 
expression becomes when the variable is supposed to be zero. If 
the given expression becomes a finite quantity^ the first term of 
the series will not contain the variable ; if it becomes zero, the first 
term of the series will contain the variable ; and if it becomes 
infinity the first term of the series will be of the form Aar*. 

Convert each of the following expressions into an infinite series : 

Ans. l+x+d3?+^3fi+2W+Slafi+. ... 



8. 



1 — 3a;* 

1 + 2aj 



4 =. Ans. l + 3x+4a?+W+llx^+lSafi+... 

. 1 — X — of 



1-a? 



6. _^ An8.1+S^+Sa^+2S3fi^lQ0qi^^'S563f^+ 
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2 2 4t Sx 163^ S2Qfl 



S. 



l+2a?+dai^ 

BECURBING SERIES. 

540. A Recurring Series is one which may be pro- 
duced by expanding some rational fraction. Thns, 

l + a? + a!^ + a:» + aj* + a:» + a^ + ... 

is a recnrring series, because it is the expansion of the fraction 

= (5379 1). In this series all the terms after the first two 

recur according to a definite law. 

541. The Generating Fraction of a recurring series 
is the fraction which can be conyerted into the given series. Thus, 
the generating firaction of the series 1 +x+3a?+9a^+27a;*+. . . 

1 — 2a? 



is 



1 — 3a:' 



542. In the series giyen in Art 540^ each term after the 
first may be obtained by multiplying the preceding term by x ; 
and in the series 1 + 4a; + lla;^ + 34a;8 + 101a;* + . . . . the 
sum of the products obtained by multiplying the first of any two 
consecutiye terms by 3a;^ and the second by 2a; is equal to the next 
succeeding term. The expression by means of which any term of 
a series may be found when the preceding terms are known is 
called the Scale of Relation. Thus, the scale of relation of 
the series l+a; + a;^ + a:3 + a;* + .... is a;, and the scale of 
relation of the series l+4a;+lla;8+34a?+. ... is Z3?+2x. 

543. A recurring series is said to be of the n^ order when the 
number of terms in ii% scale of relation is n. Thus, the series 
1 + 4a? + llo^ + 34a;» + . . . . is of the second order. 
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544. To find the scale of relation in a recurring 
series. 

Let a + b + e + d + e + .... be the proposed series. 

Isi Suppose that the series is of the first order. 

Let m denote the scale of relation ; then b = ma ; whence, 

b 

wi = — . 

a 

2d. Suppose the series to be of the second order. 
Let m + n denote the scale of relation ; then 



{',zZltU'>*^-^y' 



mb + nc 

, c^ — bd , ad — be 

whence, m = r«, and n = r^-. 

ac — (r ac^l^ 

3d. Suppose the series to be of the third order. 
Let m + n + r denote the scale of relation ; then 

d = ma + nb + re 
e =imb + nc + rd 
f = mc + nd + re 

From this group of equations m, n, and r may be found. 
If the series is of the fourth order, fifth order, sixth order, &a, 
the scale of relation may be found in a similar manner. 

Cob. 1. — ^If the proposed series is of the n^ order, 2n con- 
secutive terms must be given to enable us to find the scale of 
relation. 

Cob. 2. — ^If we assume any proposed series to be of a higher 
order than it really is, one or more of the terms of the scale of 
relation will be found to be equal to zero. 

If we assume any proposed series to be of a lower order than it 
really is, or if we attempt to find the scale of relation of a series 
which is not recurring, the error will appear if we attempt to apply 
the scale. 
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Find the aealo of relation in each of the fdlowiDg fierias: 



• • • • 



1. 1 + 4r + 10aj8 + nsfi + 

Assume the scjale of relation to be m + n; then 

j lOx^ = m + ^nx ) , 
( 22a? = imx + 10m? ) ' 

whence, m = — ^a^, and n = 3«. Therefore the scale of rela- 
tion ia —2a? + 3x. 



2. l + 6x+123?+4Bs?+120o!?+ . . . 

3. l + 2x+Za?+4^+6a?+ .... 

4. l+2x+Ssfi+2Sa?+100a?'t . . . . 



Ans* 6a?+x. 
Ans. — 3^-f 2iR 

Ans, 3s[?+2ff^ 



6. l+a;+5a:»+13a;8^41ip4^, , . . 

545. To find the generating firaction of a recurring 
series. 

Let a + d + c + d + e + . . . . be the proposed seriea 
1st. Suppose the series to be of the first order. 
Let m denote the scale of relation ; then 

} = m<i 
c =zmb 
d=mc 
e =zmd 



>; 



whence, J+c+d[+e+* ^ . . =;m.(a+ii+i?+i+tf+. . . .). 

Hence, denoting the generating fraction or the snm of the 
series by F^, we have 

Fj— a = mFi; 



whence, 



a 



F, = :;-=— . . . (Oi). 



RECUBBIlfO SERIES. 



353 



2d. Suppose the series to be of the second order. 
Let m + n denote the scale of relation ; then 

c = ma + nb 
d=:mb +ne 
e =mc + fid f 9 

f =z md + ne 



fvhence, 

c+d-te+f-\'..=:in(a'hi+c+d+e+f'^..) + n{b'{'C+d+e+/-\-..). 
Hence, denoting the generating fraction by Y^^ we have 

F, — (a+b) = mPj + w(Pj — a) ; 
a + b — an 



whence. 



F, 



m — n 



(0,). 



3d. Suppose the series to be of the third order. 
Let m + n-\- r denote the scale of relation; then 

d = ma •\- nb + re 
e ^=:mb + nc + rd 
f z=mc + nd+ re 
g = md + ne + rf 



whence, d-\-e+f+g+. . . .=m {a+b-\-c+d+e+f+g+.. . .) 

+n{b+c+d+e+f+g+. . . .) + r{c+d+e+f+g+... .), 
Hence, denoting the generating fraction by F3, we have 
F3 - (a+J+c) =mF3 H ^^(F^ ^a) + r [F, - (a+ J)]; 

whence. 



F.= 



a + b + c ^ an — {a + b)r 



m — n — r 



(0.). 



If the series is of the fourth order, fifth order, sixth order, etc., 
the generating fraction may be found in a similar manner. 

ScH. — The formute (0^), (Og), (O3), etc., have been obtained 
on the hypothesis that the given series is infinite and converging. 
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Find the generating fraction of each of the following series: 

1. l+4:z+10a^+22a;«+46ic*+ .... 

In this series the scale of relation is —22^ + 3^ (544:9 1) ; 
hence (O3) is applicable. Substituting — 2s? for m, Zz for r. 
1 for ay and 4x for hy we have 

l4-4a;— 3a; l-fa? 



1 + 2a:2 _ 3a. •- 1 + 2x2 — s^.- 

l4-2a; 



2. l+3a;+4aj3+7a;*+lla:*+ ^n«. 



3. l + 6a?+12x2+48a?+120a:*+.... il7W. 



1 — X — Q^' 

1 4- 5a; 



1 — a; — 6a;»* 
1 + 6a? 



4. 1 +2a:-.5a:^+26a;»— 119a;*+ Ans. =^ -^^ ,s-,. 

1 + 4a; — Sa:' 

5. l+4a;+3a;'— 2a^+4a;*+17a;'+3a:«-.... 

A^ l4-3a;+a;» 
^^' l-a; + 2i8=35- 

6. l+3a;+5a;'+7a;»+9a^+ .... ^n^. . ^ ^.^ . 

BEVERSION OF SERIES. 

546. To Severt a Series containing an unknown quan- 
tity is to express the value of that unknown quantity in terms of 
the sum of the given series. Thus, to revert the series in the sec- 
ond member of the equation 

is to find the value of x in terms of y. 

1. Eevert the series in the equation y=a:+a;'+a!*+a;*+ . . , , 
This is a recurring series whose generating fraction is 



1 



7 
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henco y = YZr^'' whencse, a; = j-^ = y — y»+y»— y*+ .... 



ofl a? ic* 



2. Eeyert the series in the equation y=:x— -^ + t — "o- + 



2x 



This is a recurring series whose generating fraction is ^ ; 



2x 






r 



f , y* 



hence y ==f^\ whence, a;=^=y +^ + ^ + ^ + . . . . 

A recurring series cannot be reyerted by this method when 
the equation, formed by placing y, the sum of the given series, 
equal to the generating fraction, cannot be solved. The method 
used in the following example is applicable to any series. 

3. Beveri; the series in the equation 

y^zax-\-ha^ + c7^ + dx!^+ (1). 

Assume x=Ay+Bf+Gy^+J)y^+ (2), 

in which the coefficients A, B, G, D, . . . . are undetermined* 

Substituting for y its value, (2) becomes 



X = akz + (A 


»»+ cA 


ar»+ dA 


+ a»B 


+ aa*B 


+ **B 


+ (fiC 


+ 2acB 


+ 3a8*C 






+ fl«D 



X "^ . • . • 



(3). 



. * 



faA = l 
5A + fl^B = 
cA + 2a5B + a«C = 
rfA + S»B + 2acB + Za^hG + a*D 



= 



M 



whence, 

A 1t> ^n^^ — «^-r. a*rf— 5afc+5J« 

'^ = ~> •'^=--3> '-' = IS > JL> = — 



a 



a"' 



a" 



a' 



• . • 



Substituting these values in (2), 



1 J ^ . 2J2 — flc . a^rf— 5afe4-5^^. 



a 



a« 



fl» 



a' 



(*). 
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4. Bevert the series in the equation 

y=:x + 2a? + 4a^ + Sxi^+ . . .. 
In this series 

a = 1, J = 2, c = 4, eZ = 8, . • . . 

Sabstitnting these ralnes in (4) of the preceding example, we 
have 

5. Seyeri; the series in the equation 

1 _ 4x^ 63^ Sx^ 

and find the value of x, 

1 ii /* Q 

Substituting - for y, 2 for a, — ^ for 5, - for c, — ^ for 4^. . .. 
in (4) of example 3, -we have 

^ = I + T^+ ^6F"*" IsS + • • • • ='^^' +-010416 +.000564 
+.000013 + . . . . = .135993 +. 

6. Severt the series in the equation 

y = x + da^ + 5a^+7x!^ + 93i^+ . . . . 

Ans. a; = y — 3y« + 13y» — 67y* + 381y« — 

7. Eevert the series in the equation 

x^ afi x^ 7^ 

y--aJ--2+-3-j + -g- 

^^.^• = y + | + | + |+|+ ..^. 

8. Bevert the series in the equation 

yz=.x-\-Q^-\'7^'\-x^'\-<i^-\- .... 

AnB. a? = y — y* + 2^* — Sy'^ + 14y* — , . . . 

9. Find the value of x in the equation 

I = 6a: — 20a:» + ^^ — 320a:* + 1280a:* — . . . . 

Am. X =z .117647 +. 
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THE BINOMIAL FORMULA FOR ANT EXPONENT. 

547. It has been shown that when 9t is a positiye integer 

(a; + a)» = aj« + nax"^^ + ^ iJ" ^ a^af^^ + . . . . 

We now proceed to show that this formula is true, whether n 
ia positive or negative^ entire or fractional. 

548. Lem. — The value of ^, when v = ar, is naf^^ 

whether n ia positive or negative, entire or fractional. 

1. When n is a positive integer. 

The proposition has been shown to be true for this ease 
(461, CoE. 2). 

2. When n is a positive fraction* 

Let w = -, in which ^ and q are supposed to be positive in- 
tegers. We are to show that ) ^ i zzz^xl"^. 



\x<i) — lv»/ 



y"'" 



xq — yg _^\XQ/ —Ky^) _ X9 — yg 

""^ Kx^r — lyTJ Va;g/ •— lyg/ 

i I 
a;v — y9 

But, by the first case, J Vg^/-(yW \ ^pixl)"") 

( xi— yl ) y^x 

( x9 — yq ) ^^SB 

( xl — yl ] _ P ( gg ) ^ ^-1 
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3. When n is a negative integer. 

Suppose m to be a positive integer and that n = — m. We 

are to show that \ ^ — I = •— man^K 

X — y ^ \ X — y / 

But, by the first case, \ — [ = maf^K 

( X y ) y-jf 

( — I = — X'^JT^ X rnaf^^ = — nur^'^K 

4. When n is a negative fraction. 

Let n = — -9 in which p and q are supposed to be positive 

<x * — y * V P — **— 1 

inte^rs. We are to show that J — ( = — -a? • - 



2. _E / t t\ 

^ — = — a; ffv 9\ -^-l 



x g — 
x-^y 



But, by the second case, 1 — f =i^x9 • 






a; ?aj « x -aj^ = •— ^a; q 



549. Let us now find the expansion of {x + a)^, when n is 
positive or negative, entire or fractionaL 

a; + a = a: (l + -j ; therefore {x + a)^ = af^ll + -) . 

Hence, the expansion of {x + a)^ may be obtained by multiply- 
ing that of (l + -) by a?». 

Put z = p then (l + !)"= (1 + z)^. 
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Assume {1 + z)"" = A +Bz + Cz^ + Bz^ + Ez^ + . . . . (1), 

in which A, B, C, D^ E^ . . . . are undetermined coefficients inde- 
pendent of z. 

Suppose « = ; then from (1), we have A = 1, 

Substituting 1 for A in (1), we have 

(1 + is)* = 1 + Bij + C2;2 + Dz3 + Eg* + (2). 

Since (2) is to be true for all values of z, we may substitute 
any letter or any expression for z. Substituting u for z in (2), 
we have 

(1 + «)*» = 1 + Bw + Ct^2 ^ Dw« + Ett* + (3). 

Subtracting (3) from (2), and dividing the result by the iden- 
tity (1 +Z) ^ (l +U) =1Z — Uy 

Now suppose ti = z; then, by the Lemma, (4) becomes 
fi (1 + z)'^^ = B + 2C^ + dJ)z^ + 4E2» + (5). 



Multiplying (5) by 1 + 2?, 



+ B 



Z+3D 

+ 2C 



+3D 



Zi "^ • • • • • • • \0y« 



Multiplying (2) by n, 

n{l+z)''z=:n+7iBz+nCz^+nDs^+nEz^+ (7). 

Equating the second members of (6) and (7), 



B+2C 
+ B 



Z+3J) 

+2C 



«»+4E 
+3D 



sfi+ .... =:n+nBz+nOz^+nDsfi+ . ..• (8). 



B = » 
20 + B = wB 
3D + 20 = nO 
4E + 3D = wD 
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whence. 



fB 
C 

D 



E = 



n 

w (n — 1) 

n(w — !)(« — 2) 

I? 
_ n(n—l)(n—2){n—3) 



If 



Substituting these ralnes in (2), we have 



(9)- 



(10). 



[2 " • 13 

Substituting for ;!; its value, -, (9) becomes 

Multiplying (10) by a;", 

• • • • • • • IxX I* 

Coil — If n is not a positive integer, the expansion of {x + a)* 
is an infinite series ; for no one of the factors in the coefficients 
can be equal to zero under this hypothesis. 



BXAMTZUS. 



Expand each of the following expressions: 
1 



1. 



a + y 



^ ==(a+5)-i=a-i+(-l)Ja-24-LJ}L^ j%r»+ . . 



a + b 



I? 



b^ P 



-a~a3 + «8-o4+ 



2. Vl + a. Jn5. 1 +2a — ga^-f^a^-. . . 



SYNOPSIS FOB BEVIEW. 



nn-t 



3. ia^x)i. Ans.ai(l^^^^,^^^^...). 



4 (1 — x)\ 



6. 

7. 

8. 
9. 

10. 



Arts. 1 — ^-^^g ^^^^^ 



• • • • 






o — J' 

i 

a 



^«*-« + ^ + ^ + ? + ^ + -" 
Ans. a(l+2a;+3a?+4a:»+5a;*+. . . .)• 



Am. l+3a+6a»H-10a«+15o*+21o*+ 



2; 



vrr 



a; 



J . a;^ , 6g^ , 6-lla^ 

Arts. X + - + ^^ + %^z^^ + • 



• • 
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SYNOPSIS FOR REVIEW. 



"" General Defini- 

TIONB. 



CHAP. XX. 

SERIES. 



ASTTHMETICAL PbO- 
GKESSION. 



Series, 
Terms. 

Finite Series.—lnfinUe Series. 
^ Converging Series. — Dioerg'g Series. 

'' Extremes. — Common difference. 

Increasing A. P. — Decreasing A. P, 

Notation. 

To find I, when a, d, and n are given. 

To find s, when a, I, and n are given. 

Sum of two terms equidistant from 
extremes. 

To insert any number of arithmeti- 
cal means between two given 
quantities. 

To find any two of the quantities 
a, I, n, d, Sy when the three others 
are given. 

C To find arith. mean. 

Arith. Mean, i To find a and I when 
V My d, n , are given. 



S6^ 
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BYNOPSIS FOR BEVlEW—CoTUinued, 

^ Extremes. — Batio. 



CHAP. XX 

SEEIBS. 
Continued, 



i 



Qeometbical Pbo- 

6BE8SI0N. 



Development of Ex- 
fbess'k into Series. 



Tbeatm't of Series 
BY THE Differen- 
tial Method. 



Recubbino Sebies . . < 



Increasing G.P. — Decreasing G. P. 

— Infinite Decreasing G. P, 
Notation, 
To find I, tchen a, r, and n are 

given. Cor, 
To find 8, when a, I, and r are 

given. Cor. 
Product of two terms equidistant 

from extremes,^ 
To insert any number of geometric 

means betioeen two given quan. 
To find the continued product of the 

terms of a G. P. 
To find any two of the quantities a, 

I, n, n and s, when the three 

others are given, 
Oeom { '^^ ^^ geometrical mean. 
^ Mean, ] Tofindaand I when M,r, 
( and ;i are given. Cor. 1,2. 

Orders of differences. 

Differential method. 

To find the n'* term of a series. 
I Tofindthesumofn terms of a series. 
I Interpolation. — ^Formula for Inter- 
im polation. 

^ Development offractions by division. 
Development of expressions of the 

form of VW±w by extract- 
ing the indicated root. 
Development of expressions by means 
of Undetermined Coefficients. 

Generating Fraction. 

Scale of Relation, 

Order of Recurring Series, 

To find the Scale of Relation in a 

Recurring Series, Cor. 1, 2. 
To find the^ Generating Fraction, 

Sch. ^ 



Revebsion of Sebies. 
w Binomial Fobmitla fob any Exponent. \ ^^"*^ 



CHAPTER XXI. 
LOGABITHMS AlfD EXPONEKTIAL EQUATIONS. 



LOGARITHMS. 



551* The Logarithm of a number is tho exponent by 
which some fixed number must be aflfected in order to produce 
the given number. The fixed number is called the liase of the 
System, Thus, in the equation cf = n^ x is the logarithm ot 
n to the base a. 

For brevity, the expression logaU is sometimes used to denote 
the logarithm of w to the base a. Thus, x = logafi expresses the 
same relation as a'^ =zn. 

552. Any number except + 1 and — 1 may be used as 
the base ; hence there may be an infinite number of systems of 
logarithms. There are only two systems, however, in general use, 
namely: Briggs' system, the base of which is 10, and Napier's 
system, the base of which is 2.718 +. 

Briggs' system of logarithms is used more than that of Napier, 
and is hence called the common system. 

553. If in the equation a* = n we suppose n to represent a 
perfect power of a, then x will be some integer ; but if n is not a 
perfect power of a, then x will be a mixed number or o, fraction. 

554. The Characteristic of a logarithm is the integral 
part of it, and the JIfantissa is the fractional part. Thus, the 
characteristic of log9343 is 2, and the mantissa is .5; for 

9«» =9*=3« = 243. 
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QENEBAL PBOPEBTIES OF LOGAIUTHMS. 

555. In any system the logarithm of 1 is 0. 
For a* = 1 when a: = (84, Cob.). 

556. In any system the logarithm of the base is 1. 
For aF^a when a: = 1. 

557. In a system whose base is greater than 1, the logarithi 
ofOis —00. 

For AT* = --, and -= = when a > !• 

558. In a system whose base is less than 1, the logarithm ofO 

is + CO. 

For a* = when a<l. 

559. In a system whose base is positive,a negative qtuintity 
has no real logarithm. 

For, if a is positive, a* is positive, whether x is positive or neg- 
ative. Thus, 10» = 100, and lO'^* = ^^ = — . 

560. 7%6 logarithm of a product is equal to the sum of the 
logarithms of its factors. 

Let a; = ]ogcm, and y = logan; 

then t?i=:a*, and n = a«'; 

whence, mw = a'a^ = a'+y. 

Therefore, log^mn z=zx + y (551) = log^m + log^n. 

• 

561. The logarithm of a quotient is equal' to the remainder 
obtained by subtracting the logarithm of the divisor from that of 
the dividend. 

Dividing m^a* by nz=a^, 

n ' 

hence Ioga-^=a; — y = log^m — log^ 
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56!3« The logarithm of any power of a 7iumber is equal to the 
product of the exponent of the power and the logarithm of the 
number* 

RaisiDg both members of the equation m =: a' to the r^ 
power, 

loga(m'') ^rx^ir logjn. 

563* Tlie logarithm of any root of a number is equal to the 
quotient obtained by dividing the logarithm of the number by the 
index of the root. 

Extracting the r* root of both members of the equation 



• • 



log.(V^ ^ ? ^ 1^. 



504, BXAMPLEB. 

Prove each of the following statements: 

1. log {dbc) = log a + log b + log c. 

2. log(-^)=loga + log& + logc— logrf. 

3. \og{aV^cf) = 21oga + 31og* + 41ogc. 

^^) = 21oga + 31ogJ + 41ogc — 51ogA 

6. log\/a*c = 2 (loga + log J + logc). 

6. log Va* — ** = o Pog(« + *) + log (« — *)]• 
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THE OOKKOK SYSTEIL 

565. To find the characteristio of a logarithm in 
the oommon system. 

In this system^ 

log 100 — logi = 0, log 10-1 -. log.i = — 1, 

log 101 = log 10 = 1, log 10-2 — log .01 = — 2, 

Iogl0« = logl00 =2, loglO-» = log.001 =—3, 

log 10« = log 1000 =3, log 10-* = log .0001 =—4, 

log 10* = log 10000 = 4, log 10-« = log .00001 = — 5, 



Hence, supposing n to be a positive integer, 

Ist. The logarithm of a number between 10* and lO""''* is 
greater than n and less than n + 1 ; its characteristic, therefore, 
is n. Now, the number of figures in the integral part of a num> 
ber between 10» and lO""*"* i& n + 1, Hence, 

The characteristic of the common logarithm of an integer, or 
of a number composed of an integer and a decimal fraction, is pos- 
itive and one less than the number of figures in the integral part 
of that number. Thus, the characteristic of logw 258.045 is 2. 

2d. The logarithm of a decimal fraction between 10"* and 
10-(»+i), that is, between -~ and TTyrpij is some negative number 

between — n and — (ti + 1) ; hence, if we agree that the manr 
tissa shall in all cases be positive, the characteristic will be 
— {n + 1). Now, the number of ciphers preceding the first sig- 
nificant figure in a decimal fraction between =-;r- and ztf^tti is fi. 
° 10" ID*"*'* 

Hence, 

TJie characteristic of the common logarithm of a decimal fraC' 
tion is negative and numerically one greater than the number of 
ciphers preceding the first significant figure in thai fraction. 
Thus, the characteristic of log,o .0546 is — 2. 
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566. If the ratio of two numbers is any perfect power of 10, 
the mantissas of their logarithms in the common system will be 
the same. 

This follows from Art. 561* Thus, denoting the mantissa of 
logio 6468 by m, 

log 5468 = 3 + w, 

log 546.8 = log(^) = log 5468 — log 10 = 3 + m -1 =2 + m, 

log 54.68 = log (^) = log 5468 - log 100 = 3 +m^2=l+m, 

log 5.468 = log (^) = log 5468 — log 1000=3 +m-3=0+i?i, 

log .05468 = log(j^-)= log 5468 - log 100000 = 3 + m - 5 
= — 2 + w. 

COMPUTATION OF LOQAEITHMS. 

567. To express the logarithm of a number in terms 
of that number and the base of the system. 

Let X be the logarithm of n to the base a ; then 

c^ znn . . . (1). 

Assume a = l + m, and n = l+jp; 

then (1) becomes 

.{l+my = l+p . . . (2); . 

whence, (1 + m)*y=(l+^)y . . . (3). 

Expanding both members of (3) by the Binomial Formula^ 

1 + xym + ^^"H^ m^ + ^ ^ ^ t^-^^-^ '-m^ + . . . . 

= 1 + y^ + J^ril)^ + dlLz^y-Zii)^ + (4). 
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Dropping 1 from both members of (4) and dividing the result 

byy, 

x(xy — 1) , . a; (ay — 1) (ot — 2) , . 

Making y = 0, (5) becomes 

a?wi — •i'ir'«^"o — ^1 — '^"k — • • •' ^^ 

^ O 4 



whence. 



p^ jp^ p^ pf^ 



^ JD» p* p^ 

m? m^ m^ m^ • • • \ ;• 

But a: = log^w = log. (1 + p) ; hence^ if we put 

1 



M = 



m^ m^ 771* m^ ^ 



we have 

X 



= log,{l+p)=M(p-^ + ^-^ + ^-....)...(L). 

The second member of (L) consists of two factors, namdy: 
the series within the parenthesis, which depends only upon the 
number, and the quantity M, which depends only upon the base 
of the system. 

The factor M, which depends only upon the base, is called the 
modulus of the system. 

The series in (L) is called the Logarithmic Series. 

568. To find the Base of Napier's System. 

Baron Napier arbitrarily assumed the modulus of his system 
to be unity. Making M = 1, and denoting the Base of Napier's 
System by e, (L) becomes 
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rc = log,(H-i?)=i?-^ + ^^^ + ^- (1). 

Beverting the series in the second member of (1)^ we obtain 

^ Q^ ^ Ofi Ofi 

But 6» = H-i>; 

Making x = 1 in (3), ve have 

11111 

c = 2 + || + |- + j|- + |g- + j|-+ (4). 

Summing the series in (4) to nine terms, we find 

6 = 2.718282. 

569. The logarithm of a number in any system is equal to 
the product obtained by multiplying the modulus of that system by 
the Napierian logarithm of the same number. 

For log.(H-j,)=M(/,-| + |?-|? + |^ .)(66'7), 

and log.(l+i>)=j»-^ + ^-4^ + 4!^- (568); 



«■■■<!■ 60 \ 


• ^' ^ 2^3 4^5 


• 
• • 


loga(l+i>)=Mlog,(l+i?). 


Cob. K 


l+p=ia. 


■we have 


log«a = M logefl ; 


but 


logoa = 1 (666) ; 


• • 


l = Mlogea; 


whence^ 
Hence, 





The modulus of any system is equal to the reciprocal of the 
Napierian logarithm of th& base of the system. 
24 



870 LOGABITHHS. 



570. To transform fhe Logaxithraio Series into a 
Conyerging Series. 

The formula 
log.(H-i,) = M(p-^ + ^-^ + |l-....) . . . (1) 

cannot be need for the compntation of logarithms when ^ > 1, 
because the series in its second member does not converge. 
Substituting — ^ for ^ in (1), we have 

log,(l-p) = u(-p-^-^-^-^-....) . . .(2). 

Subtracting (2) from (1), observing that log«(l+/?) — 
log.(l-i>)=log.(^|)(661), 

Assume p = j: — — r; then = — — = . 

^ 2z + 1 1 —p z 

Substituting these values in (3), 
^^e^ y-Jf " '^^* (^ + ^) — %«^ = 

^^ (2r+T '^S{2z + 1)« ■•" 5(2« + 1)» ■'' / • • • (^)- 

For Napier's System (4) becomes 

^(2rfl + 3(2z + l)« + 6(»z + l)i+ ••••) • • • • («)5 
whence, by transposition^ 
loga (« + !) = 

log^ + 2(2^^1 + 3 (3^ ^ 1)$ + 6(aK + i)5+ . • • -j . . . (N> 
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671. To compute a Table of Napierian Logarithms. 

logeO = - 00 (567), 

log,l=0 (666), 

loge2 = log.l + 2g + ^3+gi^ + ^+....) 
= 0.693147 (670), 

= 1.098612, 
log,4 = log,22 = 2 log,2 = 1.386294, 

lo&5 = log,4 + 2(i + 3l^ + ^ + ^+ ....) 

= 1.609438, 
log,6 = log,2 + log,3 = 1.791759, 

loge7 = log,6 + 2(^+3^3+^^,+ . ...) = 1.946910, 

loge8 = log,28 = 3 log,2 = 2.079442, 
log,9 = log,32 = 21og,3 = 2.197225, 
logelO = log,2 + log,5 = 2.302585, 

572. To find the modidns of the common system. 
Denoting the modulus of the common system by M, we have 

^=i^= 2:30^585 =*^^^*+- 

573. To compute a table of common logarithms. 

If we multiply the Napierian logarithm of a number by the 
modulus of the common system, the product will be the common 
logarithm of the same number. Thus, 

logio 5 = 1.609438 x .434294 = 0.698970. 
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TABLE OF COMMON LOQARITHMS FBOH 1 TO 100. 



N. 
1 


Loo. 


N. 

26 


Loo. 


N. 

51 


Loow 


N. 

76 


Loo. 


0.000000 


1.414973 


1.707570 


1.880814 


2 


0.301030 


27 


1.431364 


62 


1.716003 


77 


1.886491 


3 


0.477121 


28 


1.447158 


63 


1.724276 


78 


1.892096 


4 


0.602060 


29 


1.462398 


54 


1.732394 


79 


1.897627 


5 
G 


0.698970 


30 
31 


1.477121 


55 
56 


L740363 


80 


1.903090 


0.778151 


1.491362 


1.748188 


81 


1.908485 


7 


0.845098 


32 


1.505150 


57 


1.755875 


82 


1.913814 


8 


0.903090 


33 


1.518514 


68 


1.763428 


83 


1.919078 


9 


0.954243 


34 


1.531479 


69 


1.770852 


84 


1.924279 


10 
11 


1.000000 


35 
36 


1.644068 


60 
61 


1.778151 


86 
86 


1.929419 


1.041393 


1.556303 


1.785330 


1.934498 


12 


1.079181 


37 


1.568202 


62 


1.792392 


87 


1.939619 


13 


1.113943 


38 


1.579784 


63 


1.799341 


88 


1.944483 


14 


1.146128 


39 


1.691065 


64 


1.806180 


89 


1.949390 


15 
16 


1.176091 


40 
41 


1.602060 


66 


1.812913 


90 
91 


1.954243 


1.204120 


1.612784 


1.819544 


1.959041 


17 


1.230449 


42 


1.623249 


67 


1.826075 


92 


1.963788 


18 


1.255273 


43 


1.633468 


68 


1.832509 


93 


1.968483 


19 


1.278754 


44 


1.643453 


69 


1.838849 


94 


1.97312b 


20 

21 


1.301030 


45 

46 


1.653213 


70 
71 


1.845098 


95 
96 


1.977724 


1.322219 


1.662758 


1.851268 


1.982271 


22 


1.342423 


47 


1.672098 


72 


1.857333 


97 


1.986772 


23 


1.361728 


48 


1.681241 


73 


1.863323 


98 


1.991226 


24 


1.380211 


49 


1.690196 


74 


1.869232 


99 


1.995C35 


25 


1.397940 


50 


1.698970 


75 


1.876061 


100 


2.000000 
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1. Find the product of 9 and 7 by means of logarithms. 
Log (9 X 7) =log 9 + log 7 (560) = 0.954243 + 0.846098 = 1. 799341 
The number corresponding to this logarithm is 63 (573). 
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2. Divide 210 by 7 by means of logarithms. 

Log(?^J=:log210— log7=2.322219-0.845098=1.477121 
= log 30. 

3. Find the square of 9 by means of logaritlim& 

4 Find the fonrth root of 625 by means of logarithms. 

5. Find the logarithm of 33f 

6. Find the logarithm of 6^ x 7» x 8*. 

EXPONENTIAL EQUATIONS. 

575« An Exponential Equation is one in which the 
unknown quantity occurs as an exponent. Thus^ a' = n is an 
exponential equation. 

576. To solve the exponential equation a* = i>. 

Taking the logarithm of each member of this equation, we 

have 

a; log a = log n (662) ; 

- loffw 

whence^ x = t-^— . 

log a 

Solve each of the following equations: 
1. 3* = 27. Ans. a: = 3. 

Ana. X = 2.861. 

Ans. 1.5. 

log* 

Ans. X = 5 ~ . 

log 71 -*- loga 

log a 



2. 


6* = 


:100. 




3. 


s 


:4 




4, ah'-. 


= n. 




5. 


1 
ab*-. 


= n. 




6. 


€?*- 


-2pa» = 


h. 
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SYNOPSIS FOR REVIEW. 



C Loo. OF A UniMBEB. 
BASB of a SY8TEIC 

Chabactebistic. — ^Maittissa. 



LOaABITHHS. ^ 






General 
Pbofebties. 



Common 
System. 



COMPTJTATTOlff. ^ 



Log. 1. 
Log. Base. 
When Base >• 1. 
When Base < 1. 
When Base UposUioe. 
Log. of a Product, 
Log, of a QuoHent. 
Log. of a Power, 
. Log. of a Boot, 

" To find the characteristic. 
Mantissas of log. of tvoo num- 
bers whose ratio is. a perfect 
power of 10. 

To express log. of a number in 
terms of that number and the 
base of the system. 

Modulus. — Logarithmic aeries. 

To find the base of I^apiefs sys- 
tem. 

Log. number = Modulus x Ifa- 
pier's Log. same number. 

Modulus of any system = recip- 
rocal of the Napierian log. of 
las5 of the system. 

To transform log. $eriea into 
converging series. 

To compute taUe of Napierian 
log. 

To compute table of common log. 
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CHAPTER XXII. 

COMPOUND IKTEREST AND ANNUITIES. 



COMPOUND INTEREST. 



678. To find the amount of p dollars at compound 
interest for n years at r per cent, per annum. 

At the end of the 1st year the amount will be 

p+pr=p{l + r); 

at the end of the 2d year the amount will be 

p(l + r) +p {1 + r)r =:p{l + ry; 

at the end of the dd year the amount will be 

p{l+ry+p{l + rfr =p (1 + r)»; 

and so on. Hence^ denoting the required amount by A, 

A =ip (1 + r)» . . . (1). 

Any one of the four quantities, A, j9, n, and r may be found 
from this equation when the three others are given. The compu- 
tation is most readily performed by means of logarithm& Taking 
the logarithm of each member of (1), 

logA = logjp + nlog(l + r) . . . (2) (660-662); 
whence, log^ = log A — n log (1 + r) . . . (3), 

log(l + r)= ^"g^-^^gi' . . . (4), 

Tv 

and w = ~^-7P-^ . . . (5). 

log (1 + r) ^ ' 



876 ANNUITIES. 

Example. — How much will 1500 amount to in five years at 6 
per cent compound interest ? 

GiVen i log 1-^6 =0.025306) 
( log 669.10 = 2.825491 ) ' 

Substituting 500 tor p^ .06 for r, and 5 forn in (2)^ we have 

* 

log A = log 500 + 5 log 1.06 

= 2.698970 + 5 X .025306 = 2.825500. 

Since log 669.10 = 2.825491, it follows that A = 1669.10. 



ANNUITIES. 

579. An Annuity is a sum of money which is payable 
annually. The term is also applied to a sum of money payable at 
any equal intervals of time. 

580. To find the amount of an annuity of a dollars 
for n jeoxs at r per cent, per annum, when the inter- 
est is compounded every year. 

The first payment a becomes due at the end of the first year, 
and in n — 1 years this will amount to a (1 + r)"~^ (578) ; the 
second payment a becomes due at the end of the second year, and 
in w — 2 years this will amount to a (1 + r)'*~'; the third pay- 
ment will amount to a(l + r)"~* in m — 3 years; and so on. 
Hence, denoting the amount of the annuity by A, 

A = a (1 + r)^-! + o (1 + r)*»-3 + a(l + r)'»-« + • • . . 

+ a{l + r) + a . . . (1). 

By revergdng the order of the terms in the second member of 

(1), 

A=a+a{l+r)+a{l+r)*+ +a(H-r)»-» . . . (2); 

whence a _ « (1 +>')•'-« _ - (1 + r)» - 1 

wnence, A _ -p-p^y— y- _ a _ . . , (3). 
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581. To find the present value of an annuity of a 
dollars for n years, at r per cent, per annum, the in- 
terest being compounded every year. 

Denoting the present yalae of the annuity by P, 
P(l+r)«==a^^-t£)^^^ . . . (1) (578-680) ; 



whence, 



a (l + r)'>-l 
^ ^ r (1 + r)» 



. (2). 



Cob. — K n = oo , (2) becomes 



r 
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CHAP. XXTL < 



OOMPOTJND 
INTEREST 



:l 



I AMIJITIES J 



To FIND THE AMOrW r OP p DOLLABB 
AT C0MP0T7ND INTEBE8T FOB fl TBABS 
AT r FEB CENT. PER ANNUM. 

To FIND THE AMOUNT OF AN ANNUITT 
OF a DOLLARS FOR n YEARS AT T PEB 
CENT. PER ANNUM, WHEN THE INTER- 
EST IS COMPOUNDED EVERY YEAR. 

To FIND THE PRESENT VALUE OF AN 
ANNUITY OF a DOLLARS FOR n YEARS 
AT r PER CENT. PER ANNUM, WHEN 
THE INTEREST IS COMPOUNDED EVERT 

YEAR. Car. 



CHAPTER XXIIL 



THEORY OF EQUATIOIfS. 



DEFINITIONS. 



583. Every equation of the n^ degree containing only one 
unknown quantity may be written under the form of 

of + ArB»-i + Baf«-2 + ....+ Ka; + L = 0. 

This equation is called the general equation of the n^ degree. 
The term L, which is called the absolute or independent tenn, may 
be considered as the coefficient of aP. 

584. A Function of a quantity is an expression contain- 
ing that quantity. Thus, aaP + bx is a function of x. 

For brevity we shall sometimes use the symbol /(rr) to denote 
ek function ofx. 

If f{x) is entire and raiional with reference to a;, it is called 
a rational integral function of x. 

In the present Chapter, when f{x) is used without modifica- 
tion, it is understood to denote a rational integral function of x, 

585. Any quantity, which substituted for x in f (x) causes 
f{x) to vanish, is a Moot of the equation f{x) = 0. 

GENERAL PROPERTIES. 

58G* If f{x) vanishes whe^i x=ir, the function is divisi" 
bleby x — r. 

Suppose f{x) to be divided by a; — r, and the operation 
continued until a remainder is obtained which is independent of x. 
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Denote the quotient by Q and the remainder, if there be one^ by B ; 
we then have the identity 

/(a:)=Q(a:-r)+R 

By hypothesis, f{x) ranishes when x=ir; and since Q is a 
rational integral function of Xy it cannot become infinite when 
jc = r; hence Q{x — r) vanishes when x=r. Therefore E 
vanishes when 2; = r. But R does not contain x; hence it van- 
ishes without regard to the value of x. 

687, If f{x) is divisible by a; — r, then r is a root of the 
equation f{x) = 0. 

Let Q denote the quotient obtained by dividing f{x) by 
X — r ; we shall then have the identity 

f{x) = Q (a: - r). 

Now Q(a; — r) vanishes when xz=zr; hence /(a;) vanishes 
when 0? = r. It therefore follows that r is a root of the equation 
f{x) = (585). 

588. If the equation f{x)=zO is of the n^ degree^ it has n 
roots, and no more. 

Lefc a represent a root of the equation 

f{x)=0 . . . (1); 

then f{x) is divisible by a; — a (58G). The quotient obtained 
by dividing f{x) by a; — a will be of the {n — 1)<* degree. 
Denoting the quotient by /i(a:), (1) may be written 

(a;-a)/i(a:)=0 . . . (2). 

Again, let b represent a root of the equation 

Mx)=0 . . . (3), 

which is of the (n — 1)^ degree; then fi{x) is divisible by 
a; — J. The quotient obtained by dividing /j (a;) by a; — J will 
be of the {n — 2)^ degree. Denoting this quotient by /§(«), 
(2) may be written 

(a? — a)(a; — J)/g(a;) = . . . (4). 



880 THBOBT OF EQUATIONS. 

By continuing this process, f{pi) will ultimately be resohed 
into n binomial factors, «— a, a?— J, a?— c, a— d, . . . ., (a;— ifc), 

.• . f{x) = (a?— a) («— J) (a?— c) (a— d) .... {x—i) (a;—/) . . . (5). 

Now f{x) Tanishes when x is equal to any one of the n quan- 
tities aybfC^d,.... kj I; hence f{x) = has n roots. This 
equation has no more than n roots, for if we ascribe to a; a yalue 
m which is not one of the n values a,byC,dy..,. h^ I, the value 
of f{x) becomes (m-— a)(w— J)(m— c)(m — d) . . - {m—k){m — I), 
which is not zero, because each factor is different from zero. 

Cob. — If a is a root of the equation f{x) = 0, then 
f(x) = {x — fl)/i(a:), where fi{x) is one degree lower than 
f{x) ; hence the remaining roots of the equation f{x)=zO can 
be found if we can solve the equation /j (x) = 0. In like man- 
ner, if a and b are roots of the equation f{x) = 0, then 
f(x) =r (a:— a) (x—b)ff^{x) ; hence the remaining roots of the 
equation f{x)=zO can be found if we can solve the equation 
/jj(a;)=0, which is two degrees lower than the equation 
/(a:) = 0. 

589. To find an equation when its roots are given. 
Let aybyCyd,..,.k be the n roots of an equation ; then 

(x—a) {x—b) (x^c) (x—d) .... (x-^k) = 

will be the equation required; for each of the n quantities, 
a, i, c, J, .... & is a ixx)t of this equation, and it has no other roots. 

KULTIPLICATIOK BY DETACHED COEFFICIE19T8. 

590. To mnltiply a rational integral fiinction of x 
hy x±aj by means of detached coefficients. 

1. Multiply a^ + 5a^ — 6x + 4: by a? — 3. 
Since the coefficients of the product do not depend upon a^ 
>y^ the product may be found as follows : 
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1 + 5 — 6 + 4 Detached coefficients of mnltiplicand. 

1—3 " « « multiplier. 

1 + 5— 6+ 4 Detached coefficients of Ist partial prodact. 

^ 3 -, 15 + 18 — 12 « « « 2d " « 

1 + 2 — 21 + 22 — 12 Detached coefficients of product. 

Hence the product is a:* + 2a^ — 21a>^ + 22a; — 12. 

Since the coefficients of the first partial product are identical 
with those of the multiplicand, this operation may be still further 
abridged as follows: 

1+5— 6+ 4 Detached coefficients of multiplicand. 
—3—154.18—12 



—3 



1+2—21 + 22—12 *" *< " product 

Multiplying 1, the coefficient of the first term of the multi^ 
plicandyby — 3, and adding the product to 5, we obtain 2 ; multi* 
plying 5 by — 3, and adding the product to — 6, we obtain 
— 21 ; multiplying — 6 by — 3, and adding the product to 4, 
we obtain 22 ; and multiplying 4 by — 3, we obtain — 12. 

When multiplication is performed in this way, the terms should 
be arranged according to the powers of a;; and if a term is want- 
ing, its place should be filled with a cipher. 

2. Multiply ir* + 6a:* + 5a; — 10 by a; — 6. 

— 5 1 + + 6+ 5 — 10 

— 5 — — 30 — 25 + 60 



1 — 6 + 6 — 25 — 35 + 50 
Hence the product is a;* — 5a;* + 6a;' — 25a;' — 35a; + 50. 

3. Multiply a;* — 4a;» + 6a:* — 8a; + 15 by a; + 8. 
8 1 + — 4+ 6— 8 + 15 



^ +8 + — 32 + 48 — 64 + 120 
1 + 8 — 4 — 26 + 40 — 49 + 120 

Product, a;* + 8a;« — 4a;* — 26a^ + 40a;' — 49a; + 12a 

4 Multiply a;^ — 4a;8 + 6a. _ 7 ^y a; + 3. 

Ans. a;8 + 3a;' — 4a;* — laa:' + 6a^ + 11a; — 21. 



dSi THEOBY 07 EQUATIONS. 

PIYISION BY DETACHED COEFFIGIEKTS. 

591. To divide a rational integral fiinotion of « by 
^ ± ^9 1^7 xzioans of detached coefficients. 

1. Divide a* — Gx' + 26a; — 24 by a; — 4. 
Since the coe£Eicients of the quotient do not depend upon x, 
the quotient may be found as follows : 

Coeffic'ts of dividend, 1--.9+26— 24 | 1—4 Coe fficients of divisor. 

1—4 1—5 + 6 ** « quotient 

—5+26 
—5 + 20 

6—24 
6-24 

Hence the quotient is a;^ — 5a; + 6. 

This operation may be still further abridged as follows: 



1 — 9 + 26 — 24 

^4 + 20 — 24 

1 — 5+ 6+ 



-4 . . . (A). 



The coefficient of the first term of the quotient is evidently L 
Multiplying 1, the first coefficient in the dividend, by — 4, and 
subtracting the product from — 9, we obtain — 5, which is the 
second coefficient in the quotient ; multiplying — 5 by — 4, and 
subtracting the product from 26, we obtain 6, which is the third 
coefficient in the quotient ; and multiplying 6 by — 4, and sub> 
tracting the product from — 24, we obtain 0. 

We may substitute addition for subtraction in (A); if we tnul* 
tiply by + 4; thus. 



1—9 + 26-24 

-1-4—20 + 24 

1—5+ 6+ 



(B). 
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When division is performed by means of detached ooefficionts, 
the terms shoald be arranged according to the powers of x; and 
if a term is wanting, its place shoald be filled with a cipher. 

The process nsed in (B) is called Synthetic Divisioru 

2. Divide a;* — 3a;3 — 15a;3 + 49a; — 12 by a? — 5. 

1—3—15 + 49— 12 
+ 5 + 10—25 + 120 



1+2— 5 + 24+108 

Hence the quotient is a;^ + 2a;^ — 5a; + 24, and the remain- 
der is 108. 

3. Divide a;* — 8a;8 — lla?» + 198a; — 360 by a; — 7. 

1 — 8 — 11 + 198 — 360 1 7 

+ 7- 7 — 126 + 5041 
1«-1 — 18+ 72 + 144 

Hence the quotient is a;'* — a? — 18a; + 72, and the remain- 
der is 144. 

4 Divide a;8 + 5a?^ + 2a; — 8 by a; + 4. 



1+5+2—8 
-4—4+8 



— 4 



1+1—2+0 
Hence the quotient is a;^ + a; — 2. 

59!3. OEKBMAL EXAMPZS8. 

1. Show that 1 is a root of the equation 

jjs + 3ai8 — 16a; + 12 = o. 

That the first member of this equation is divisible by a? — 1 
may be proved as follows: 



1 + 3-16 + 12 
+ 1+ 4-12 



1 (691) ; 



1 + 4 — 12 + 
hence 1 is a root (587). 
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2. Show that 3 is a root of the equation a^ — lOa^ + 35a^ 
— 60a? + 24 = 0, 

3. Show that — 7 is a root of the equation «* + 2a:* — 34a^ 
+ 12a; + 35 = 0. 

4. Show that — 1 and — 2 are roots of the equation x^ — 4a;* 
+ 22a?» — 25« — 42 = 0. 



5. Show that 1 + V— 5 and 1 — V— 5 are roots of the 
equation a:* — 2a;8 + a:« -h lOx — 30 = 0. 

6. One root of the equation a;* + 5a^ + 2a; — 8 = isl; 
what are the other roots? 

1 + 5 + 2-8 
+1+6+8 



1-5 

— 1 


— 7 + 29 + 30 
+ 6+ 1-30 


1 — 6 
— 2 


_ 1 + 30+ 
+ 16 — 30 



1+6+8+0 
aj8 + 6ar + 8 = (588, Cob.) ; whence, a; = — 2 or — 4. 

7. Two roots of the equation a:*— 5a;*— 7a;2+29a;+30=0 are 
— 1 and — 2 : what are the other roots ? 

— 1 

l—S +15+ 
a;' — 8a; + 15 = ; whence, a: = 3 or 6. 

8. Three roots of the equation a;«— 4a;*+22a;^— 25a;— 42 =0 
are — 1, — 2, 3 ; what are the other roots ? 

Ana. 2 + V^Zy 2 — V— 3. 

9. Two roots of the equation a;* — 3a:« — 4a;^ + 30a; — 36 = 
are 2 and — 3 ; what are the other roots ? 

Ans. 2 + V'^^, 2 — ^/^^, 

10. One root of the equation a;* — 1 = is 1 ; what are the 
other roots? Ana. i(— 1 ± V^^^Tg). 



1 -1 

+ 2 


— a 


1+1 

+ 4 


— 2 

+ 4 -8 
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11. Find the equation whose roots are 1, — 2, — 4. 
The required equation is 

(a:-l)[a:-(-.2)][a:-.(~4)] = (a;-l)(x + 2)(a; + 4) = 0. 

The indicated multiplication may be performed as follows : 

2 1-1 

+ 2—2 

(590); 

1 4-5 +2 —8 

hence a^ + bx^ + 2a; — 8 = is the required equation 

in its simplest form. 

12. Find the equation whose roots arc 3,-2, — 1, 5. 

Ans. IT* — 6x» — 7a;8 + 29aj + 30 = 0. 

13. Find the equation whose roots are 1 + V— 5, 1 — V —5, 
V5, — Vs. Ans. a^— 2x^ + 0^ + 10x -^30 =zO, 

14. Find the equation whose roots are —1, —2, 3, 2 + \/— 3, 
2 — ^/ZZs, Ans. x* — ^a^ + 22a:2 _ 25a; — 42 = 0. 

15. Find the equation whose roots are a, J, c. 

Afis. a^ — {a + b + c)a^ + {ab + ac + ic)X'— abc = 0. 

16. Find the equation whose roots are a, b, c, d. 

Ans. 0[^—{a-^b'\-c-\-d)x^-\-{ab+ac+ad-\-bc-\-bd+cc^:^ 
— (abc + abd + acd + bcd)x + abcd=0. 

593. To find the relation between the coefficients 
of fix) and the roots of the equation f{x) = 0. 

Suppose the terms of f{x) to he arranged according to the 
descending powers of x and that the coeflScient of the first term is 
1; then 

1. The coefficient of the second term with its sign changed is 
equal to the svm of the roots (592, 15, 16) ; 

2. The coefficient of the third term is equal to the sum of the 
products of the roots, taken two and tioo ; 

25 
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3. Tli$ coefficient of the fourth term with its sign changed is 
equal to the sum of the products of the roots^taken three and three; 
and so on. 

4. If the degree of the equation is even, the absolute term is 
equal to the product of all the roots. If the degres of the equation 
is odd, the absolute term with its sign changed is equal to the 
product of aU the roots. 

By a method similar to that employed in Art. 472 it may be 
proved that these laws are true universally. 

Cor. 1. — If the roots of f{x) = are all negatiye, each term 
of f{x) is positive. 

Cor. 2. — K tho roots of /(a;) = are all positive, the signs 
of the terms of f{x) wDl be alternately + and — . 

Cor. 3. — If the second term of f{x) does not appear, the sum 
of the roots of the equation /(a;) = is equal to zero. Tiius, 
the sum of the roots of the equation a:^ — 2a; + 4 = ia zero. 

Cor. 4. — If f{x) has no absolute term, at least one of the 
roots of / (a;) = is zero. Thus, one root of the equation 
a^ — 2a?^ + 3x=iO is 0. 

Cor. 5. — The absolute term of f{x) is divisible by each roct 
of the equation f(x) = 0. 

Cor. 6. — Let a, b, c, d, . . . . I denote the roots of tho equa- 
tion aJ"+ Aa;'*-i + Bar« »+ +Ka:+L = ; then 

^A = aH-J + c-frf+.... + ly 
and Bz=ab + ac + .... + bd -{- be + ....; 

whence, A^—2B=:a^ + P + (^ + d^ + + P; 

that is, A' — 2B is equal to the sum of the squares of the roots 
of the proposed equation. Hence, if A' — 2B is negative, the 
roots of the equation cannot be all real. Thus, the roots of the 
equation x^ — 4a;* -f 22a;^ — 25a; -^ 42 = are not all real, f. r 
(— 4)3 — 2 X 22 is negativa 
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594. An equaiitm whose coefficients are integer Sy that of its 
first term being unity^ cannot have a root which is a rational 
fraction. 

Let the equation bo 

af» + A2^-i + Ba^~2 4-....+Ka; + L = . . . (1), 

in which the coefficients A, B, . « . . K, L ai« sapposed to be in- 
tegers. 

Suppose, if possible, that (1) has a rational fractional root 

Trhich in its lowest terms is expressed by r- Substituting t for x 

in (1), and multiplying the resulting equation by h^\ we obtain 

^ + ka^ + Ba»^>» +....+ KaS»-« + Li»-i = . . . (2) ; 

whence, 

|^=~(A/»«-i + Ba^J+ +Ka»^ + LJ«-i) . . . (3). 

The second member of (3) is an integer, and its first member 

is an irredticible fraction. Hence j- cannot be a root of the pro- 
posed equation. 

595. If a+bV— 1 is a root of an equation whose coeffi- 
cients are real, then will a — b V — 1 be a root of that equation. 



Let a + JV— 1 be a root of the equation 

Off" + Aa:~-^i ^ Ba:**-* +....+ Ka? + L r= . . . (1), 

in which the coefficients are supposed to be real, then will 
a — b V— 1 be a root of that equation. 
Since a + 8V— 1 is a root of (1), 

{a+b a/^''+ a (a + 5 V^^'^'+BCa + b V^I)''~V .... 

+ K(a + JA/^in:) + L = . . . (2). 

If we expand those terms of (2) which contain a + h V— 1, 
the resulting equation will contain some terms which are real and 
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6omo which are imaginary. Since the coefficients A, B, C^ • . . . 

and the even powers of JV— 1 are real, it follows that V— 1 
will occur only in connection with the odd powers of J. Denoting 
the sum of the real terms by P, and the sum of the imaginary 

terms by Q V— 1> we have 



P + QV'^^ = . . . (3); 



j^hence^ P = — Q V— 1 • • • (4). 

To satisfy (4) we must have P = and Q = 0^ for a real 
quantity cannot be equal to an imaginary quantity. 

Now if a — J V— 1 be substituted for x in (1), its first mem- 
ber, when expanded, will differ &om the result obtained by ex- 
panding the first member of (2) only in the sign of the odd powers 

of b V^l ; that is, the first member of (1) may be represented 

by P — Q V— 1 when a — J V— 1 is substituted for x. But 
P = and Q = 0; 

P-.QV~1 = . . . (5). 

Therefore a — 5 V^ 1 is a root of (1). 

Cob. 1. — ^An equation of an odd degree whose coefficients are 
real has at least one real root. 

Cob. 2. — The product of the two roots a + J V — 1 and 
« — J >v/Zri is a^ -f J2^ which is a real positive quantity ; hence, 
an equation of an even degree whose coefficients are real, and 
whose absolute term is negative, must have at least two real 
roots. 



Cob. 3.— The product of a:— (a+JV— l) and a?— (a— iv^) 
is (a? — ay + J2, which is a rational qnadratic ejcpression, and 
positive for all real values of x. 

Cob. 4 — ^If a + v^, in which ^ is a simple qnadratio 
surd, is a root of an equation whose coefficients are rational, then 
will a r- Vb be a root of that equation. 
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1. 1 — 2 V— 1 is a root of the equation a;^— aj2+3a; + 5=0; 
what are the other roots? Ana, — 1 and 1 + 2 V— 1. 



2. V— "1 is a root of the equation a:*+4a*+6a;'+4a:4-5=0; 
what are the other roots ? 



3. 3 -t- V— 2 is a root of the equation a?*+a;^— 25a;8+4:la;+ 66 
=0; what are the other roots? 

4. V^ is a root of the equation a:*+2a:'*— 4ie^— 4a:+4=0; 
what are the other roots? 

5. 2 + a/S is a root of the equation «*— 2a:'— Sx*— 6a;+2=0 ; 
what are the other roots ? 

6. \/3 and 1 — 2 V— 1 are roots of the equation a:*'— a:*+ 
8a^ — 9a:— 15=0; what are the other roots? 

7. Has the equation a:'— 2a; +4=0 a real root? Why? 

8. Has the equation a:*— 4a;'+4a;— 1=0 any real roots? 
Why? 

TRANSFORMATION OP EQUATIONS. 

596. To transform an equation into another, the 
roots of which shall be those of the proposed equsr 
tion with contrary signs. 

Let r represent a root of the equation 

a^ + Aaf»-i + Ba;»-3 4. Qaft-^ +....= . . . (1); 

then 

f» + Ar«-^ + Br^3 + Gf^ +....= . . . (2). 

Changing the signs of (2), 

— r» — Ar»-i — Br"-2 — Cr~-« . . . . = . . . (3). 

Changing the signs of the alternate terms of (1), 

a^ — Aa;»-i + Ba;«-« — Ca;»»-» +....= . . . (4). 
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Substitatmg — r for a:, the first member of (4) becomes 

or — r" — Ar^» — Br** — Cr«-« — . . ^ . 

according as » is ^ren or odd. But, by (2) and (3), each of these 
expressions is equal to zero ; beuce — r is a root of (4). 

Since — r is a root of (4), it is a root of the equation obtained 
by changing all the signs of (4) ; that is, — r is a root of the 
equation 

— a^ + Aaf^i — Ba^-2 + Ca^-« —....= . . . (5). 

Hence, 

If the signs of the alternate terms of a complete equation le 
cJiangedf tJie signs of all the roots wiU he changed. 

An incomplete equation may be rendered complete by insert- 
ing the missing terms, with zero for the coefficient of each of 
them. Thus, by inserting Oa;* and Ga^, the equation a:* + 3a:* — 
4a^» — 4a; + 7 = becomes a:«+3a:5^0a;*— 4a;3^0a;2— 4a:+7=0. 

XXAMTIsJBS. 

1. The roots of the equation a^ ^W -\- 13a; — 3 = are 

3, 2 + V3, and 2 —- V3 ; find the eqnaticm whose roots are 

_ 3, — 2 — V3, and — 2 + \/3. 

Ans, a^» + 7a;* + I3af + 3 == 0. 

2. The roots of the equation o^ — Zoi^ '\- Za? + Vtx --1% =^^ 

are 1, — 2, 2 + V~— 5, and 2 — V— 5 ; what are the roots 
of the equation a;* + 3a;*+ 3a:» — 17ar— 18 = 0? 

Ans. — 1,. 2, — 2 — V^y — 2 + V^^. 

3. The roots of the equation a;* -|- 4a;3 _ 3^2 _ jg^. _ 12^ = 
are 2, — 1, — 2, and -— 3 ; what are the roots of the equation 
— a;* + 4a;8 + a?»— 16a; + 12 = 0? Ans. —2, 1, 2, 3. 

4. The roots of the equation a;^ — 1 = are 1, $(—1 + a/— 3), 

and i(— 1 — V— 3); what are the roots of the equation 
a?» + 1 = 0? 

Ans. -1, -j(-i-|- virg), -.^(-i-A/irs). 
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597« To transform an equation containing frac- 
tional coefficients into another in which the coefficients 
shall be integers, that of the ffirst term being unity. 

Let the proposed equation be 

3P + Aa;«-i + Ba;«-2 + + Ka; + L — . . . (1), 

in which some or all of the coefficients A, B, C, . . . . are sup- 
posed to be fractional. 

Assume y = fo, or x-=. |. Substituting ^ for x in (1) and 

multiplying the resulting equation by i**, 

^» + Kktf-^ + BF^-2 + + Ki^-^ + I^*" = . . . (2). 

Now, since h is arbitrary, we may give it such a value as will 
make the coefficients A^, Wc\ .... K^"^, L^" integers. 

Transform each of the following equations into another in which 
the coefficients shall be entire, that of the first term being unity: 

1. a;« + |a^ + |a>' + -^a; + | = . . . (1). 

Substituting y^ for a; in (1) and multiplying ^.he resulting 
equation by Ic^y 

^+fj^+?^' + f^+f =« • • • (^)- 

Assuming h = bdfh^ (2) becomes 
fl^j^adfhf + (^dphY + e¥d^p¥y'^g¥d*fh^ — . . . (3). 

2. ^ + ^+^ + ^=0 . . , (1). 

Substituting j^ for a; in (1) and multiplying the resulting 
equation by i^, 

^ pm in p 
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Afisnming k=zpm^ the L. C. M. of the denominators, (2) 
becomes 

y' + fly* -f hp^my + cphn^ = . . . (3). 

Substituting 4 for x in (1) and multiplying tho resulting 
equation by k*, 

BesolTing the denominators in (2) into prime factors, we have 

6=2x3, 12=22x3, 150=2x3x52, 9000=23x32x53. 

Assuming ^' = 2 x 3 x 5, (2) becomes 

_ 5^2; 3^ 5 •23-32-52 ^ __ 7'2^'3^'b^ __ 13-2^ -3*5* 

^ 2-3 ^"^ 22-3 ^ 2-3-52 ^ 23-32-5» 

= . . . (3). 

Canceling common factors in (3), 

y4-_5-5y» — 5-3-52^-. 7-22-32-5y — 13-2-32-5 =0; 

that is, y*— 25^3^375^— 1260^— 1170=0 . . . (4). 

If we had assnmed k = 9000, whicli is tho L. C. M. of the 
denominators of the given equation, the coeflBcients in the trans- 
formed equation would have been much larger than those in (4). 

A ^ 3 ^ 13 17 . 

4. 3r dr -\ X = 0. 

35 ^2450 68G0O 

Ans. if — 6^2 ^ 2Gy — 85 = 0. 

13 21 32 43^ J_ — n 

Ans. j^—G5y*+18902^—307202/2-928800y— 972000=0. 

Ans. if — 14^ + \\y — 75 = 0, 
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598. To transform an equation into another^ the 
roots of whioh shall differ from those of the given 
equation by a given quantity. 

Let the proposed equation be 

a^ + ArC^^ + Bjrf»-2 + + Krr + L = . . . (1)- 

SubstUuting y + A for x in (1), we have 

(y+A)-+A(y+A)»-i+B(y+A)«-^+...+K(y+A)+L=0...(2). 



Expanding and reducing, (2) becomes 



y* + nh 
+ A 



tr~^ + 



n(n — 1) A* 



2 



+ (« — 1)AA 
+ B 



r^ + 



+ h' 



► = ... (3) 



+ AA»-i 
+ BA«-» 

■y" • • • • 

' +KA 
+ L 

The roots of (3) diflfer from those of (1) by A, for a: = y + A. 

Denoting the coeflScient of y""* by A', that of y**^ by B', .... , 
and the independent term by L', (3) becomes 

y + Ay-i + By-3 + .... + jy + K'y + L' = o . . . (4). 

We now propose to show that (4) may be deduced from (1) by 
Synthetic Division. 

Sestoring the value of y, (4) becomes 

(a:-A)«+ A'(a;-A)»-i+B'(a:-A)»-H. . . . + J'(a:-.A)»+K'(a:-A) 

+ L' = . . . (5). 

Now the first member of (5) is identical with the first member 
of (I) ; for, in deducing (5) from (4) we merely retraced the steps 
by which (4) was deduced from (1). Hence the equation 

«"+ Aa;»-i+ Ba^-a+....+Ja:3+Ka?+L= (a?— A)*»+A'(a;— Z*)*^* 
+ B\x^h)^^+ . . . . +J\X'-hY+K'{x-^h)+L' ... (6) 

is an identity. 
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DtvuEng the ceeond member of (6) b^ re — A^ w« obts£a the 
ROiarfidcr L' ; dividing the quoticathy x — hy we obtaiB the i^ 
maiuder K' ; dividing the second qnotient by x — hy we obtoin 
tho remainder J' ; and so on ; hence if we treat the first member 
of (G) or tho first member of (1) in the same way, we shall obtain 
the same remainders. Bui these saccesaive lemaiBders ave the 
coefficients of (4). Hence the coefficients of (4) may be obtained 
from (1) by the following 

MULE. 

Divide the first memher of (1) hy a: — A, continuing the oper- 
ation until a remainder is obtained which is independent of x; 
then divide the quotient hy the same divisory and so oUy until n 
divisions have been performed : the successive rmtainderg wHl be 
fke^ coefficients of (4). 

1. Find an equation whose roots are less by 2 than those of 
the equation a?* — 4a^ — 8ar + 32 = 0; 

Substituting y + 2 for 2r in this equation, we obtain ^ + 
4^ -- 24^^ = 0, which is the equation required. The same result 
may be obtained by Synthetic Division, as follows: 

1 — 4 + 0— 8 + 32 
+ 2 — 4— 8 — 32 



— 2 — 4 — 16+ 1st rem;.. 

+ 2 + 0— 8 

+ — 4 — 24 2d rem. 

+ 2 + 4 

+ 3: + d^ 3d rem. 

+ 2i 

+ 4r 4th rem. 

Hence tbe required eqttatidiL iff ^+4^+0jf*^^34^+ft=rft 

2. Find an equation whose roots are greater by 3 than those 
of the equation x^ + IQofi + 99a:* + 2282? + 144 = (X, 
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(Substituting y — 3 for x in this equation, we obtain ^ + 
I4y» + 9y» — 42y = 0. The same result may be obtained by Syn- 
thetic Division, as follows: 

1 + 16 + 99 + 228 + 144 — 3 

— 3 — 39—180 — 144 

-f 13 -f 60 + 48 + 1st rem. 
^ 3 — 30— 90 

+ 10 + 30 — 42 2d renL 

— 3-21 

H 7 + 9 3d rem. 

— 3 

+ 4 4th rem. 
Hence the required equation is y* + 4^ + 9^ — 42y = 0. 

3. !Find an equation whose roots are greater by 2 than those 
of the equation a;*+4^— 24a; = 0. Ans. y*— 4y®— 8y +32 = 0. 

4. Find an equation whose roots are less by 3 than those of 
the equation ar* — 12a;3 + 17a;2 — 9a: + 7 = 0. 

Ans. ^ — 311 f — 123y — 110 = 0. 

699. To transform an equation into another in 
\i7hioli the second or third term shall not appear. 

Since k in equation (3) of Art. 698 is arbitrary, we may give 
to it such a value as will cause the second term of that equation 
to vanish. 

A 

Assume «A +• A =r 0; then A = . Substituting this 

value for h in (3), we obtain an equation of the form of 

jr + By-2 + cy-3 +....+ K'y + l' = o. 

Ifwe assume ^-fc^l^ + (n-. 1) AA + B == 0, the third 

term of (3) will disappear. 

CoR. — ^The value of fi which makes the second term disappear 
may cause the disappciarance of the third or some other tenn. 
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In order that the third term may disappear at the same tlmo 
with the second, it is necessary that the value of h which Eatis- 
fies the equation n/^ + A = shall also satisfy the equation 

n {n -- 1) h^ + (^ _ 1) AA + B = 0. Substituting — - for /* 

. i^i . i. i_ w(/i — 1) A^ , ^\A2 _ 

m this equation, we have ^ ,, • — 5 — (n — 1) (-E = 0: 

whence A^ = =-. This equation expresses the relation which 

must subsist between the coefficients A and B in order that the 
third term may disappear with the second. 

EXAMPLES, 

1. Transform the equation 7^ — G^c® + 8a: — 2 = into an- 
other wanting the second term. Arts, y^ — 4y — 2 = 0. 

2. Transform the equation 01^ — 12oi^ + ITrc* — 9a: + 7 = 
into another wanting the second term. 

Ans. if — 37y2 — I23y — 110 = 0. 

3. Transform the equation a:^ — Ga:^ + 13a: — 12 = into an- 
other wanting the second term. Ans, y^ -^ y — 2 = 0. 

4. Transform the equation a:^ + 6a:2 + 8a: — 1=0 into two 

others, each wanting the third term. 

139 

Ans, if — y^ — b=iO and y^ + y^ ^=- = 0. 

5. Can the equation a;® + 6a:^ + 12a; — 56 = be transformed 
into another wanting the second and third terms ? 

THEOREM OP DESCARTES. 

« 

600. In any series of quantities a pair of consecutive hke 
signs is called a Permanence of signs, and a pair of consecu- 
tive unlike signs is called a Variation of signs. Thus, in the 
expression 7? — ^x^ -r ^7^ + la^ + 3a:* + 22:^— x^— x -f 1, there 
are four permanences and four variations. 

601. If the equation f{x)=zO is complete, the sum of the num- 
ber of permanences and the number of variations in the signs of the 
terms of /(a:) is equal to the greatest exponent of a; in the equation. 
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602. Tlieorem of Descartes. — Tlie numier of real pos- 
itive roots of the equation /(a;) = cannot exceed the number of 
variations in the signs of its tenns ; and, if the equation f {x)=zO 
is complete, the number of real negative roots cannot exceed tlie 
number of permanences in tlie signs of its terms, 

Represent the real positive roots of the equation 

/(«) = ... (1) 

\>j a^ifC . , , .f and suppose (1) to be divided by the product of 
all the factors a? — o, a: — i, a: — c, . ; . . corresponding to the 
real positive roots (586). Bepresent the resultiug equation by 

/,(x) = . . . (2). 

This equation has no real positive roots. 

We shall now show that if (2) be multiplied by the factor 
X — a corresponding to a real positive root, the number of varia- 
tions of the resulting equation will be at least one greater than 
in (2). 

I. Suppose (2) to be complete, and let the signs of its terms be 

+ + +. 

The signs of the multiplier are H . 



+ + +. 

+ + 4- -. 



The signs of the product are +± — TTH • 

A double sign is placed where the sign of any term in the 
product is ambiguous. 

Now, taking the ambiguous signs as we please, the number of 
variations in the product is greater than in the multiplicand ; 
and this is still true if we suppose some or all of the terms having 
ambiguous signs to vanish. 

11. If (2) is incomplete, reduce it to a complete form by in- 
serting the missing terms with zero for the coefficient of each ; 
the.resnlting equation will contain at least as many variations aa 
(2). Multiplying the completed equation by x — a, the number 
of variations in the product will be greater than in the multipli- 
cand (I). But the product thus obtained is the same as the pro- 
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duct of f^ {a^ 4fid x-^a; hence, tbe number 'if Tariatk>n&iii fiie 
prodticu of /i(aj) fitid d? — at i& gifeater than in /^ (a?). 

We hare thus shown that when the factor x — a\a introdnced 
into (2), the resulting equation containd at least one more varia- 
tion than (3). In like manner it may be shown that wheii the 
factor a; — J is introduced into the resulting equation, at least one 
more variation is introduced ; and so on. 

Hence the number of real pc)sitive roots of the equation 
f(x) = cannot exceed tho number of variations in the signs of 
its terms. 

We prove the second part of the theorem as follows: 

Suppose (1) to be complete, and let the signs of its alternate 
terms be changed ; then the agns of the roots will bo changed 
(596), the permanences will become variations, and the varia- 
tions will become permanences. But the number of real positive 
roots of the resulting equation cannot exceed the number of vari- 
ations in the signs of its terms ; hence the number of real negative 
roots of the given equation cannot exceed the number of perma- 
nences in the signs of its terms. 

CoE. 1. — Whether the equation f{x)=0 is complete or not, 
its roots are numerically equal to those of the equation /( — x)=0} 
but the signs of the two sets of roots arc opposite. Hence the 
number of real negative roots of the equation f{x) = is equal 
to the number of real positive roots of the equation /(—«) = (^. 
But the number of real positive roots of the equation /(— x) = 
cannot exceed the number of variations in the signs of its terms. 
We may therefore state the theorem of Descartes as follows* 

The number of real positive roots of the equation. f{x)=0 
cannot exceed the number of variations in the signs of f(x)y and 
the number of its real negative roots cannot exceed the number of 
voitiations in the ^igns of f{^xy 

inugtrati6n.—The equation iX^+ SiX0 + Sx-^li^O had only 
one* variation of signs ; therefore it cannot hav^ tnord than one' 
real positive root. By putting — a? in the place of Xy we obtain 
tho equation rr* -f So;^ — 5a; — 7 = 0. This equation has only 
(me variation of signs; thereforef it cannot have more than otid 
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real positive root ; hence the original equation cannot have more 
than one real negative? root. 

CoR. 2. — ]3f the equation f(x) = is complete, and all its 
roots are real, th«i number of positive roots is equal to tb© number 
of variations in the signs of its terms, and the number of negative 
roots is equal to the number of permanences in the rigns of its 
terms. 

Denoting the number of permanences by jj, the number of va- 
riations by Vy the number of positive roots by P, the number of 
negative itoots by K, and the highest exponent of x in f(x) by n, 
we have v + p:=in and P + N = w ; hence t; -f ^ = P -f N. 
Now P cannot exceed v, and N cannot exceed^; hence P = v, 
and N=^. 

Cob. 3. — By means of the theorem of Descartes we can 
sometimes detect the presence of imaginary roots in an equa^ 
tion^ 

Illustration. — The equation a;^ -f 16 = has no variation of 
signs ; therefore it has no real positive root. By putting — a; in 
the place of ic, we obtain the equation a:* -f- 16 = 0^ This equa>- 
tion has no variation of signs ; therefore it has no real poritive 
root; henco the original equation has na real negative root. 
Therefore the roota of the equation o;^ + 16 = are imaginary. 



1. Show ^Ets^ ih0 cjquatiofi a?* + 6ar + 18 = ha^r only cme 
seal root. 

2. All the roots of the equation «^ + 5a* + 2a: — 8 = are 
real ; how many of them are negative ? Ans. Two. 

3. All the roots of the Equation st^— 5a?® — 7a;8 -f 29ar +30=0 
are real ; how many of them are positive ? An$i^ Tw<$. 

4 All the roots of the equation rr^— 3a:*— 5a?+ 15^^+42:— 12 
= are real; how many of them are positive? Ans. Three. 
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DERIVED FUNCTIONS. 

603. Substitnting x + 7i for ar in the identity 
f{x) = af» + Aa^'^ + Ba^-2 + + Ka: -f L . 



(1), 



and arranging the result according to the ascending powers of h, 
we obtain 



f{x + h) 
= a:» + 



l)Arc«-2 



+ Kx 



+ K 



4- n(n — i)3f^^ 

+ (n— l)(n— 2)Aa:»-8 
+ («— 2)(n— 3)Ba^-^ 



7*2 



1-2 



7*» 



Denoting the coefficient of h by /'(a^), ttat of :r-^ by /"(^)> 
and so on, (2) may be written 

Ax+h)=f(z)+/'iz)h+r(x)^+f"{x)^+ (3). 

The expression f{x) is called the primitive funcHoHj the 
expressiony^(a:) is called the first derived function, or simply the 
first derivative, the expression /"(a:) is called the second deriva- 
tive^ and so on. 

The first derivative may be obtained from the primitive func- 
tion by multiplying each of its terms by the exponent of x in that 
term and dividing the result by x] the second derivative may be 
obtained from the first in the same way that the first is obtained 
from the primitive function ; and so on. 
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L Find the derivatives of a;« — 6a;8 ^ ga; — 2. 

fist 3a:» 
Ans. \ 2d. 6a? 
(3d. 6. 



12a; + 8, 
12, 
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2. Transfoim the equation a^— 6a;3 + 8ic — 2 = into 
another wanting the second tenn. 

Substituting a; +2 for a; in the identity/(a;)=a:^— Ga;2+8a?— 2, 

we have 

22 28 
/(a;+2) = 2«— 6a^+8a;— 2 + (3a«— 12a:+8)24-(6a;— 12)fr- + 6-~ 

If l£ 
= a:^ — 4a: — 2 ; hence the required equation is a;^-- 4a:— 2 = 0. 

3. Find an equation whose roots are less by 1 than those of the 
equation a:® — 2a:2 + 3a: — 4 = 0. 

Substituting a: + 1 for a; in the identity /(a;) =a:® — 2a^+dx — 4, 
we have 

/(a: 4- 1) = a« — 2a;«+3a:— 4 + (3a^— 4a:+3)H-(6a:— 4)^+6^ 

If 12 

=za^ -^cfi + 2x — 2; hence the required equation is 

a^^ + a;« -f 2a: — 2 = 0. 

Let the student solve all the examples of Aii;. 599 by the 
method of derived functions. 

604. 7%c first derivative of the product of two functions of 
the same quantity is equal to the sum of the products obtained by 
multiplying each by the first derivative of the other. 

Substituting x + h for x in the two expressions f{x) and 
fi{x), we obtain 

f{x+h)= f{x) + f{x)h+ (1) (603), 

and A{x+h)=:f^{x)+f'{x)h+ (2). 

Multiplying (1) by (2), 
f{x+h)f^{x+h) =f{x)A{x)+f,{x)f\x)h+f{x)f\x)h + .... 

=/(^)/i (^) + [ft ip)f\^) +/(^)/iXa^)] A + . . . • 

. . . (3). 

The coeflBcient of h in (3) is the sum of the products obtained 
by multiplying fi{x) by the first derivative of /(a:) and f{x) by 
the first derivative oif^{x) and this coeflScient is the first deriva- 
tive of /(a:)/i (a:) (603). 

26 
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Cob. — ^In like manner it may be shown that th6 firgt deriva- 
tiTO of the product of three or more fanctions of the same quan- 
tity is equal to the sum of the products obtained by multiplying 
the first deriyative of each by the product of the other functions. 

Find the first derivative of each of the following expressions : 

1. a?{x^ ay. Arts. 2x {x — a)^ + 3(a; — a)^ a^. 

2. (a + x){b + x). Ans. b + x + a + x = a + b + 2x. 

3. {x^ay {x—by. Ans. 2(ar— a)(jr— J)34-3(a;— Z>)2 {x-^a)\ 

4. (x-^ayix — bYix^cy. 

Ans. dix-^ay (x-^by (jk— 6?)*+4(a;— J)» («— a)« {x-^cf 

+b{x^cy {x^ay {x—by. 

5. {x — ay {x — S)*». 

Ans. n (a;— a)"""* (a:— i)"»-f m(a:— J)'*"* {x—ay. 

ROOTS COMMON TO TWO EQUATIONS. 

605. If a is a root of the equation f{x) = 0, f{x) is divisible 
by x — a, and if a is a root of the equation f^{x) =0, /^(a:) is 
divisible by ^ — a ; hence the roots of the equation obtained by 
putting the G. C. D. of f{x) and fi{x) equal to zero will be the 
rootd eofiimon to the two equations f{x) := and fi{x) = 0. 

JEXAMTLES. 

1. Find the root which is common to the two equations 

a4_2a:8— 7a:2+20a;— 12=0 and 4a:»— 6a;«— 14a;+20=0. 

The G. 0. D. of the first members of these equations is a?— 2; 
hence 2 is a root common to the given equations. 

2. Find the roots common to the two equations 
a*-*2a?— lla^5+12a?+36=:0 and 4a:»— 6a;3— 22ar+12=0. 

Ans. 3 and —2. 
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8. Pin4 the roots comnton to the two eqtiatioiiff 

x''-^3ofi+af^'-4x^+12x—^=:0 and 2x^^0a^+d3^Sx+lz=zO. 

. 3±a/5 
Arts. jr . 

4. How many roots are common to the two equations 
aj6_49^+67^^10a«— 25a;— 4=0 and 2a^—lSa^+dda^^2b3^ 
+ :» + 1 =: ? -4n5. Three. 

EQUAL R00T9. 

606* The equation f(x)=0 is called the Primitive Equa- 
tion, and the equation f'{x) = 0, which is obtained by putting 
the first derivatiye of /{x) equal to zero, is called the First 
Derived Equation. 

607. If a root occurs n times in the equation f{x) = 0, i^ 
faill occur ti — 1 times in the equation f{x) = 0. 

Let the proposed equation be 

f{x) = {x—aY {x-^li) (x-^c) . . , . j= . . - (1), 

in which d occurs as a root n times. 

The first derivative of each of the factors a: — J, ar —(?,... . 
is 1 ; hence the first derived equation is 

/'(x) == n (x — a)**-^ (a; — J) (x — c) + (x — ay(x •— ^) . . . . 

+ (a; — fl)» (;» — J) + = . . • (2), 

in which a accmrs as a root /» *- 1 times (587)* 

CoR. — ^A root which occurs only once in (1) does not occur in 
(2) ; hence any root which is common to (1) and (2) is one of the 
equal roots of (1). 

EXAMPLES, 

Find all the roots of each of the following equations: 

1. /(a;) = a:« — 7a;3+ 16a; — 12 = 0. 

/Xa?) = 3a;»-14a? + 16 = 0. The G. C. D. of /(«) and 

f'(x) is a: — 2. Putting this equal to zero, we have ar — 2 = 0; 
whence ar=2. The given equation, therefore, has two roots 
equal to 2. The remaining root of the given equation may be 
found by the principle of Art. 588^ Cor. 
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2. ic* — llaj8 + 44a^ — 76a: + 48 = 0. Ans. 2, 2, 3, 4. 



3. 2ic*— 12a:» + 19«8— 6a:+9=0. ^w«. 3, 3, ± |/— i 

4. aJ» — 2a;* + 3a;8 — 7a^ + 8a; — 3 = 0. 

-4n5. 1, 1, 1, — ^ ± ^ V— 11. 

5. /(a:)=a;7— 9a;»+6a:*+162«— 12a?8— 7a;+6=0 . . . (1> 
The first derived equation is 

/(a;) = 7iB«-46a:* + 242< + 45ic«-24a; — 7 = ... (2). 

The G. C. D. of f{x) and f{x) is a? — a?^x + l. Eqnat- 
ing this with zero, we have 

a^ — a^^x + lzriO . . . (3). 

The G. C. p. of the first member of (3) and its first derivative 
is a; — 1. Equating this with zero, we find a; = 1 ; hence (3) has 
two roots equal to 1. The remaining root of (3) is — 1 (593). 

Now, since (3) has two roots equal to 1, and one root equal to 

— ly (1) must have three roots equal to 1 and two roots equal to 

— 1. Dividing f{x) by (a:— l)8(a? + 1)^ we obtain a;3+a:— 6. 
Equating this with zero, we have a;^ + a? — 6 = 0; whence, 
a: = 2 or — 3. The roots of (1) are therefore 1* 1, 1, — 1, — 1, 
2, —3. 

6. a* — 2a:* — 2a:8 + 4a:^ + a? — 2 = 0. 

7. a:^ — 6a;* + 4a:» + 9a;» — 12ar + 4 = 0. 

LIMITS OF THE BOOTS OF AN EQUATION. 

608* If the coefficients of f{x) are real, and the results olh 
tained ly substituting p and qfor x in f{x) have like signsy the 
equation /(a;) = has either no root or a7i even number of roots 
lying between p and q ; but if the results have contrary signSy t1i$ 
equation has an odd number of roots lying between p and g. 
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Let the real roots of the equation /(a:) = ... (1) be de- 
noted by o, J, c, . . . . i, and let the quotient obtained by divid- 
ing f{x) by {x^a)(x — h){x^c) .... (a; — &) be denoted 
by /i {x) ; then 

f{x)z=z{x^a){Z'—V){X'—c) .... (a:— i')/i(^) • • • (^)' 

Now, since /i(a;) is the product of all the factors correspond- 
ing to the imagmary roots of (1), and since the number of these 
imaginary roots is even, it follows that fi{x) is positive for all 
real values of x (595, Cor. 3). 

Substituting jp and q, in succession, for x in (2), we have 

f{p)={P'-<^){p—^){p-c)....{p'-h)f^{p) . . . (3), 

f(a) = ((7— «) (? — 5) (? — c) • • • • {Q—^)fi (q) • • • W- 
Dividing (3) by (4), 

f{p) ^ P-^ . P-^ i^-g P-^ . flip) /g) 

fig) q^a' q-^h' q-c' ' ' ' q-k' f^{q) 

Suppose f{p) and f{q) have like signs; then -ypr will 

be positive ; and since f\ J is positive, either all the fectors 

^-^—y ^ 7, ^ , . . . ., 5- must be positive, or the 

q — a q^o q—c q^Jc ^ 

number of negative factors must be even. K all the factors are 

positive, no root of (1) can lie between p and q ; for, if possible, 

suppose the root b lies between p and q ; then p — b and (/ — 5 

J) __ J) 
would have contrary signs; therefore ^^ — r would be negative. 

If the number of negative factors is even, then (1) has an even 
number of its roots lying between p and q ; for, if any factor, as 

^ f is negative, then p — c and q — c must have contrary 

signs; therefore c lies between^ and q. 

Suppose /(jp) and f{q) have contrary signs; then ^-^ 

will be negative, and the number of negative &ctors must be odd. 
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t) ■ c 

But when any factor as — is negative, the root c lies be- 
tween p and q ; hence (1) has an odd namber of its roots between 
p and q when f{p) and f{q) have contraiy signs. 

Cor. 1. — If p is less than the least root of the equation 
f[x) = 0, /{p) will be positive or negative, according as the de- 
gree of the equation is even or odd. 

Cob. 2. — If q is greater than the greatest root of the equation 
f{x) = 0, f{q) will be positive. 

Cob. 3. — Suppose that (1) has no equal roots, and that a is 
the smallest of its real roots, b the next smallest, and so on. Kow 
suppose X to assume, in succession, every possible value from — oo 
to + oo; then the sign of f{x) will change from + to — , or 
from — to +^ OS often as x passes a real root of the equation; 
for as long as a; is less than a, all the factors a:— a, x—b, x — c, .... 
x—k are negative; but when x becomes greater than a and less 
than J, the factor x ^ a will be positive, while the other factors 
x — b,x — Cf....x — k will be negative. In like manner it 
may be shown that the sign of f{x) changes when z passes 
either of the other real root& 



1. Find the first figure of one of the roots of the equation 
f(x) =x^ + a? + x—100=zO. 

When a; = 4, f{x) is negative; and when a: = 5, f{x) is 
positive ; hence there must be a root between 4 and 5 ; that is, 4 
is the first figure of one of the roots. 

2. Find the first figure of each of the roots of the equation 
a;3 _ 3^3 _ i2ar + 24 = 0. Ans. 1, 4, — 3. 

3. Find the first figure of each of the roots of the equation 
x^ — 12a:2 4- 12a; — 3 = 0. Ans. 2, .6, .4, — 3. 

4. Find the first figure of each of the roots of the equation 
afi — lOa;^ W- 6a? 4- 1 = 0. Ana. — 3, — .0, — .1, .8, 3. 
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609. To find a stiperior limit of the positive roots 
of an equation. 

Suppose the equation to be of the vP^ degree. Denote the 
negative coefficient whose absolute value is the greatest by — P, 
the exponent of x in the negative term of highest degree by ??i, 
and the absolute value of the sum of all the negative terms by N ; 
then 

N'<P + Pa;-f-Paj' + + Pa;~ , . . (1). 

But P+Pa:+Pa^+.... + Pa;»»=-"^^ — -— . . . (2) (530); 

Yx^x^ P p^«+i 

I^oWy the absolute value of the sum of all the negative terms 
of the given equation is equal to the sum of all the positive terms; 

hence must be greater than any positive tenu a& ^ ; that is, 

X "~~ X 

Pr»»+1 

^<^ • • • <*)• 

X 1 

Multiplying both members of (4) by — ^^, 

X 

(a; — l)a;«-^'i<r'P . . . (6). 
But 2; — 1 < a; ; hence, 

(a; — l)n-»«-l <; 2;»7-m-l . . . (6). 

Multiplying both members of (6) by a; — 1, 

(a: _ l)n-m < (a; — l)a;n-m-l . . . (7) ; 

(a;-l)«-«<P . . . (8); 
whence, a; — 1 < y P, 



or :zj < 1 + '*'V^ 



Denoting this superior limit of the positive roots by L, we have 
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EXAMPLES. 

Find a superior limit of the positive roots in each of the fol- 
lowing equations: 

1. ai^ + 5a:* + 2a:* — llr^ — 26a; -f- 10 = 0. 

In this equation » = 5, m = 2, and P = 26 ; hence, 

L=l + V2(5. 

2. a:* + 5a:* — 25a^ — 12a: + 68 = 0. Ans. 6. 

3. a:* — 5a:2 _ q^ + 12 = 0. Ans. 4. 

4. a:* 4- a:^ + 3j: — = 0. Ans. 3. 

610. To find an inferior limit of the positive roots 
of an equation. 

Substitute - for x in the given equation, and find a superic 

limit of the positive values of y in the resulting equation. Denote 
this limit by L' ; then 

whence, - > t"' 5 

that is, a;>p. 

Hence p is an inferior limit of the positive roots of the given 
equation. 

EXAMPLES. 

Find an inferior limit of the positive roots in each of the fol- 
lowing equations: 

1. x^+ 5x^+20^ '^Ua^—26x+ 10 = 0. 
Substituting - for x and reducing, we have 
' 26 ^ U ^ 2 , 5 1 

J^-To^-io2^ + Ioy' + io» + io = ^- 

A superior hmit of the positive roots of this equation is 3.0; 
hence «-- is an inferior limit of the positive roots of the given 
equation. 
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2 

2. a* + 5a:* — 20x2 _ jg^, _ 2 = 0. Ans. r— =. 

2 + V40 

3. 0^8 — 6a;5 + a;* + 12a:3 _ i2a;2 + 1 = 0. 

4. «* — 8a;3 + 12^ + 16a; — 39 = 0. 

611. To find the limits of the negative roots of an 
equation. 

Substitute — a; for a* in the given equation, and find the limits 
of the positive roots of the resulting equation. By changing the 
signs of these limits we obtain the limits of the negative roots of 
the given equation (602^ CoE. 1). 

EXAMPLES. 

Find the limits of the negative roots in each of the following 
equations : 

1. a;8 — 3arJ + 5a;+7 = 0. ^n^, — (l + Vt), — :^. 

2. a:* — 15a:3 — lOx + 24 = 0. 

3. a*— 3a:5 + 2a:4 + 27a:3 — 4a;3— 1 = 0. 

STURM'S THEOREM. 

612. If the coefficients of f{x) are real and the equation 
f(x) = has no equal roots, then, if a; is made to assume, in suc- 
cession, all real values from — 00 to + 00 , the sign of/ (a;) will 
change as often as x passes a real root of the equation (608, 
Cob. 3). Sturm's Theorem enables us to determine the number 
of such changes of sign. 

613. Stamina function s.—h^i f{x) = be an equa- 
iion whose coefficients are real, and which is freed from equal 
roots (607) ; and let/ (a:) be the first derivative off(x). 

We now apply to f{x) and f'{x) the process of finding their 
G. 0. D. (125), with this modification, namely: 1. When a 
remainder is found wJiich is of a lower degree than the correspond- 
ing dividend and divisor^ we change its sign and use the result 
for the next divisor, 2. We neither introduce nor reject a nega- 
tive factor in preparing for division. 
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Wo continue the operation until a remainder is obtained which 
is independent of a:, and change the sign of that remainder also. 

I^^ /i W> f%{^)y fii^)^ /n(^) denote the series of modi- 
fied remainders thus obtained. 

The functions f{x), f'(x), f^(x), f^{x), f^{x), fj^x) axe 

called Sturm! s Functions. 

The functions f \x), f^{x\ f^ix), f^{x), . . . ./„(a;) are called 
Auxiliary Functions. 

614. Stnnn^s Tliebrem. — If x be conceived to assume, 
in succession^ all real values from — oo to +00, there will be 
no change in the number of variations in the signs of the scries of 

functions f (x), f'{x)y ft{x\f^{x\ f^{x), fn{x), except when 

X passes through a real root of the equation /(ar) = ; and when 
X passes through such a root, there will le a loss of only one varia- 
tion. 

I. frJ{x) is not zero; for, by hypothesis, it is independent of a:; 
hence, if it were zero, / {x) and f\x) would have a common di- 
visor, and the equation f{x) = would have equal roots (607) ; 
but this is contrary to the hypothesis. 

II. Two consecutive functions cannot vanish for the same 
value of X. 

Let q^y q^, q^, > * ' • qn denote the successive quotients ob- 
tained by performing tbe operations described in Art. 613 ; then, 
by the principles of division, 



/i(«)=?»/«(^)-/8(a') 



f^(x) = qnf,-i{x) -Mx) 



(1). 
(2), 
(3), 



(»). 



Now suppose f'{x) and fi{x) to vanish at the same time; 
then by (2) we shall have /j(a;) = 0; hence by (3), /^{x) = 0; 
and so on ; that is, if two consecutive functions vanish at the same 
time, all the succeeding functions, including f^{x) would Tanish ; 
but this is impossible (I). 



STCEM'S THE0BX12C. 411 

III. When any auxiliary function vanishes, the two adjacent 
ftmctions have contrary signs. Thus, if /jj(a;)=0, we have by 

(3),/i(a:) = -/3(^). 

IV. No change can be made in the sign of any one of Sturm's 
functions, except when x passes through a value which causes 
that function to vanish (608, Cob. 3). 

V. Sturm's functions neither gain nor lose a variation of signs 
when X passes through a value which causes one or more of the aux- 
iliiuy functions to vanish, but which does not cause /(:{;) to vanish. 

1. Suppose fi{x) vanifihes when x=zc, and that no other 
function vanishes for this value of x. Let A be a positive quantity 
80 small that no one of Sturm's functions except f^ (x) vanishes 
while x is passing from c — h to c + 7^. 

When x=zCy f'{x) and /^(a:) have contrary signs (III); 
hence they have contrary signs all the time that. 2; is passing from 
c — h to c + I1 (IV). Now at the instant x becomes equal to c, 
fi{x) changes its sign (608, Cor. 3) ; hence, before the change^ 
its sign is like that of one of the adjacent functions, and after 
the change it is like that of the other. But no change in the 
number of variations of signs in a row of signs can be made by 
simply changing a sign situated between two adjacent contrary 

signs. Thus, in the row of signs H 1 1 1 

there are seven variations; and if we change the fourth sign there 
are still seven variations. 

Hence Sturm's functions neither gain nor lose a variation of 
signs while x is passing from c — A to c + h. 

2. Suppose that when /j {x) vanishes, other auxiliary functions 
vanish. The vanishing functions cannot be consecutive (II) ; the 
functions adjacent to each vanishing function have contrary signs 
while X is passing from c — /i to c -f- /^ ; and each vanishing func- 
tion changes its sign at the instant x becomes equal to c. But, as 
we have just shown, this change of sign does not change the num- 
ber of variations in the row of signs. 

VI. Sturm's functions lose one variation of signs, and only 
one, each time x passes through a real root of the equation 
f{x) = 0. Let a be a real root of the equation /(a;) = ; then 
/•(a) = 0. 
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Substituting a + h for a? in /{x) and f'{x), and deyeloping 
by Art 603, we huye 

/(« + A)=A(/'(a)+/»||-+/"(«)^V ....) . . . (1), 



12 -•' ^"'13 
A» 



/'(a + A)= /'(«) +/"(«) A +/"'(«)^+ 



(2). 



"Sovf assume the absolute value of A to be so small that the 
first term in each of these developments shall be numerically 
greater than the sum of the other terms; then the sign of 
f{a + h) will be the same as that of hf\a\ and the sign of 
f\a + Ji) will be the same as that of f'{a). Hence f{x) and 
f'{x) will have contrary signs when h is negative, and like signs 
when h is positive. But when h is negative, x is less than a, and 
when h is positive, x is greater than a ; hence when x passes a real 
root of the equation f{x) = 0, a variation is changed into a per- 
manence. Now it is evident, from (2), that f'{x) cannot vanish 
as long as h has such a value that f'{a) is numerically greater 

A* 
than f"(a)h +f"\o)r^ + . . . . Some of the auxiliary func- 

tions lying between f'(x) and f^{x) may, however, vanish and 
change signs while x is passing through the root a ; but the change 
of a sign lying between two adjacent contrary signs (III) does not 
change the number of variations in the row of signs (V. 1). 
Therefore, when x passes through the root a, Sturm's functions 
lose one variation of signs, and only one. 

In the same way it may be shown that when x passes through 
any other real root of the equation f{x) = 0, Sturm's functions 
lose another variation of signs. 

Cob. 1. — The number of real roots of the equation f{x) = 
is equal to the number of variations of signs lost by Sturm's func- 
tions while X is passing from — oo to -f oo ; the number of real 
negative roots is equal to the number of variations of signs lost 
while X is passing from — oo to 0; and the number of real posi- 
tive roots is equal to the number of variations of signs lost while 
X is passing from to + oo . 
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Gob. 2. — Let a be the smallest real root of the equation 
f{x) = 0, ft the next greater, c the next^ and so on. 

Jnst after x passes through the root a, f{x) and f'(x) have 
like signs; and just before x passes through the root b, f{x) and 
f'{x) have contrary signs (VI). But f(x) does not change its 
sign while x is passing &om a to ft ; hence f\x) must change its 
sign. Therefore the equation /'(a;)=0 has one real root between 
a and ft. In the same way it may be shown that the equation 
f'{x) = has one real root between ft and <?. Therefore, between 
any two consecutive real roots of the equation f{x) = there is 
one real root of the equation f\x) = 0. 

ScH. — The sign of each remainder is changed in order that 
there may be neither a gain nor a loss in the number of variations 
in the row of signs, except when x passes through a real root of 
the equation (III-V). 

Find the number and situation of the real roots of the follow- 
ing equations : 

1. a;^ — 3a!? — 4a; + 13 = 0. 

/(a?)=a;8 — 3a?-4a; + 13, 
/(a:)=3a:3 — 6a:-4 (603), 

/j(a;) = 2a;-5 (613), 

Mx)=+l. 

AB8UMSD TALUS8 OF X, FUNCTIONS AND TSCIB SIGNS. NUAVKJI OF TkBUamn. 

f{x\ fix), Mx), Mx). 

— 00 — + — + 3 

+ — — + 2 

1 + - - + 3 

2 + - - + 2 
8 + + + + 

+ 00 + + + + 

Hence all the roots of the equation are real; two of them are 
positive and the other negative; and the two positive roots are 
situated between 2 and 3. 

When a; = — 3 the signs of the functions are — + — +, 
andwhena;=— 2 the signs of the functions are + + — +; 
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henoe the negatiye root is between •*- 2 and •— 3. To separate 
the two ix)ots which lie between 2 and 3 we mnst snbstitnte for z 
some number or numbers lying between 2 and 3. When r = 2^ 
the signs of the functions are — — ± +• Here we haYO only 
one Tariation whether we consider the ranishing function fi{x) 
to be positiye or negative ; hence one of the positive roots lies 
between 2 and 2^y and the other between 2^ and 3. 

2. a;* — 3a^ — 12a; + 24 = 0. 

Ana. Three ; one between 1 and 2, one between 4 and 5, 
and one between — 3 and — 4. 

3. nfi+G2^ + lOx — l=zO. 

4. a;* — 6a:» + 8a? + 40 = 0. 

5. a:* + 4 = 0. 

6. a;» — 2a:* + 3a;3 — 7a;« + 8a? — 3 = 0. 

7. a;*^ — 9a;« + 6a:* + 15a;3 — 12a:3 — 7a; + 6 = 0. 

8. a;*4.a;» — a:^ — 2a;+4 = 0. 

HORNER'S METHOD OF APPROXIMATION. 

615. Let it be required to find a root of the equation 
af»-f- Aaf^i4-Ba;»-^+ +Kx+'L = (>... (1). 

Suppose a to be the integral part of the root required, and 
r,Syt,.,..f taken in order, to be the digits of the fractional part 

Let a be found by trial (608) or by Sturm's Theorem ; then 
find an equation whose roohs shall be less by a than those of (1) 
(698). 

Let jr + A'y^i + B'2r^ + ... + K> + L' = 0...(2)bethat 
equation. 

In this equation the value of y is less than 1 ; hence the terms 
containing the higher powers of y are comparatively small; neg- 
lecting these, we have, approximately, 

K'y + L' = 0, whence y^— ^,. 

The first figure in the value of y is r. 

Now find an equation whose roots shall be less by r than tliose 

of (2). Let zn+A"$r'^+ B"^a+ +K"«+L"=0 . • . (8) 

be that equation. 
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In this equation the value of 2; is less than .1 ; hence, we have, 

L" 
approximately, K"z + L" = 0; whence is = — =7-,. This pro- 
cess may be continued to any desired extent, and we shall have 
finally x=za + r + 8 + t + .... 

B ULE. 

L Find the integral part of the root by SturnCa Theorem or 
otherwise. 

IL Find an equation whose roots shall be less than those of the 
given equation by the integral part of the required root. 

III. Divide the independent term of the transformed equation 
by the coefficient of the adjacent term, change the sign of tlie quo- 
tient and write the first figure of the result as the first figure of 
the fractional part of the root. 

rV. Find an equation whose roots shall be less than those of the 
second equation by the first figure in the fractional part of tJie 
required root. 

V. Divide the independent term of this transformed equation 
by the coefficient of tlie adjacent term, clumge the sign of the quo- 
tient, and write the first figure of the result as tlie second figure of 
the fractional part of the required root. 

VI. Continue this process until the root is obtained to the 
required degree of accuracy. 

ScH. 1. — To obtain the negative roots it is best to change the 
signs of the alternate terms of the given equation, and then find 
the positive roots of the result; changing the signs of these, we 
obtain the negative roots reqiiired. 

ScH. 2. — ^If a trial figure of the root, obtained by any division, 
causes the two last terms of the succeeding equation to have the 
same sign, that figure is not the correct one and must be changed. 

ScH. 3. — ^If K' should reduce to zero in the operation, then 
we should have, approximately, J'y* +L'=0 ; whence y=y — ^* 
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EXAMPZES. 



1. Find one root of the equation a^ — 27?— 20x — 40 = 0. 

By Sturm's Theorem we find that this equation has only one 
real root, and that the integral part of this root is 6. We now 
find two figures of the fractional part as follows: 



1—2 —20 ~ 40 1 6.23 

+ 6 +24 +24 

- 16<i> 



+ 4 
+ 6 


+ 4 
+ 60 


+ 10 
+ 6 


+ 64<i> 



+ 16^^> 

1(1) + 16(1) ^ 64(1) _ 16(1) 

+ 0.2 + 3.24 +13.448 

+ 16.2 +67.24 — 2.562<«> 

+ 0.2 + 3.28 

+ 16.4 + 70.52^2> 
+ 0.2 

+ 16.2<2> 
1<«> + 16.6<«> + 70.52<»> — 2.552^«> 

We find the coeflBcients of an equation whose roots are less hy 
6 than those of the given equation^ using the method explained 
in Art. 598. These coeflBcients are 1, 16, 64, and — 16, marked 
(1) in the operation. Dividing 16 by 64, we obtain .2, which is 
the second figure of the root. We next find the coeflScients of an 
equation whose roots are less by .2 than those of the second equa- 
tion. These coeflBcients are marked (2) in the operation. Divid- 
ing 2.552 by 70.52, we obtain .03, which is the third figure of the 
root This process may be continued until the root is obtained 
to any required degree of accuracy. 

2. Find one root of the equation ic^+a:^— 302:^— 20ir— 20=0. 

By Sturm's Theorem, we find the integral parts of the two 
real roots to be 6 and — 5. Changing the signs of the alternate 
terms of the equation, we find the fractional part of the negative 
root as follows : 
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I 


— 1 

+ 5 


— 30 
+ 20 


+ 20 
—50 


— 20 5.73 
—150 




+ 4 
+ 5 


10 
+ 45 


-30 

+ 175 


— 170(i> 




+ 9 
+ 5 


+ 35 

+ 70 


+ 145«> 





+ 14 
+ 5 



+ 105(i> 



19<i> 



1(1)4-19(1) +105^1) 
+ 0.7 + 13.79 



+ 145(i> 
+ 83.153 



— 170(i> 
+ 159.7071 



+ 19.7 +118.79 
+ .7 + 14.28 



+ 20.4 +133.07 

+ .7 + 14.77 
+21.1 +147.84^«> 

+ >y 

21.8<«> 



+ 228.153 
+ 93.149 
"+32l30^ 



-^ 10.2929<»> 



1<«>+21.8<«> +147.84<«> +321.302<»> — 10.2929<»> 
Hence the negative root of the given equation.is — 5.73 +. 

Find the real roots of the following equations: 



3. a;8+22«— 23a:— 70=0. 

4. a;8—a?H 70a:— 300=0. 
6. a:8+a«— 500=0. 

6. a;»—a;3— 40a; + 108=0. 



7. a:^— 4a«— 24a;+48=0. 

8. a:*+a;8+ar'— a;— 500=0. 

9. a:*— 9a;»— lla;»— 20a:+4=a 

27 



Ans. 5.1345. 

Ans. 3.7387. 

Ans, 7.6172. 

3.3792, 

Ans. \ 4.5875, 

—6.9667. 

1.7191, 

Am. I 6.5401, 

—4.2652. 






4604, 
9296. 



.1796, 
10.2586. 
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XHXOBT OTf EQUATIONS. 



610. 



OQ 



Dbfihitions 



SYNOPSIS FOR REVIEW. 

J%d general equation of tJic t^ degree. 
The abwliUe or independeni term. 
A function of a quantity. 
A rational integral function ofx. 

A root of the equation f{^) = 0. 

When f{x) ie divisible by x-^r. 

When riaaroot off{x) = 0. 

NumJb&r of roots off{x) = 0. 
To find an equation whose roots are given. 
BekUiun between the coefficients ofil, 
f{x) and the roots off(x) =0. j 3. 

When f(x) = cannot hate a root 
which is a rational fraction. 



General Pbopertieb. '^ 



[ 



Boots of the form of a +h V — 1 and 

Cor. 1, 2, S, 4. 




TRAHSTOBiciTnnr 
Equations. 



OF 



" To change the signs of the roots of an 
equation. 

To transform an equation containing 
fractional coefficients into another in 
which the coefficients are integers, that 
of the first term being unity. 

To transform an equation into another, 
the roots of which differ from those of 
the given equation by a given quantity. 
Role. 

To cause the second or third term ef an 
, equation to disappear. Cor, 

Cor. 1, 2, S. 

Primitive function. 

First derivatice, Second derivative, etc 

First derivative of product of functions. 

Roots common to two equations. Equal Roots. 

^ Number of roots of f(x) = lying h& 
tween p and q. Cor. 1, 2^ 3, 
Limits of positive roots. 
Limits of negative roots* 

Kin ni IV, V, VL 

I Sch. 

. HoBKEB's Method of Affboximation. Bute. 



Theorem of Descartes. 



Debited Functions . . 



Limits of the Roots 
OF AN Equation. 



Sturm's Theorem 



^Wi 



^^As Familiar to the Schools of ihi Utdted States as 

Household V/ordsr 



Robinson's Progressive Course 



OP 



MATHEMATICS. 



-»•♦■ 



ROBINSON'S PROGRESSIVE COURSE OF 
MATHEMATICS, beiit; the most complete and scientific course of 
Mathematical Text-books published, is more extensively used in t .e Schools 
and Educational Institutions of the United States than any compe ing series. 

In Its preparation two objects were kept constantly in view : Firsts to fur- 
nish a full ana complete Series of Text-Bo::ks, which should be sufficientto give 
the pupil a thorough and j^ccticalhuunets education : Second^ to secure that 
intelledual culture without which the mere acquisition of book knowledge is 
almost worthless. 

All the ixprovements of the best modern Text-Books, as well as many nevt 
and original methods, and practical opcra'.ions not found in other similar works, 
hare been incorporated into these books, and no labor or expense has been 
spared to give to the public a clear, scientific, comprehensive and complete 
system, not incumbered with unnecessary theories, but comWiiiog and system- 
atizing real improvements of a practical and useful kind. 



-•♦•- 



Robinsons Shorter Course, 

In order to meet a demand from many quarters for a Series of Arithmetics, 
few in number and comprehensive in character, we have published the above 
course, in TIVO books, in which Oral and Written Arithmetic is combined. 
These books have met with very grmt popularity, having been introduced into 
several of the largest cities in the United States. They are unusually hand- 
some in getF4ip, and are substantially bound in cloth. 



*^ Descriptive Circulars and Price Lists will be forwarded to Teachers 
amd Edu^aiianUtt «« application. The tnast liberal tarme will ba mxda/or it$~ 
U txch^rngt amd e^gamination, 

IVISONi BLAEEMAN & COMFANT, 

PUBLISHBRS, 

Mew Yotk and Chicago. 



Approved Text-Books 



POR 



HIGH SCHOOLS. 



•♦• 



THERE are no text-books that require in tlieir preparation so much prac- 
tical scholarship, combined with the teacher's experience, as those com- 
piled for use in High Schoob, Seminaries and Colleges. The treatment must 
be succinct yet thorough ; accuracy of statement, clearness of expression, and 
scientific gradation are indispensable. We have no special claims to make for 
our list on the score of the Ancient Classics, but in the modem languages, 
French, German and Spanish, in Rotanv. Geology, Chemistry and Astronomy, 
and the Higher Mathematics, Moral and Mental Science, etc., etc., we chal- 
lenge comparison with any competing books. Many of them are known to all 
scholars, and are reprinted abroad, while others liave enjoyed a National repu- 
tation for many years. 



gxjTOT^s wall maps. 

ovtot'^s physical oeoorapht, 

WOODSUBT'S GERMAN COXjBSE. Comprisin? a full series, frxmi 
** The Easy Lessons** to the most advanced manuals. 

FASmSLLE'S FRENCH COURSE, On the plan of Woodbury's 

Method ; also a complete series. 

MIXER'S MANUAL OF FRENCH POETRY. 

LANOUELLIER db MONSANTO' S FRENCH GRAMMAR. 

HENNEQUIN'S FRENCH VERBS. 

MONSANTO' S FRENCH STUDENT'S ASSISTANT. 

MONSANTO d LANGUELLIER'S SPANISH GRAMMAR. 

GRAY'S BOTANICAL SERIES. 

DANA'S WORKS ON GEOLOGY. 

ELIOT d STORER*S CHEMISTRY. 

ROBINSON'S HIGHER MATHEMATICS. 

SWINTON'S OUTLINES OF HISTORY. 

FISHER'S OUTLINES OF HISTORY. 

CATHCART8 LITERARY READER. 

COOLEY'S WORKS ON NATURAL SCIENCE. 

TENNEY'S WORK ON ZOOLOGY AND NATURAL HISTORY. 

WELLS' WORKS ON NATURAL SCIENCE. 

KERL'S COMPREHENSIVE ENGLISH GRAMMAR. 

WEBSTER'S ACADEMIC DICTIONARY. 

TOWNSEND'S CIVIL GOVERNMENT. 

WHITE'S DRAWING. 

KUHNER'S GREEK GRAMMAR. 

KIDDLE'S ASTRONOMY. 

SWINTON'S COMPLETE GEOGRAPHY. Etc Etc 



*«* Descriptive Circulars and Price Lists will be sent to Teachers and Edu- 
cationists on application. Liberal terms will be made for introduction, exchange 
and examination. 

IVISON, BLAKEMAN & Company, Publishers, 

■ NEW YORK atid CHICAGO. 



SPENCERIAN STEEL PENS 
ARE THE BEST. 



SwiNTON's Readers. 



An EniirelyNew Series of School Reading Books, 



BY 



Prof. WM. SWINTON. 



THESE books are preeminently Language Headers. They present 
a roost complete development of the study of words and sentences 
as an essential condition of good understanding and correct reading. 

The illustrations are by the most eminent American artists : Church, 
Dielman, Fredericks, Pyle, Harper, White, and others, and were drawn 
expressly for these books. 

I. Swinton'g Primer and First Beader.— In print and script 

exercises. The script exercises are a specially attractive feature, 
being white on black, as in blackboard and slate work, the script 
being the result of careful experiment in securing a practical stvie 
of letter for this sort of work. Another noticeable feature of this 
book is the type, which was made for us, and which is unlike any 
other font of type heretofore cut, in the matter of size and face. 
Handsomely illustrated, and bound in cloih. One volume; 120 
pages. 

II. Swinton's SeCOCd Beader. — In print and script exercises. 
This is also a beautiful book, and commends itself especially for its 
grading:* ^or the purity and sweetness of its literary form, and for 
the development of 'language work." Illustrated, and bound in 
cloth. 1 70 pages. 

III. Swinton's Tllird Beader* — Presenting many new and original 
features. Noticeable for the charming series of original lessons, 
entitled " Home Pels," " Bright Examples," and "About Plants." 
Illustrated, and bound in cloth. 240 pages. 

IV. Swinton's Fourth Beader* — A book of choice selections for 

this important grade, carefully edited and arranged. It contains 
also many useful anti entertaining ori>>inal lessons, especially on 
" Useful Knowledge,*' and " Pictures of American History." 
Illustrated, and bound in cloth. 384 pages. 

V. Swinton's FifUi Beader and Speaker.— This book contains 

abimdant exercises in language reading, recitation, and dtclama- 
tion. An instructive and entertaining original feature is the series 
of lessons under the title of " Glimpses of Science," presented in 
the highest form of literary art. Illustrated, and bound in cloth. 
480 pages. 

•^* Sample pages and full descriptive circulars, by mail, to teachers 
and educationists, 

^ ^ A set of the Readers, from the First to the Fifth inclusive, sent 
to any teacher or educationist on receipt of $i*7S* 

IVISON, BLAKEMAN & COMPANY, 

New York and Chicago. 



Swintoij's (Jeograpljies. 



''The Famous Two -Book Series^ 



ft 



By Prof. WILLIAM SWINTON, 

COMSZSTING or 

INTRODUCTORY GEOGRAPHY, 

In Readings and Recitations; and 

IL 

GRAMMAR - SCHOOL GEOGRAPHY, 

Physical, Political, and CommerciaL 



The Geographies are fresh and progressive in character, and meet 
with great favor everywhere. 

The Orafnmar^Schaol Cfeography is published in six dif- 
ferent editions, treating the local geography of different sections. 

1. Hfew-Englaild Edition^ containing supplement of thirty-three 
pages, with special text and maps, for the New-England States. 

2. Middle-States EditiOIly with special supplement of thirty-one 
pages, for the Middle States and the District of Columbia. 

3. Sonthem-States Edition^ with supplement of thirty^even 
pages, for the Southern States. 

4. East-Central States Edition^ with supplement of thirty-three 
pages, for the East-Central States. 

5. 'West-Central States Edition^ with sup^ement of thirty-eight 

pages, for the West-Central States and ihe Territory of l^akota. 

6. Paciflo-States Edition^ with supplement for the Pacific High- 
land and Coast States and Territories. 

Both the IntrodtieU>ry and Orammar^SefuHji Geogro' 

phies are new works, thoroughly modern in treatment, and hand- 
somely illustrated. 

The maps and statistics are fresh and reliable, and every effort is made 
to keep them up to date in all particulars. 



• • 



^* Liberal Terms for Supplies far Examination or InirvdMctiom. 

IVISON, BLAKEMAN & COMPANY, 

New York and Chicago. 



WEBSTER'S 



DICTIONAEIES. 



. 



UNABRIDGED QUARTO, NEW EDITION. 1988 Page*. gOOO 
Engravings. Over 4600 New Words and Meanings. Biographi- 
cal Dictionary of over 9700 Names. 

NATIONAL PICTORIAL, OCTAVO. 1040 Pages, 600 Illustrations. 

CONDENSED (PRONOUNCING) DICTIONARY. 796 Paget. 
1500 Illustrations. 

COUNTING-HOUSE DICTIONARY. With Illustrations. 

ACADEMIC QUARTO. 834 Illustrations. 

HIGH SCHOOL DICTIONARY. 897 illustrations. 

COMMON SCHOOL DICTIONARY. S74 illustration*. 

PRIMARY SCHOOL DICTIONARY. 204 lliustraticns. 

POCKET DICTIONARY. With Illustrations. 

PRACTICAL (PRONOUNCING) DICTIONARY. 684 Paget, 1300 
Illustrations. 

• 4* 



WEBSTER IS THE STANDARD for THE ENGLISH 
LANGUAGE, as is evidenced by the testimony of representative British and 
American Scholars and Writers. 

THB SAIjB in this country is more than 30 times larger than diat of 
any other Dictionaries, proof of which will be sent to any one on application. 

WEBSTER /s THE AUTHORITY IN THE GOVERNMENT 
PRINTING OFFICE at Washington, and at THE U, S, MILITARY 
ACADEMY, WEST POINT, 



W 



A R M L y recommended by 



(( 



I 



HAVE loolced, so that I might 
not grow wrong, at Webster's 



Dictionary, a work of the greatest 
learning, research and ability.'"— Lord 
Chief Justice of England, in 1863. 

* * 'pHE Courts look to it as of the 
I highest authority in all ques- 
tions of definition." — Chief Ji'stice 
Waite, U. S. Suprtmt Court. 

** IT has received the highest com- 
i mendations in the Courts of 
England, and its definitions have been 
universally followed in the Courts of 
this country." — Albany L w Journal, 
July 10, 1875. 



Bancroft, Prbscott, Motley, 
Geo. p. Marsh, Halleck, Whittier, 
Willis, Saxe, Elihu Burritt, Daniel 
Webster, Rufus Choatb, H. Cole- 
ridge, Smart, Horace Mann, Presi- 
dents Woolsev, Wavland, Hopkins, 
Nott, Walker, A.sdrrson [more than 
FIFTY College Presidents in all], 
and the best American and European 
Scholars. 

' * 'pHE best practical English Dic- 
1 tionary extant." — London 
Quarterly Review, October, 1873. 

Indorsed by State Superintendents of Schools in 85 States. 

More than 33«000 copies of Webster^s Unabridged have been placed 
in as many Public Schools in the Unitsd States, by State enactments or Scliool 
Officers. 

df~ More than Ten Millions of volumes of School Books are annually 
published in the United States, recognizing Webster as their general standard 
of orthography, while not a single school book publishing house in the country, 
as far as we are aware, lias ever publicly reooffi>ize«l any otber 
DicllouAry than ViTebster as if« standard of orllio|;rnnliy, 
with the fllnja^le exception of the publishers of another Dictionary. — While 
in Etymology, Definitions, Illustrations, &c, 'Webster stands unrivaled and 
alone. 

(ji^ Full descriptive circulars, showing superiority of Webster in Ety- 
molon^y, I>efluitiona« Illnstrative Citations, Orthog^rapliy* 
Pr«>nnuclatlony Synonyms, PictoiHal llinaCratlonit, Usetiil 
Tables, #/c., ttc.^ will be sent by a^lication to the Publishers or their Agents, 



Ivzson, Blakeman & Co., 



8PENCERIAN STEEL PENS 
ARE THE BEST. 



NEW YORK AND CHICAGO. 



Approved Text- Books 

For Schools, Academies, Ssminaries, and Colleges. 

MESSRS. IVISpN, BLAREMAN, TAYLOR, & CO. invite the attention of teachers 
and educationists to their li^t of publications as compricin^ many new and carefully 
prepared works, together with their well known standard series m the several branches of 
study. The above are embraced, in part, as follows : 



SPELLING AND READING. 

Swinton's Word -Books — Spelling and 

Analysis. 

Sanders's Spellers. 

Swinton's Readers— A new and hi-^hly 

popular series, containbg many original 

features. 

The Mew Graded Readers. 
Sanders's Union Readers. 
Sheldon's Readers. 
Standard Supplementary Readers. 
Cathcart's Literary Readers. 
Randall's Reading and Elocution. 

DICTIONARIES. 

Webster's Dictionaries. 

MATHEMATICS. 

Robinson's Progressive Course. 

Robinson's Shorter Course. 

Fish's Graded Course — An entirely new 
series in two books. Mer;tcxious, attract- 
ive, and cheap. 

Felter*s Arithmetics. 

ENGLISH GRAMMAR. 

Rerl's Complete Course. 
Wells's Shorter Course. 
Day's Art of Discourse. 

GEOGRAPHY. 

Swinton's Two-Book Series. 
Guyot's Standard Series. 
Guyot's Wall Maps. 

*«* The only two American authors of 
school-books who received gold medals at 
the Paris Exposition. 

HISTORY. 

Swinton's Condensed History of the 

United States. 
Swinton's Outlines of Universal History. 
Willssn's History of the United States. 
WUlson's Outlines of History. 



PENMANSHIP. 

The Spencerian System of Writing — 

Copy-books and cliarts. 

DRAWING. 

White's Compleie Course of Industrial 

Drawing. 
White's Art Studies. 

MUSIC. 

Loomis's Progressive Course. 

SCIENCE. 

Gray's Botany. 

Dana's Geology. 

Guyot's Phycical Geography. 

Eliot and Storer's Caemistry. 

Wells's Philosophy and Chemistry. 

Cooley's Philosophy and Chemls.ry. 

Tenney's Zoology. 

Tenney's Natural Historj of Animals. 

Hitchcock's Physiology. 

Kiddie's Astronomy. 

The MODERN LANGUAGES 

Languellier and Monsanto's French 

Course— new. 
Monsanto and LangueiUer's Spsnish 

Course— new. 

Fasquelle's French Course. 
Woodbury's German Course. 
Mantilla's Spanish Readers. 
ManUlla's (Parley's) Historia Universal. 

CIVIL GOVERNMENT. 

Townsand's Analysis. 
Townsend's Shorter Course. 

BOOK-KEEPING. 

Bryant and Stratton's Standard Series. 

STATIONERY. 

All kinds of School Records. 
The Spencerian Steel Pens. 
The Spencerian Writing Fluid. 
Perry & Co's Steel Pens, etc., eto., eto. 



Descriptive rirculars and catalogues gr'ving special prices for introduction will be sent on 
amplication. Sample copies will b: furnished lo teachers for examiaatioa at nomical prices. 
Correspondence b cordially solicited. 

IVISON, BLAKEMAN & COMPANY, 
New York and Chicag^o. 



To avoid fine, this book should be returned on 
or before the date last stamped below 
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